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PEEPACE. 



The want of a text-book on Astronomy adapted to the require- 
ments of our Universities, and embodying the practice and 
the theories of the present time, has long been severely felt. 
It was hoped that the author's partial translation of Bninnow's 
Spherical Astronomy would have helped materially to supply 
this want, or would at least have given to College and private 
tutors an excellent model which they might have used, with 
proper modifications as the basis of their lectures. Whether 
this has been the case or not the author has had no opportunity 
of determining, but, on the urgent representations of several 
scientific friends, that a book was still wanting which should 
embody the methods of modern Astronomy as practised in 
England, and be put into a shape fit for the immediate use 
of students of the Universities, he has been induced to under- 
take the treatise which is now oflfered to the public. 

The principal object of the writer has been to include, both 
in the practical and theoretical portions of the volume, all the 
mathematical processes which will enable the reader to under- 
stand the operations of a modem Observatory furnished with 
tiie ordinary meridional and extrameridional instruments, so 
that he might readily acquire, if called upon to do so, by actual 
practice in an observatory, the additional and more minute 
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iv PREFACE, 

details which occur In the making and reducing of ohservations. 
It has not been attempted therefore, in the description of the 
instruments, to enter minutely into the details of the construc- 
tion of their separate parts farther than is necessary to give 
with accuracy the mathematical theory of their use. In fact, 
the study of such details is only to be accomplished satisfac- 
torily by the familiar inspection and actual use of the instru- 
ments, and will be very speedily mastered by any one who 
has previously gained a good knowledge of the general prin- 
ciples of their construction. On the other hand, it is hoped 
that there is scarcely a process which is used at Greenwich, 
or our other great English Observatories, which is left unex- 
plained, and that a student will be enabled, by the help 
of this treatise, and by suitable tables, to reduce every class 
of observations which will be found in their annals, or to 
examine the accuracy of their results. 

With regard to arrangement, that has been followed which 
appeared the most logical, and which would suggest itself most 
naturally to a person desirous of pursuing the study of Prac- 
tical Astronomy. After the elementary notions of the planes 
of reference, as deduced from diurnal and annual phenomena, 
and a statement of the principal terms or definitions of the 
science, the next step would obviously be to explain the 
methods and to describe the instruments by means of which 
the positions of celestial objects can be observed with reference 
to these planes ; and then to investigate the method of trans- 
forming from any system of co-ordinates or planes of reference 
to any others. Next in order would come the consideration 
of the most obvious of the phenomena arising from the earth's 
diurnal rotation and annual motion; and that of the sensible 
measures of time as fundamentally connected with these phe* 
nomena. After this would follow the various corrections which 
are necessary to determine for ultimate use the places of the 
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heavenly bodies as freed from all the errors (inclading those 
arising from the variations of the planes of reference) which 
would make their observed places different as observed at differ- 
ent stations and at different times. And, lastly, would follow the 
consideration of the orbits described by the planets, as deduced 
from observation, with such specific notices of the peculiarities 
of particular planets as admit of mathematical treatment, and 
as belong to the subject of Practical Astronomy. 

It has been thought advisable not to overload the book 
with examples of actual computation, for fear of giving it a 
repulsive appearance in the eyes of the mathematical student. 
It is hoped, however, that a sufficient number has been given 
to exhibit the way in which the mathematical formulas are 
reduced to numbers in particular cases, and choice has generally 
been made of those formulae which are either necessary for the 
use of the astronomer, or which serve to develope some pecu- 
liarity in the mode of computation. 

The mathematical processes by which the various formulae 
have been deduced, are always those which appeared to give 
the result in the simplest way by geometrical considerations, 
and without any regard to the severe symmetry which is aimed 
at in Brttnnow's Astronomy; but, in all cases of the variation 
of elements, the Differential Calculus has been freely used 
wherever it could be employed advantageously. Occasionally 
there may be a little novelty in some of the methods, though 
in general those in ordinary use have been employed, unless 
a shorter or more convenient process occurred to the author for 
effecting particular operations. It is believed, for example, that 
the direct method proposed for finding the " Geocentric Position 
of the Corresponding Point " in the treatment of occultations 
of stars by the Moon, does away with the necessity for the 
indirect method used at Greenwich, and an example is given 
to shew the facility of use of the formula employed. 
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The author is happy to acknowledge his obligations to his 
son, Mr P. T. Main, B.A., of St John's College, Cambridge, 
for his assistance during the progress of the work. In addition 
to the chapter on " Precession and Nutation," which was writ-* 
ten entirely by him, he has examined carefully every sheet 
before it has been finally committed for press. The examples 
at the end of the volume were also collected by him. 

Mr A. Freeman, Fellow of St John's College, also kindly 
undertook a separate reading of the proof-sheets, for which 
the author takes this opportunity of expressing his thanks. 

In conclusion, it is hoped that the book will prove suffi- 
ciently useful to recompense the author for the labour which 
has been bestowed upon it, — a labour which he would will- 
ingly have avoided if any other competent person had been 
likely to undertake the task. 



Radoliffe Obseevatoey, Oxfoed, 
August 13, 1863. 
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ASTRONOMY. 



CHAPTER I. 

m 

DEFINITION'S AND FIRST PRINCIPLES. 

1. Spherical Astronomy may be defined to be the science 
wliich teaches how to determine for any given instant the posi- 
tion in space of any given heavenly body. It therefore natu- 
rally divides itself into two distinct parts, speculative and 
practical. The speculative portion of the science admits of 
being considered quite independently of the practical, and shews 
how by Mathematical treatment the positions of bodies in the 
visible sphere of the heavens may be expressed with reference to 
certain assumed systems of spherical co-ordinates, and how their 
positions may be transferred from one system of co^-ordinates to 
another. The practical portion of the science shews by what 
means and by what instruments the positions of the bodies axe 
recMy determined with reference to one assumed system of co- 
ordinates, chosen on accoimt of the facilities which it affords 
in connexion with diurnal phenomena. It would matter little, 
therefore, in what order these two divisions of the subject are 
treated, but it will perhaps conduce to clearness if the practical 
portion of the subject be taken first, because that would be the 
order in which a practical astronomer must really consider the 
two parts of the subject. 

2. Definitions. In defining the position of any object 
considered as a point, it is usual to refer it either to a system of 
rectangular co-ordinates, or to the intersections of three planes 
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2 SPHERICAL CO-ORDINATES, 

mutuallj at right angles, and intersecting at a point called the 
origin of co-ordinates. But, for the purposes of astronomy it 
is in general (though not always) more convenient to refer posi- 
tions to spherical co-ordinates. Imagine a sphere with its centre 
arbitrarily chosen, but passing through the object whose position 
is required. Through the centre of the sphere let any great 
circle be drawn, and another great circle passing through the 
object and the poles of the first great circle, and therefore at 
right angles to it. If a point be taken arbitrarily on the first 
of these circles, then the angular distance between it and the 
point at which this circle is intersected by the second will deter- 
mine the plane in which the object lies, and the arc of the 
second circle intercepted between the object and the first circle 
will determine its position in that plane. These two arcs or 
angles are the two spherical co-ordinates of the object, and 
are manifestly all that are requisite for determining its posi- 
tion. The connexion between the two systems of co-ordinates 
here treg,ted of (namely, rectangular and spherical) is of great 
importance for the advanced student of astronomy, and is given 
in a most masterly way in the Introduction to Briinnow's 
Spherical Astronomy*. 

The position of the object thus determined ought rather to 
be called the direction of the object, since the reference to the 
two co-ordinate planes is only angular and leaves the distance 
quite indeterminate. With regard to the fixed stars, of which 
the distances are immeasurably great, these angular measures are 
all which are necessary to determine what are called their 
places ; for the planets, of which the distances from the earth 
are comparable with the earth's distance firom the sun (which is 
usually taken as the unit of linear measure), these distances 
must be determined by other considerations. 

3. The first point then for consideration is the choice of an 
origin of co-ordinates and of a system of co-ordinate planes to 
which the places of celestial objects are to be referred, and this 
is by no means arbitrary, but is determined for us by the pheno- 

* Briiamov^s Spherical Astronomy translated by the Bey. B. Main. Beighton 
and Bell, i860. 
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mena of the daily motions of all the heavenly bodies. The 
point of reference for all objects external to the earth is evi- 
dently the earth itself, and primarily that point of its surface 
at which the observer is situated. Ultimately all observed 
phenomena relating to the planets mast be referred to the centre 
of the earth ; but as observations can be made only on the sor* 
face, the position of the observer on it must primarily be 
assumed as the centre of his visible sphere of the heavens or 
origin of co-ordinates. 

4. The phenomena of the daily motion of the sphere of 
the heavens oflfer the most convenient planes of reference pass- 
ing through the observer's position, that is, the centre of this 
sphere. These phenomena are of the following nature. 

5. Imagine a person to stand in a position in which he can 
have an uninterrupted view of the sky. Then, after he has 
made himself familiar with the positions of the stars which are 
visible to him, he will find, on directing his eyes towards the 
western horizon, that the stars in that direction successively 
disappear or set, while, on looking towards the east, new ones 
successively appear above the horizon, and these which were at 
first very close to the horizon rise at successive instants higher 
above it. A little closer observation will shew him that all 
the stars obey this law of motion from east to west, and that all 
apparently move in parallel planes. Again, if the same star be 
watched on successive nights, it will be found that the interval 
of time taken by any one of them in departing from any point of 
the heavens and returning to it again, is sensibly constant. A 
contmuation of such observations made with greater accuracy, 
will shew that all the stars apparently move uniformly about an 
axis passing through the observer's position, and the nicest or 
most refined observations would fail to detect any deviation from 
the law of uniform rotation. 

Now there are but two ways of accounting for this apparent 
and uniform rotation of the heavens. Either the whole heaven 
does really revolve from east to west, carrying with it the stars 
in such a way as to preserve their relative positions unaltered ; 
or the earth moves round an axis in the contrary direction, that 

1—2 
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is, from west to east, with a velocity sensibly uniform. The 
fiiBt hypothesis is evidently attended with such enormous diffi- 
culties as to be rejected at once ; and it therefore follows that 
the apparent diurnal motions of the heavenly bodies are pro- 
duced by a real rotation of the earth round an axis, always 
ren^aining sensibly parallel to itself and with a uniform velocity. 

6. The points at which this axis of rotation meets the visible 
sphere of the heavens are called the North and South Poles of 
the heavens ; and the plane perpendicular to it passing through 
the centre of the earth {assumed for the present to be spherical) 
is called the Celestial Equator. 

This gives us at once one system of spherical co-ordinates, 
by means of which the positions of all bodies can be assigned 
in the sphere of the heavens; the two co-ordinates of the 
place of any object being its angular distance from the equator 
(called its Declination^ North or South, accordingly as it is North 
or South of the Equator), and its angular distance, (when 
referred to the Equator by a great circle perpendicular to that 
plane,) from a point chosen arbitrarily on it. 

When this point is so chosen as to be coincident with the 
position of the sun, when on the equator, or at the vernal 
equinox, this latter co-ordinate is called the Bight Ascension of 
the object. 

7. If the course of the sun were attentively watched through- 
out the year, there would be no diflSculty (without the considera- 
tion of any theory of his motion) in discovering that his centre 
describes a great circle in the heavens. This circle is called the 
Ecliptic; the two points at which it cuts the equator are called 
the Vernal and Autumnal Equinoxes; and the inclination of the 
ecliptic to the equator is called the Obliquity of the Ecliptic. 

The plane of the ecliptic furnishes of course another system 
of co-ordinates; the angular distance of an object above or below 
this plane being called its North or South Geocentric Latitude; 
and its distance (when referred by a perpendicular arc to the 
ecliptic) from the vernal equinox being called its Geocentric 
Longitude. 
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8. There is still another system of co-ordinates arising 
from the ohserver's position on the surface of the earth. Assuming 
the earth to be a sphere (either exactly or approximately) , ,the 
tangent plane to its surface at the point /orming the position of 
the observer is called the Horizon; and the points at which a 
perpendicular to this plane would cut the sphere of the heavens, 
are called respectively the Zenith and Nadir of the place of obser- 
vation, the zenith being the point over head, and the nadir the 
opposite point. This plane, the horizon, is another, though a 
local plane of reference ; and the angular distance of an object 
above it is called its AUitudey while the angular distance from 
the zenith is called its Zenith distance. 

It is plain also that the altitude is the complement of the 
zenith distance, or 

altitude + zenith distance = 90^ 

9. The great circle passing through the zenith of the 
observer's position and the poles is called the Meridian of the 
place ; and it cuts the horizon in two points called the North and 
South points of the horizon. If also we draw through the place 
of observation a line on the horizon perpendicular to the trace 
of the meridian on it, it will meet the heavens in two other 
pomts, called the East and West points of the horizon. These 
four points of the horizon are called the Cardinal Points. 

The angular distance of an object (referred to the horizon 
by an arc perpendicular to it) from the south or north point 
is called its AzimtUh^ and is the second co-ordinate in this 

system. 

10. The whole of the preceding account of the three sys- 
tems of co-ordinates will be rendered more intelligible by the 
accompanying diagram. 

is the position of the observer, or the centre of the visi- 
ble sphere of the heavens. ZCN is the vertical line passing 
through (7, coincident with the direction of the plumb-line or of 
the force of gravity at G; and the plane HO at right angles to 
ZCf and parallel to the plane of a fluid at rest, is the horizon. 
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ZCN cuts tte visible sphere of the heavens at the zenith, Z^ 
and at the nadir, -AT. 

PF is the direction of the axis of rotation of the earth, and 
P and P the north and south poles. 

EQ is the plane of the celestial equator at right angles 
to PF. 

Thus the plane PZP^ passing through the poles and the 
zenith, is the plane of the meridian; cutting the horizon in H 
the Bouth point, and the north point. 

One of the first important consequences which we derive 
from the preceding considerations is this, that the altitude of the 
pole 18 equal to the latitude of the place of observation. 

This is almost self-evident, since the latitude of the place 
is represented by the angle ZGE^ and this is equal to POO or 
to the elevation of the pole. 

Hence PGZ is equal to the complement of the latitude of 
the place or to the colatitude. 

11. Let now 8 be the apparent position, at any hour of the 
day, of an object describing in its diurnal course the small 
circle 8"88\ parallel to the equator. Draw through it the great 
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circles P8M\ Z8M^ meeting the equator in M' and the horizon 

in Jf, 

Then is ZS the zenith distance of the object and 8M is 
its altitude, and if these quantities be denoted by z and a. 

Again, P8 is the north polar distance (A), and 8ir is the 
north declination (S) ; and A + S = 90®. 

Also, if we join (7Jf, then the angle HCM will be the azi- 
muth [A) of the body measured from the south point towards 
the east. But it is usual to consider azimuths from the south 
point of the horizon positively towards the west, and therefore 
the azimuth of the object thus measured will be 360® — ^HGM. 

Again, if T be the position of the first point of Aries or 
the Vernal Equinox on the equator, then is the arc TJEif the 
right ascension (a) of the object. 

Finally, the angle ZP8 which measures the time which 
must elapse before the object arrives at the point 8' on the 
meridian is called the Hour- Angle (A). 

If now we imagine the object to be on the meridian at E, 
then its right ascension will be denoted by TE. But TJ? repre- 
sents the hour-angle of the first point of Aries ; and therefore 
the hour-angle of the first point of Aries is equal to the right 
ascension of any object when on the meridian. 

12. Definition. If a clock be so regulated as to exhibit 
on its dial the hour-angles of the first point of Aries at succes- 
sive times, or, which is the same thing, if its reading is 
O'^.O^.O* when that point passes the meridian, and it is so regu- 
lated as to go exactly 24 hours in the interval which elapses 
between the time of a fixed star leaving the meridian and 
retuming to it again, it is said to keep sidereal time. 

Hence the right ascension of an object is determined by 
the sidereal time at which it comes to the meridian. 

Bemabe. The First Point of Aries is an imaginary point, 
and therefore its transits across the meridian cannot be ob* 
served, but, supposing the fixed stars to have no proper motion 
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(or a known proper motion for which a correction can be made), 
the transits of the same star on successive days, if the times can 
by any means be observed in clochrtime^ will give the daily rate 
of the clock, or its loss or gain in the interval of 24 sidereal 
hours. 

Such transits are observed by an instrument called the 
Transit-Instrumenty and from observations made with this in- 
strument are the Eight Ascensions of all objects ultimately 
deduced. 

13. The method of determining the other co-ordinate of the 
position of an object, namely its North Polar Distance or its 
Declination, by meridian observations, will be readily understood 
£rom what has preceded. 

Imagine that the transit instrument, by which the right 
ascensions of objects are determined, is provided with a hori- 
zontal wire as well as with vertical wires in the focus of its 
telescope, and that it carries on its axis a graduated circle 
whose plane is parallel to that of the meridian. If this circle 
be provided with microscopes or verniers for reading off its 
divisions, it is plain that it will give immediately differences of 
polar distances of objects observed on the horizontal wire of 
the telescope by the simple difference of its readings. But if 
we could by any means find the reading of the circle corre- 
sponding to the pole (technically called the Polar-point), then 
we should obtain immediately the absolute North Polar Dis- 
tances of all objects by the subtraction of the Polar-point from 
all other readings. By observations of North Polar Distance 
of Polaris, above and below the pole, we might do this, but 
there would be various difficulties in the way which make it 
far preferable to endeavour to find the reading of the circle cor- 
responding to the zenith (called technically the zenith-point) 
instead of that corresponding to the pole. As the zenith is a 
point in the vertical line, or the line at right angles to the 
plane assumed by the surface of a fluid at rest, the use of a 
mercurial horizon is sufficiently obvious for determining its 
position, and we need at present only indicate the nature of the 
observations which must be made with it for this purpose, 
namely, those of the reflected images of stars. 
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Let AB represent the horizontal surface of a qnantitj of 
mercury in a trough, and let the rays from a star B^ reflected 
from the surface at /, proceed up the tube of a telescope TE^ 
to which is solidly attached a vertical graduated circle whose cen- 




tre is (7. The reflected image will be seen by the observer in the 
field of the telescope almost as distinctly (under good circum- 
stances) as the image when viewed directly, and the star can be 
observed on the horizontal wire, and the circle can be read. Draw 
now the horizontal line CO^ and Cff parallel to 81. Then the 
angle OQI is equal to the angle GIAy and the angle S*GO is 
equal to the angle SIB. But BIB is equal to CIA ; therefore 
SCO is equal to OGI. We have therefore the reading of the 
circle for a position corresponding to a star situated beneath the 
horizon, by an angle equal to the star's apparent altitude. If 
then we can, at the same transit of the star, or before it has 
gone far from the centre of the field of the telescope, observe it 
again by direct vision and read the circle a second time, we have 
the reading corresponding to the apparent altitude of the star, 
or to a point as much above the horizon as the other was below 
it Hence half the sum of these two readings will be the read- 
ing corresponding to the horizon, or the Rorizontal point j and if 
this be increased or diminished by 90®, the result will give the 
zenith-pazTU. 

It is usual in the course of a night's work to observe several 
stars in this manner^ and the mean result for the zenith-point 
(generally combined with the results for other nights) will give 
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the- zenith-point with much greater accuracy than a single 
result. 

It is plain that, after the zenith-point has been found, the 
apparent zenith distances of all objects will be found by sub- 
tracting its value from the corresponding circle-readings. 

14. The instrument which enables us in this way to observe 
both Right Ascensions and Zenith Distances is called a Transit- 
Circle. Till recently however two separate instruments, re- 
quiring two observers, have been used in England for this 
purpose, namely, the Transit Instrument and the Mural Circle ; 
and, in what follows, it must be observed that all the explana- 
tion which is given of the mode of use of the Transit Circle 
for observation of zenith-distance, will apply generally to the 
Mural Circle, though we shall not refer more distinctly to this 
latter instrument, which may be considered to be getting into 
disuse. 

15. Before closing this chapter it will be necessary to 
allude to another very important instrument used in astronomy, 
namely the Eqttatarial Instrument. Though the right ascensions 
and the declinations of objects can be observed with very great 
precision by the use of the Transit Circle, or of the Transit 
Instrument and Mural Circle used as separate instruments, yet 
there is this disadvantage, that they can be observed only in one 
portion of the heavens, namely, on the meridian of the place of 
observation, and therefore any given object can be observed 
only for a small portion of the year, and the observations on 
any given day will be prevented by the smallest cloud in that 
portion of the heavens, or by any trifling accident or want of 
care or prudence in the observer. 

It is plain then that an instrument which would enable us to 
follow an object in the heavens, and to observe it at any time 
of the night as long as it is above the horizon, is almost 
indispensable for certain classes of objects, such as recently dis- 
covered planets and comets, even though the observations may 
not be of the same degree of accuracy as those made with the 
meridian instruments, and the daily motion of the heavens or 
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the rotation of the earth on its axis famishes ns with the means 
of constmcting such an instrument. 

Imagine a telescope capable of turning freely on an axis 
passing through a rod or support which is itself parallel to the 
earth's axis of rotation, and which turns freely round two fixed 
pivots, the two axes of rotation being at right angles to each other. 
Then, if a star be seen in the telescope, it may be followed in 
its diurnal course by simply tumii^g the polar oarw, and if a 
circle be firmly attached to the telescope and its plane be 
parallel to its optical axis, and it be furnished with microscopes 
or verniers for reading its graduations, it may easily be made 
to* furnish approximately the polar distances of objects. For 
the observation of right ascensions it is necessary that another 
graduated circle be firmly attached to the polar axis, and that 
it be read by one or more microscopes or verniers. If this circle 
be divided into 24 equal spaces so as to represent hours of time, 
and subdivided so as to represent minutes, and if one of the 
microscopes read 0*^. 0°*. 0" for objects on the meridian, then the 
readings for any other object will represent its angular distance 
from the meridian, or its hour-angle. Supposing now that the 
eye-piece of the telescope is furnished with wires as in the case 
of the transit instrument, the sidereal time of transit of this 
object can be observed by a clock, and the difierence between 
this time of transit and the hour-angle will be the right ascen- 
sion of the object. An instrument thus constructed is called an 
Eqmtoriah 

IB. There is still another way of determining the position 
of an object, namely, by referring it to the meridian and horizon 
of the place of observation, and this requires still another in- 
stmment called the Altitude and Azimuth Instrument^ or the 
Altazimuth. 

This instrument in its simplest form consists of a fixed, 
horizontal, divided circle, called the Azimuth Circle, and of a 
vertical-divided circle, firmly attached to the telescope of the 
instrument, called the Vertical Circle. The frame which carries 
the telescope and vertical circle revolves on a vertical axis, and 
carries the microscopes or verniers for reading both circles, while 
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the telescope itself revolyes on a horizontal axis, the pivots 
resting in Y's, carried by the same firame. 

In the next chapter a fdller acconnt will be given of the 
mode of use of these and the other instruments referred to in 
this chapter^ and they have been introduced in this place, that 
the student may have a clear notion of the need and use of them 
in connexion with two of the systems of co-ordinates previously 
mentioned. 



CHAPTER 11. 



INSTRUMENTS. 



The Tbansit-Instbument. 

1. It will be assumed in this chapter that the reader is 
acquainted with the constraction of an astronomical telescope; 
but it wiU be useful to mention the peculiarities of such tele- 
scopes as are required in connexion with astronomical instm- 

ments. 

For a telescope used as a transit instrument the object-glass 
should be achromatic, and well corrected for spherical aberration. 
The available diameter of the object-glass is called its aperture^ 
and its focal length is the distance from the object-glass at 
which the inverted image of an object is formed. At this 
distance, or in this section of the tube of the telescope, is placed 
a frame across which very thin wires (usually formed of spider's 
webs) are stretched at sensibly equal distances. This is called 
the wire-frame, and usually carries five or seven vertical wires (but 
always an odd number, so that one of them shall be the centre 
wire). The eye-piece used for viewing the image of the object 
observed and the wires, is a Ramsdena^ or positive eye-piece of 
two lenses, and is fixed in a small tube attached to a slider 
which passes across the end of the large tube of the telescope, 
for the purpose of observing the object as it passes the side 
wires (that is, as seen by oblique pencils) in the middle of the 
field of view*. In addition to the fixed wires there is usually 
one parallel to them, moveable by a micrometer, and nearly in 
the same plane, so as just to pass them without actual contact, 
for the purpose of observing the amount of the error of coUi- 
mation. There are also two parallel horizontal wires, at a small 

* Thig improyement was introduoed by Dr Maskelyne in the last century. 
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distance from each other, for the purpose of defining the middle 
of the field of view. 

The preceding description applies generally to the astro- 
nomical telescope as it is used in connexion with instruments ; 
but in the transit instrument it is made to turn on a horizontal 
axis consisting generally of two cones of metal firmly fastened 
to opposite sides of the middle of its tube, and terminating in 
two accurately cylindrical steel pivots whose axes must be in 
the same straight line. The excellence of the instrument con- 
sists chiefly in the stiflftiess of the telescope and the axis, as, 
if there should be sensible flexure in either, arising from the 
weight, it would be comparatively worthless for refined obser- 
vations. It is also necessary that the pivots be accurately 
cylindrical with their axes in the same straight line. 

2. For the mounting of the telescope thus constructed as a 
transit instrument, two massive piers are provided* sunk deep 
in the earth, and resting either upon hard gravel or, if the 
foundation be not suflSciently firm, upon a bed of concrete. The 
horizontal section of each is nearly a square, two of the sides 
being pretty accurately parallel to the plane of the meridian. 
On the inner surfaces, opposed to each other, are fixed frames of 
metal, carrying what are called the T*s for the supports of the 
pivots, the pivots lying in them, as seen in section ^—^^^ 
in the accompanying diagram. The Y's should be \ v/^ 

exactly equal and similar, and their forks should be » f 

in the same horizontal line. They are generally made capable 
of being moved, both vertically and horizontally, by means of 
screws working in the frames that carry them ; but, after the 
instrument has been once well adjusted, they should rarely, if 
ever, be touched. Sometimes counterpoises ar^ employed to 
take off part of the pressure of the instrument from the Y*s, 
and consequently to diminish the friction. 

For observations of objects at night it is necessary that the 
field of the telescope should be illuminated to render the wires 
visible. For this purpose one of the pivots is perforated, and 

• In all that follows we must be understood to refer to the instruments 
of fixed observatories, where the instruments are of considerable size and weight. 
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the light of a lamp, or gas flame, is made to pass through it to a 
ring-reflector placed obliquely at the centre of the axis inside 
the tube of the teleacope. This reflector caa be acted upon by 
means of a rod by the observer at the eye end of the telescope, 
go as to have greater or less inclination to the axis of the tabe. 
If the inclination to the axis be 45^ nearly the whole of the 
light will be reflected down the tube of the telescope ; but if the 
reflector be at right angles to the axis, none will be reflected, or 
the field will be dark. The observer can therefore accommodate 
the light to the degree of brightness or faintness of the object to 
he observed. 

On looking into the eye-piece of the telescope when it is 
adjusted to distinct vision the field of view will have the follow- 
ing appearance, supposing that there are seven vertical fixed 
wires, and two parallel wires at right angles to the others for 
defining the middle of the field of view. 




Since the telescope inverts objects, a star (unless it be on 
the meridian below the pole) will appear to pass by the diurnal 
motion from right to left in the direction of the arrow, and 
therefore will pass the wires marked in the figure in the direc- 
tion A, B, C, B, E, F, O. If, however, the telescope be taken 
out from the T's and then replaced with the pivots in the 
reversed positions, that is, with the previously eastern pivot 
west, &c., then the wires also would be reversed, so that G 
would take the place of -4, F of 5, &c. It is therefore necessary 
to note for distinction the position of the illuminated pivot, 
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whetber east or west, before commencing a series of observations, 
and to name the wires A^ J3, C, &c. in the order in which stars 
cross them, for that position of the telescope. 

3. On the Errors of Adjustment of the TransU-InstrumenL 
From the preceding description it will be evident that, when a 
transit instrument is in perfect adjustment, if the transits of all 
objects be referred to a point in the field of view (generally 
either a point of the central wire, or of the line corresponding to 
the mean of wires), then the line joining this point and the 
optical centre of the object-glass, which we may call the line of 
sight {gestchts linie), must, in the rotation of the telescope round 
its axis, trace out the plane of the meridian of the place of 
observation. 

This will imply the three following conditions : 

1. The line of sight must describe a .great circle, and must 
therefore be at right angles to the axis of rotation; and the 
angle made by the actual line of sight and a line perpendicular 
to the axis of rotation is called the Error of CoUimcUton; while 
the plane passing through the optical centre of the object-glass 
perpendicular to the axis of rotation is called the Flane of 
CoUimation. 

2. The axes of the cylindrical pivots must be in the same 
straight line, and this line must be horizontal, the Error of 
Level being the angle made by it with the horizontal line, when 
the axis is not perfectly levelled. When the axis is perfectly 
level, the line of collimation describes a great circle passing 
through the Zenith and Nadir, but not necessarily through the 
poles. 

3. Supposing the instrument to have been adjusted for 
errors of collimation and level, then the line of collimation must 
be made to move in a plane passing through the poles, and the 
angle made by the plane of the great circle in which it actually 
moves, with the meridian, is called the Azimuthal Error. 

We will consider these errors in their order. 

4. Error op Collimation. For determination of the 
error of collimation of the central wire there is used either a 



MICROMETER. 17 

fixed mark or a collimatlng telescope, the latter being generally 
a small transit-instmment with a wire-cross in its principal 
focos, serving as a mark at an infinite distance. When fixed 
marks are used, it is necessary to have two, one on the north 
and the other on the south side, to eliminate the efiects of a 
possible shift in the position of the axis caused by the process of 
reversion. 

As firequent mention will be made of micrometers in the 
whole of the descriptions of instruments which follow, this will 
be the proper place for introducing such an account of their 
construction as will enable the student to understand theit mode 
of use. The kind of micrometer which is most commonly used 
is that called the wire-micrometer. It consists of a frame across 
which is stretched a system of wires, the frame being so placed 
when applied to a telescope or reading microscope that the wires 
shall be in the plane passing through the common focus of the 
object-glass and eye-piece. When it is applied to a reading 
microscope the wires consist of two which form a cross, and, in 
use, a division of the circle, of which the reading is required 
under the microscope, is made to bisect this cross. Sometime*, 
however, two parallel wires are used in reading microscopes 
instead of a cro«5-wire. When the micrometer is applied to a 
transit-instrument there is only a single wire, which moves 
parallel to the vertical or transit wires. An equable motion is 
given to the frame carrying the wires by means of a screw, and 
of course the goodness of the micrometer will depend chiefly 
on the uniformity of the thread of the screw. On the prolonga- 
tion of the axis of the screw is placed a divided circle, or head^ 
which serves to measure the angle or the fractional part of a 
revolution through which the screw has been turned, while 
there is generally an index, or cowiJ, for determining the 
number of whole revolutions which have been made from the 
assumed zero of the micrometer. In a treatise like the present, 
it would be useless to enter into the practical details of con- 
struction of various kinds of micrometers. It is sufficient for 
the theoretical student to understand that its measuring wire 
can be moved forward uniformly by means of the screw, and 
that the angular space through which it has been moved can be 
accurately deduced from the reading of the divided head. 

M.A. 2 



18 ERRORS OF COLLIMATIOK 

Imagine now that in one position of the axis of the instru- 
ment (with illuminated pivot east for example) the micrometer- 
wire has been made to bisect the mark or wire-cross, and let the 
reading be r, expressed in revolutions and parts of the micro- 
meter. Then let the instrument be lifted out of its Y's, and the 
axis reversed. Now, the line joining the centres of the pivots 
being at right angles to the line of colltmationy the point of 
reference, or selected point, of the micrometer-wire will, in the 
rotation of the telescope, describe a circle round this imaginary 
line, and therefore, after reversion, the mark and the micrometer- 
wire will be at equal distances on opposite sides of it ; hence, if 
the micrometer-wire be again placed upon the mark, and the 
reading be r , it is plain that the reading for the line of collima- 

tion will be — —- . If this should be also the reading of the 

micrometer-wire when it is brought into coincidence with the 
central wire, then the central wire coincides with the line of 
coUimation ; but if the reading be E, then is the error of coUi- 

mation — J?, expressed in revolutions and parts of the 

micrometer, and this can be reduced to arc when the value of 
a revolution of the micrometer is known. 

In some observatories it is usual to reduce all transits to 
what is called the " mean of the wires ;" that is, to the transits 
over an imaginary line very near to but not necessarily coin- 
ciding with the centre wire, and such that the time of a 
star's transit over it is the mean of the times of transit over 
the wires. If this be done in the reduction of the observa- 
tions, the error of coUimation must also be estimated with 
respect to this imaginary line, and the preceding value of the 
error will require correction for the difference between the posi- 
tion of the central wire and the position of the mean of wires. 
This will necessitate the discussion of the methods for finding 
the intervals of the wires before proceeding to the Errors of 
Level and Azimuth. 

There is also another trifling correction to be applied to the 
error of coUimation, arising from diurnal aberration; but this 
can be understood only after the general theory of the aberration 
of light has been discussed. 
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5. To determine the Intervals of the Wires of a Transit 
Instrument. 

A skilful optician will insert a system of wires at very nearly 
equal distances from each other, but it is always necessary to 
determine by observations the actual intervals. This is done, 
when it is practicable, by combination of several observations of 
Polaris, or some other stars near the pole, the transits being 
observed over each of the wires, and the mean of the wires 
calculated in each instance. 

By subtracting the transits over the separate wires succes- 
sively from this mean, we shall obtain for each observation of 
Polaris the intervals in time by which the transit over each wire 
precedes or follows the transit over the mean of wires; and any 
number of such transits can be combined by taking the mean of 
the separate observation of each interval. 

But, as these intervals depend on the apparent North Polar 
Distance of the star, and as this varies several seconds in the 
course of a year on account of precession, nutation, and aberra- 
tion, it is necessary also to take the mean of the North Polar 
Distances, for the times of observation, and to consider that the 
mean of the intervals deduced from all the observations corre- 
sponds to this mean North Polar Distance. 

From these results it is very easy to deduce the angular 
distance in space of each wire from the mean of all. Let us 
take for example the wire -4, (fig. on p. 15). It will be suflS- 
ciently correct to suppose that the mean of the wires coincides 
with the meridian. 

Let 8 be the star on the wire AS, and P^the 
meridian represented by the mean of wires, (P 
])eing the Pole). Draw the perpendicular arc MS 
on PM, Then if ^ be the interval in seconds of 
time from wire AS io the mean of wires, the 
angle MPS, or the hour-angle, in seconds of space 
= 15*, corresponding to the North Polar Distance 
of thestar, P/8'(=A). 

Also MS is the angular distance of the wire AS from mean 
of wires. 

2—2 
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Hence we have 

siiiif/S=sinl5^xsinA (a), 

whence M8 can be found. 

If A = 90* in the above equation, 

M8 



or e = 



15 



Hence, if the values of M8 for the different wires be divi- 
ded by 15, we have the intervals of transit, for an equatorial 
object, between each wire and the mean of wires. 

Having thus found the equatorial intervals, we may con- 
versely find the intervak for any star by the use of the equa- 
tion (a). 

For example, if the star be at a considerable distance from 
the pole (10*^ is a safe limit), we may put the axes for the sines 
in the equation, and we have 

, M» 1 



15 sinA^ 

_ equatorial interval 
~* sin A 

If the star is too near to the pole to allow of this, we have 

. ,-^ ^.^ . ,„ Bin MS 
sm Ibt = 15< X sm 1 = 



and therefore i = 



sin A ' 
mi MS 



15 sin Ax sin 1"* 



The preceding results for the time occupied by a star in 
passing by the diurnal motion from any wire of a transit- 
instrument to the centre wire or the mean of wires, are true only 
for objects which have no proper motion, such as the fixed stars. 
For planets, and in particular for the moon, the formulae above 
given require to be modified by the introduction of another 
factor. 
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For a planet^ or for the sun, let / be the number of seconds 
of increase of Bight Ascension in the time dnring which the 
planet is carried bj the diurnal motion from one meridian to 
another, differing by one hour of terrestrial longitude*. Then, 

in t seconds, the increase of Eight Ascension will be — — x I^ 

3600 

and therefore the interval of transit is increased by this quan- 
tity, and the interval itself becomes 



t + 



' '- '\ 



3600 



y.t 



-(.. 



3600y 

_/3600+/\. 
~ V 3600 J ^' 

And it is usual to prepare a table of values of the factor 
, and of its logarithm, for limiting values of /. 

ooOO 

For the moon another factor is necessary on account of the 
difference of her distance from the centre of the earth, and from 
the position of the observer on the surface. 

Thus, let A be the position of the observer on the earth's 
surface ; Z the geocentric zenith ; M the moon. Then, to the 




* Hie student will readily see that this i9 not the same as the motion in 
an bour of time. 
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observer at A , the velocity of the apparent motion of the moon 
arising from diurnal rotation will be greater than at the centre 
Cy in the proportion of CM to AM^ or of sin ZAM to sin ZGM^ 
or of sin geocentric zenith distance to sin apparent zenith dis- 
tance, and therefore the time in which the moon describes a given 
angle in coming to the meridian, will be diminished in the same 
proportion. Hence, in reducing imperfect transits, we shall have 

to apply the additional factor « v^ ryVi ? *^^ *^® whole 
^^ ^ sm App. Z.U. 

correction will become in the case of the moon, 

Equat. Interval 3600 + 1 sin Geoc. Z,D, 
sin N.P.D. ^ 3600 ^ sin App. Z.D. * 



6. Effect of Error of Collimation upon the time of transit 
of an object over the mean of wires. 

From what has preceded it is *evident that if the error of 
collimation (estimated positive in seconds of space when it is to 
be added to the time of transit, that is, when the object passes 
the mean of wires sooner than it passes the line of collimation) 
be c, the correction to the time of transit, will be 



15 sin N.P.D. 



()8)- 



7. Error of Level. Supposing the imaginary line repre- 
senting the mean of wires to have been made to coincide with 
the line of collimation, or, which is better, that the transits 
have been corrected according to the preceding methods for the 
diflference, the mean of wires will now, in the revolution of the 
telescope round its axis, trace out a great circle in the heavens. 
If however the axis (that is, the line forming the cylindrical 
axis of the pivots) be not horizontal, this great circle will not 
pass through the zenith, and the next consideration is to make 
it do this, either by destroying the error of level of the axis, or 
by correcting it. 
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The amount of the error of level (always estimated in se- 
conds of space, and positivelj when it makes stars pass the 
wires too soon, that is, when the western pivot is too high) is 
generally determined for the transit-instrument by a spirit-level. 
This instrument consists of a hollow tube of glass slightly 
curved and nearly filled with a fluid, the space which is un- 
occupied with fluid when the tube is held horizontal with its 
convex side upwards, being called the bubble. It is evident 
then that the slightest tilt of the tube will cause the bubble to 
he displaced in the tube, and to run towards that end of it which 
is elevated. For measm'ing the amount of this tilt, the tube is 
set in a frame to which is attached an ivory divided scale placed 
immedi^ly above the bubble, and the values of the divisions of 
the scale corresponding to elevation or depression of the end of 
the level are determined for each instrument either by an instru- 
ment called a level prover^ or by some other means. It is usual 
to make the zero (or degrees) of the scale correspond to a 
point near the centre of the bubble, so that the divisions increase 
towards each end; and this we shall assume to be the case in 
what follows. Levels applied to transit-instruments are either 
hanging levels or striding levels. In the former case they are 
provided with arms above the level terminating in hooks, by 
which they can be hung on to the pivots of the transit-instru- 
ment, in the latter case they are furnished with legs terminating 
in a kind of foot, by which they are made to stand upon the 
pivots of the instrument. In both cases they are provided with a 
cross levels or small level of moderate sensibility placed near one 
end at right angles to the length of the glass tube, to insure that 
the level itself shall always take up the same position relatively 
to verticality. It must be understood that the process of level- 
ling is one of the utmost importance and delicacy, as even the 
observer's breath or the warmth of his body will tend to alter 
the length of the bubble, and therefore to vitiate the result. 
The two kinds of level here described are pictured accurately 
enough in the accompanying diagrams. 

In what follows we will confine ourselves to the considera- 
tion of the striding level, as this is generally. adopted for modem 
instruments. 

Imagine it to be placed upon the pivots of the transit- 
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SPIRIT-LEVELS. 



instrament, and, for the present, suppose the pivots to be exactly 
cylindrical and equal. 



Ml 







iimim^M 



Hanging Levd, 



(y^ 



4A 



<^ 



Striding Levd. 



If the level be accurately adjusted, the centre of the bubble, 
which corresponds to the highest point of the curvature of the 
glass tube, if it be accurately made, should be made to correspond 
to the zero of the scale (or origin of co-ordinates) when the level 
is placed upon a perfectly horizontal surface. If this were the 
case, it is evident that, on being placed on a surface not quite 
horizontal, the distance of the middle point of the bubble from 
the zero would give the error of level of the surface in terms of 
scale divisions. 

This, however, is not generally the case, and must not be 
assumed. Generally then suppose that, with cross level west, 
the reading of the west end of scale is tr^, and that of the east 
end is e^. Then it is plain that the distance of the centre of the 
bubble from the zero of the scale measured towards the west, is 

-— — K Let now the zero of the scale be farther west than 

the true zero by a, measured in scale-divisions. Then the 
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distance of the centre of the bubble from the true zero will be 
—^ — ^ + a, and this will represent the elevation of the west end 

of the axis to which the level is applied. Let this be /, mea- 
sured in scale divisions ; * 



!V-«i 



+ a=Z (1). 



Let now the level be reversed end for end, and let w^ and e, 
be the readings of the west and east end of the bubble. 

We have, therefore, 

^-« = ? (2); 

OT, elevation of west end of axis = sum of west readings dimi- 
nished hy sum of east readings divided hy 4. 

If we were to take another complete observation of the 
level, that is, two observations in reversed positions, we should 
obtain a similar result, and any number of such might be com- 
bined together and the mean taken. 

Therefore generally, if n be the nimiber of complete obser- 
vations of the level in reversed positions, we shall have 



Z = 



4n 



If one division of the scale be equivalent to n seconds, 
then the errors of level expressed in seconds of space will be In. 

8. To determine hy the spirit-level the inequality of the pivots 
of a transit-instrument 

If the process of levelling explained above were applied to 
a line or plane it would give accurately the inclination of the 
line or plane to the horizon ; but it is evident that the process 
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explained abore will give the inclination of the line fonning the 
axis of the cylindrical pivots of the transit-instrument correctly 
only in the case in which the pivots are equal. 

If the pivots he not equal, let the radius of the eastern one, 
which we will assume to be the unilluminated or unperforated, 
be called r, and of the western or illuminated pivot 
r'\'a. Let also the angle formed by the forks of 
the level be 2f , and that of the Y's of the transit- 
instrument 2i\ Let, finally, the angle of the western 
Y be higher than that of the eastern Y by J. 
Then the height of the angle of the eastern fork of 
the level above the angle of the eastern Y of the 
instrument will be 

r (cosec i + cosec t) , . 

and the height of the western fork above the wed4- 
em Y will be 

A + (r -f a) (cosec { + cosec %'). 

The difference of these quantities is 

6 + a (cosec i -f cosec t'), 

and, if the distance between the pivots, or the length of the axis, 
be taken as the unit of distance, this expression will give the 
angular elevation of the western fork of the level above the 
eastern fork, or the quantity which is measured by reading the 
level in reversed positions. 

Let this level result be c. 

Then J + a (cosec i + cosec %) = c. 

Let now the transit-instrument be reversed, so that the illu- 
minated pivot becomes east. Then we shall by levelling again 
have a similar equation, 

h — a (cosec i + cosec {') = c', 
and .*. a = 



2 (cosec i + cosec %) ' 



Also the real difference in the heights of the centres of the 
pivots, when the illuminated end is west, is 
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, ., c4-c' . (c-c') cosect" 

h-\-a cosect = — ~ — h • . r- r* 

2 2 C08eci+ coseci 

c — c* cosec % ^ 

"" "" 2 * cosec i + cosec t " 

and, when the illuminated end of the axis is east, the difference 
of height will be 

, ., c-\-c* c — c* cosect' 

6 — a cosect =— r — . r- zt 

2 2 cosec t + cosec t 

c — c' cosec t 



= c -f 



cosec t + cosec t 



•I 



9. 2b {2e^rmtne <Ae effect of the error of level on the time of 
transit of an object. 

z 




w 

Let the western pivot te high by I seconds, and, in the 
accompanying diagram, let P, Z, JT be respectively the pole, 
the zenith, and the horizontal point in the meridian PZH. 
It is plain that the line of coUimation of the telescope will 
describe a great circle meeting the horizon in the meridian, 
but with an inclination of r to the east of it. Let H8* be this 
great circle, and ;8^' the place of a star on it. Draw 8' 8 at 
right angles to HZ. 

Then 88' ^Ix BinS8^l co^Z8; 

and time of describing 88' 

1 



ISsinP^ 



x88' 



l^ cobZ8 I cos Z.D. south 
15*w5TS"l5' sinlT.P.t). • 
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10. Error of Azimuth. The eftect of the application of 
the errors of coUimation and level is to make the line of coUi- 
mation trace out a great circle of the heavens passing through 
the zenith. It is, lastly, necessary to make it pass through the 
pole, or to find what is the deviation from the meridian in 
azimuth. 

Let the eastern pivot he too far north so as to make the 
telescope deviate to the east of the meridian by a seconds. Liet, 
as before, PZ8 be the meridian, and ZS' the great circle traced 
out by the line of coUimation, and transited by a star at 8', 
Draw 8' 8 perpendicular to PZ8. 




Thenmsle6Z8'^a, 

88'^asmZ8, 

and time of describing 88' = — . g^^^jjjp u • 

This is the effect on the time of transit of a star whose 
zenith distance south is ZS. 

11. It will be well, before going farther, to collect the 
preceding results in one formula. 

Let a star pass the mean of wires at clock-time ^, and let its 
zenith distance be Z, and its N.P.D. be A. Let also the error 
of the clock on sidereal time be St (seconds) slow. 

Then if the errors of coUimation, level, and azimuth be re- 
spectively c, ly and a, the true sidereal time of transit over the 
meridian is 

r-«+& + ± —5—4.1 ^21l4.± ELI. 

15 sm A 15 sm A 15 sm-A 
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or, if 7 be the co-latitude, 'since « == A — 7, 

m_. , ^. . c 1 . I COS (A -7) . a sin (A - 7) 
15 sin A 15 sin A 15 sin A 

We have shewn how the errors of collimation and level are 
fonnd bjr purely mechanical means, and it remains now to shew 
how the Error of Azimuth is found by observations of stars. 

In the first place the factors of the respective errors, namely, 

TT— r— r-, ■ ^ . — P^, and -z~^ — ^ can be easily tabulated, 
15 sin A' 15 sin A 15sinA -^ ' 

since they are merely functions of the latitude of the place, and 

of the polar distances of the stars. Imagine then that a table 

has been made of the factors of the azimuthal errors for small 

intervals of N.P.D, so that for any star it may be readily taken 

out at sight. Let the factor of azimuthal error be generally 

called Z^ or let 

^ sin(A-7) 
15 Sin A 

12. The best mode of determining the value of the azi- 
muthal error is by consecutive transits of a star near the pole, 
and there are three stars which for northern latitudes are par- 
ticularly valuable for this purpose ; namely, Polaris, i Ursas 
Minoris, and XUrsae Minoris. Polaris being a star of little 
lower than the second magnitude can be well seen in the day- 
light, and therefore its consecutive transits above and below 
the pole can be observed all the year round. 

Let now t be the clock-time of transit of Polaris above the 
pole corrected for collimation and level, and t' + 12^ of the next 
consecutive transit below the pole ; 

a, the required error of azimuth, 

ht\ the clock's loss in 12*', 

ia^ the increase of RA of Polaris in 12**, through preces- 
sion, i&c. 

Z^ and Z^, the factors of 'azimuthal error for Polaris above 
and below the pole. ' 
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Then since Z^ . ^ , it will evidently (A being less 

than 7) be negative for Polaris above the pole, and positive for 
the same star below. 

Therefore the correction to t will be ~-Z^a^ and the cor- 
rection to t* will be + Z^a, 

Hence we shall have the equation 

or (Z,+Z,) xa==e-«'-8«' + 8a, 

and «- z, + Z, • 

The method explained above requires no knowledge of the 
right ascension of the star, and is therefore preferable to all other 
methods, since, when the azimuthal error is thus independently 
determined, it can be used for the determination of the B. A. of 
Polaris fundamentally, that is without reference to any cata- 
logued place. 

When consecutive transits of Polaris cannot be observed, 
the best method is by observation of two stars near the pole, one 
at its transit above the pole and the other below, the transits 
being nearly simultaneous. 

If a and 12^ + a' be the right ascensions of two such stars, 
t and i their times of transit, and Z^ and Z^ the factors for 
azimuthal errors; then, the corrected times of transit being 
t — Z^xaj and ^' + ^xa, the clock-error given by the first 
star will be 

a — <4--^i X a, 

and that given by the second will be 

and these must be equal (neglecting the rate). 

Hence a^ ^ "^tl y^ - 

If a second circumpolar star cannot be obtained, a south star 
whose right ascension is well determined will do nearly as welU 



DETERMINATION OF CLOCK^ERRORS. 31 

The former method is followed at Oxford, the latter at Green- 
wich, when consecutive observations of Polaris have not been 
made. 

13. The three instrumental errors of the •transit-instrument 
having thus been found, and the corresponding cbrrections in 
time having been applied to the transits (which can be done for 
large numbers of observations very expeditiously by means of 
sliding-scales properly prepared), we obtain the true clock-ttmea 
of transit of all objects over the meridian. 

Now in the Nautical Almanac are given, for intervals of ten 
days, the Apparent Eight Ascensions and Declinations of about 
150 stars, derived chiefly from the Greenwich Observations, and 
receiving from time to time minute corrections from the in- 
creased number of observations and the more refined methods 
of making and reducing them, so that at the present time the 
places of these fundamental stars are given with an accuracy 
which scarcely admits of increase. A certain number of these 
fundamental stars are observed with the transit-instrument, toge- 
ther with the other objects requiring observation, and the com- 
parison of the corrected clock-time of transit across the meridian 
of each of these stars with its tabular right ascension gives an 
error of the clock on sidereal time (see page 7). If there were 
no errors of observation these clock-errors should be precisely 
equal, or should difier only by the amount of the clock-rate (loss 
or gain) in the interval. But since all observations are liable 
to error, partly due to the temperament of the observer and 
partly to atmospheric circumstances, it is usual, as in all other 
similar determinations, to take the mean of the individual clock- 
errors as representing the errors at the time corresponding to 
the mean of the sidereal times of transit of the separate stars. 
If these normal clock-errors be compared on successive nights, 
the daily rate of the clock will be obtained. 

• 

14. Conversely, the error for a given time and the daily 
rate of the transit-clock being known, the errors can be calcu- 
lated for the times of transit of all other objects and applied to 
them, by which means the apparent right ascensions of all these 
objects will be determined. 
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• 

15. It will be seen from the preceding account of the 
transit-instrument that it has two distinct uses, namely, 1st for 
the determination of time ; and, 2ndl7, for the determination of 
the right ascensions of celestial objects. It gives sidereal time 
by determining the error of the clock adjusted approximately 
to sidereal time, by comparison of the clock-times of transit of 
fundamental stars with their tabular right ascensions ; and from 
the sidereal times it is plain that mean solar times can be cal- 
culated, because there is a fixed relation between the two, 
though this relation remains to be discussed in a following 
chapter. Again, it gives the right ascensions of all observed 
objects by enabling us to compare their right ascensions with 
those of the fundamental stars by the method previously ex- 
plained. 

16. In concluding this account of the transit-instrument, 
there is one important remark to be made. The instrument, 
correctly speaking, determines only differences of right ascension 
of celestial objects, by enabling us to observe accurately the 
difierences of their times of transit by the clock. If, however, 
we could discover accurately the absolute right ascension of one 
of the observed objects, then the right ascensions of all the rest 
would become known; and this was the method employed in the 
last century by Dr Maskelyne. He used a Aquilae as his funda- 
mental star, and compared all others with it. But the consi- 
deration of the method of deducing absolute right ascensions, or 
of settling the place of the equinox, must be left to a succeeding 
chapter. 

17. We must not omit another important use which can 
be made of the transit-instrument for the determination of the 
latitude of an observatory, by placing it so that the line of 
collimation of its telescope shall move in the plane of the prime- 
vertical instead of the meridian. 

Let P be the pole, Z the zenith, and 8 the position of a 
known star on the prime-vertical Z8, Then is the angle PZ8 
a right angle. If the tabular right ascension of the star be a, 
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and t the time of its transit across Z8 before the meridian 
passage ; then the hour-angle 

Also since cos ZP8 = tan PZ cot PSy 

tan PZ'= cos ZP8 tan P8, 

or tan colatitude = 

cos star's hour-angle x tan N.P,D. 

We will now proceed to discuss the errors 
to which a transit-instrument placed in the 
prime-vertical is subject. 

These are precisely similar to those which require correction 
when the instrument is in the plane of the meridian, namely, 
error ofcolUmationy error of level of horizontal axis, and error of 
aztmuih. 

The first two of these can be determined precisely in the 
same manner as for the transit-instrument in the plane of the 
meridian, and we will proceed to estimate the effect of them on 
the time of a star's transit over the prime- vertical. 

Let the line of coUimation describe the 
small circle Z8' parallel to Z8My then is 8'Ly 
perpendicular to ZM, the error of collimation, 
= c (suppose). 

Let also 8' 8 be a portion of the small circle 
described by the star round the pole. Then is 
angle 8'P8 fifteen times the error of time of 
transit (=15S«). 

Hence 15St = -: — 775 ; and 88' = tttt^ // 

BmP8 cobP8Z £| 




sm 



tf.A. 



P COS PZ ^ ^®^^^® ^^^ ^^ * ^^^^ angle) ; 

3 
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.\ S^ = 



15 Bin P sin F8 cos FZ 



UsiaZScoaPZ 



15 sin Z.D. X cos colatitude ' 



Again, for error of level (= T) ; let the 
line of collimation describe the great circle 
Z'Hy coinciding with Z8H at the horizontal 
point H. Let as before 88' be the small 
arc described by the star, and 8L perpen- 
dicular to ZH. Then ZZ = I ; 

and 8'L = I cos Z8. 



Hence 88'= 



8'L 



cos 88' L 

I cos Z8 
cos F8Z' 



and angle 



S'F8=UBt = -. 



8'8 



sinP/Sf 



I cos ZS 



sin FSco&FSZ 




•I 



I cos ZS 



Bin F8 t^n Z8 cot F8 



I cos Z8 



tan Z£f cos F8 



I 



isjiZScosFZ' 



or S/ = 



I 



15 tan Z.D. x cos colat. 
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Finally, for error of azimuth, let the 
line of collimation describe the vertical 
circle ZH' near to the prime-vertical 
ZH\ J5r and -ST being points in the hori- 
zon ; let a be the error of azimuth = angle 
EZH, 



Then B'L 
9xAS'S 

aA.d Ibht -- 



= a sin Z8, 

a sin Z8 
'cosPSZ' 

a sin Z8 
sin FS cos FSZ 

a sin Z 8 
smP8 ta.n Z8 cot F8 

a cos Z8 

COB F8 



a 



cos FZ' 




or Bt = rrz . 



a 



15 * cos colat. * 

Let now a star be observed with the illuminated end of the 
axis of the telescope pointing towards the north, and let the 
axis point to the west of north by the quantity a" ; let also 
the north pivot be high by Z", so as to bring western stars too 
early on the wires ; finally let the central wire or the mean of 
wires lie too far south, so as to bring stars too early on the 
wires. Then if T be clock-time of transit over mean of wires, 
Ar the amount of clock-error (additive) ; and t the true side- 
real time of transit of a star over the west prime-vertical, we 
shall have (using the suffix w to denote this prime-vertical, and 
2 to denote the zenith-distance) 

# _- jT + AST H - I - 

^ "^ 15 sin « cos colat. 15 tan z cos colat. 



a 



15 cos colat. ' 



3—2 
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and, for a star on the east prime-vertical, 

, _. jr I A y ? 

^« ■*« T « 15 sin « cos colat. 15 tan z cos colat, 

a 



15 cos colat. * 

If now the instrument be reversed, so that the illuminated 
pivot be south, then it will be easily seen that the effect of 
error of collimation will be to make stars come too late on 
the wire, or that its sign must be changed ; but that the effects 
of the error of level and of azimuth are in the same direction as 
before, namely, that stars pass too early. 

Hence the equation will become 

c T 

* "~ * * 15 sin 2; cos colat. 15 tan z cos colat. 

a 

+ 



15 cos colat. ' 
for a star on the west prime-vertical, 

and / ' =s T* -4- A T" -I ^ - 

• • * 15 sin 2; cos colat. 15 tan z cos colat. 



15 cos colat. ' 

for a star on the east prime-vertical, V denoting the result of the 
levelling after reversion. 

To find the effect of error of level on the colatttude, and on 
the declination of a star observed with the transit-instrument in 
the prime-vertical. 

If I be the error of level (the south pivot being too high), 
the telescope when pointed upwards to the meridian will be 
directed to a point between the pole and the zenith, and distant 
from the latter by the quantity l" {I seconds). This point we 
may call the instrumental zenith ; and, if we subtract l" from the 
true colatitude (7), the quantity y — T must be used in the 
equation for determining the N.P.D. of a star, namely in the 
equation 

tan colat. 



tan N.P.D. = 



cos hour-angle ' 
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But, if the true colatitude has beei^ used in this equation, 
the eflfect of the error V on the N.P.D. may be thus inves- 
tigated. 

Let 7 = colatitude, 

P = hour-angle, 

N.P.D. = A, 

then tan 7 = cos P tan A; 

and, differentiating, 

87 cosP ^. 

— Y- = — r\ SA, 
cos 7 cos A 

^,. cos' A tan A 5, 

or oA = — 3 — .7 07 

cos 7 tan 7 

sin 2 A ^ 
87 



sin 27 

sin2A 
sin 27 



xT. 



18. But the most practically useful way of using the Transit 
Instrument in the prime-vertical for determining the north polar 
distances of stars is that adopted by Professor Struve for the 
large instrument established at Pulkowa. This instrument is 
provided with an apparatus for rapidly reversing it during the 
progress of a series of observations, and his method is as 
follows. 

Having determined the error of level of the axis, the tele- 
scope is directed to a star while it is yet north of the eastern 
prime-vertical, and the transit is observed over each vertical wire 
preceding the central wire. When the star has passed the last 
of these wires, the axis of the telescope is reversed, and the trans- 
its over the same wires are observed again, but of course in the 
reverse order. On the star approaching the western prime- 
vertical the same process is repeated, the transits being observed 
over the same wires^ in the last preceding position of the axis, 
and then with the axis reversed. From these observations the 
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north polar distance o4ithe star is deduced by the following 
process, the observations over each wire being taken separately. 

Let A be the north polar distance of the star, 

h and K the hour-angles at the transits of the star 
over the same wire in the two positions of the axis, 

c the angular distance of the wire from the line of colli- 
mation. 

Then, if jN" be the north point of the hori- 
zon, P the pole, Z the zenith, and 8 the star 
on the wire, 

JVBf = 90«-c, 
P£f = A, 
JVP=90'-colat. 

= 90^-7, 
and A = hour-angle = angle ZP8. 

-iwT -KTT^ci cos N8 — cos NP cos PS 

Now COB NP8 = : xttT-' 7^ ' 

sm NP sm P8 
or cos (90® — c) = sin c = — cos A cos 7 sin A + sin 7 cos A. 

Similarly, for the observation with axis reversed, 
cos (90® 4- c) = — sin c = — cos h! cos 7 sin A + sin 7 cos A ; 
/. = 2 sin7 cos A — COS7 sin A (cos A + cos A') 

«• Aft 'A h' -^ h Ji —h 

= 2 SIU7 cos A — 2 COS7 sm A cos — ^ — cos — - — , 

^. A' + A A'- A 

or tan 7 cot A = cos — ^ — cos — - — . 

^ 2 

This equation will give A, when 7 is known, or will serve 
to find 7 or the colatitude, when A is known. 

If the right ascension of the star is assumed to be known, 
an observation in reversed positions over one prime-vertical will 
be sufficient, because hour-angle = sidereal time — right ascen- 
sion ; but the observations over the other prime- vertical make the 
knowledge of the right ascension unnecessary, since it is evi- 
dent that K represents half the interval between the first transit 
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east and the second transit west ; and h half the interval be- 
tween the second transit east and the first transit west. 

After each reversion of the axis it is necessary to re- 
determine the error of level of the axis, and Qorrections will 
"be necessary for the difference of the errors in the different 
positions ; but it is not desirable to enter into minute details. 
If the errors do not differ much, the mean cfrror of level may 
be applied to 7, or, computing with an uncorrected value of 7, 
we may apply the suitable corrections for error of level to A. 

19. It is necessary that the instrument be accurately 
adjusted to the prime-vertical. If this be not the case the error 
can be found by taking half the sum of the transits east and 
west over the same wire,^which will manifestly give the time of 
transit over the vertical in which the axis of rotation lies. 
This time (corrected for clock-error), when compared with the 
known right ascension of the stars, will give the angle at the 
pole subtended by the amount of azimuthal error. If this 
angle be SP, then we have seen (page 35) that 



COS colat. ' 
and therefore a = cos colat. x SP. 



The Tbansit-Circle. 

20. In the preceding part of this chapter we have treated 
of the transit-instrument as a separate instrument, and not as 
forming a portion of the transit-circle, an instrument now coming 
into general use. This was necessary, since the transit-instru- 
ment must for many purposes remain a separate instrument, and 
some of its adjustments when thus used are essentially different 
from those of the telescope of the transit-circle. 

For the transit-instrument, for example, it is the general 
practice to determine the error of coUimation by observations of 
a fixed mark or of the wires in another telescope in reversed 
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positions of the axis of the transit-telescope, and it is also usual 
to determine the error of level by a 8pirit-level\ 

But these methods of determining the coUimation and level- 
errors would not be practicable with the transit-circle, becauise 
the instrument is generally not capable of being reversed on its 
axis; and the axis is not convenient for the application of a 
spirit-level. It is therefore necessary to use other methods, 
. which we will proceed to describe. 

21. First for coUimation. 

This is determined by means of two smaller telescopes 
(called collimating telescopes) placed with their optical axes 
very nearly in the same line with that of the telescope of the 
transit-circle, one to the north and the other to the south of it. 
The object-glasses of the telescopes are turned towards each 
• other, and therefore towards the instrument ; and in their prin- 
cipal foci are placed systems of wires, one moveable laterally, 
and the other vertically, by means of micrometer-screws. The 
systems of wires are so arranged that the image of a definite 
point of one of the wires in one system can be easily and accu- 
rately brought into coincidence with that of a similar point of 




the other system, when the wires of one telescope are viewed 
through the other, and then this point may be easily observed 

^ ^ Professor Challis has however been in the habit for many years of deter- 
mining the error of level by means of a collimating eye-piece. 
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with the central vertical wire of the transit-circle. In the 
Greenwich and Oxford transit-circles the wires consist of two 
pairs of parallel spider-lines at equal distances &om each other, 
the one pair being nearly vertical and the other pair nearly hori- 
zontal. These cross each other so as to form a square, as in the 
diagram, the one nearly vertical wire being rather thicker than 
the other, for the sake of distinction. And one of the nearly 
vertical sides of the square formed by the system of wires in the 
other collimating telescope is made to bisect the corresponding 
side of the square in the first system, so as to form two small 
acute right-angled triangles of the equality of which the eye 
can judge exceedingly well. To serve as a fixed mark in the 
meridian for certain other purposes there is another wire in 
each system parallel to the nearly horizontal wires, and placed 
at such a distance that when the squares are correctly placed 
on each other the middle point of the part of it intercepted 
by the two nearly vertical wires is in the same vertical with 
the middle of one of the nearly vertical sides of the square. 
The object of the arrangement is to secure unmistakeable points 
of reference in each collimating telescope, which shall admit 
of very accurate observation with the central vertical and the 
horizontal wires of the telescope of the transit-circle. It may 
also be mentioned that, in the use of the telescope of the 
transit-circle, it is found that it is most convenient that the 
whole system of vertical or transit-wires should be moved to- 
gether by means of a micrometer-screw acting on the wire frame, 
instead of having, as in the transit-instrument, the wires fixed, 
and reference to collimators made by a separate micrometer- 
wire. 

Let now N8 represent the common axis of the two pencils 
by which the point N (representing the point of reference of the 
collimating telescopes before referred to) is visible in the field 
of the south collimating telescope, in contact with the similar 
point B, visible in the field of the north collimating telescope. 

Let also A OB represent a line parallel to the axis of the tele- 
scope through the optical centre of the object-glass, and a Oh 
the direction of the line of coUimation. Then, with the telescope 
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pointing north, let the central wire, by means of i 
the micrometer-screw, be brought into coincidence 
with the point N] and afterwards let the telescope 
be turned round till it points southward, so as 
to view the wires in the south collimator. The 
micrometer-wire (or rather the point of it which 
was in coincidence with N) will now occupy the 
position N\ determined by making the angle 
N'Oh equal to the angle NOa^ that is, to the x~ 
angle b08. If then the reading of the micro- 
meter be taken for coincidence with N^ and the 
screw be turned till it is afterwards in coincidence 
with 8y it is plain that the mean of the two read- 
ings will bring it into coincidence with 5, that is, 
with the line of collimation. 



22. The position of the line of collimation ^ 
(or the micrometer-reading for coincidence of the 
central wire with this line) being thus determined, 
the level-error can be determined by means of the observa- 
tion of the image of this wire reflected in a trough of mercury, 
in the following manner : 

The ordinary positive eye-piece used for observation is 
replaced by another called Bohnenberger's eye-piece. This is 
an eye-piece with three lenses, arranged in a tube which is 
perforated to allow the light from a gas-flame or lamp to fall 
upon an inclined reflector placed between the field-lens and the 
second lens so as to illuminate the field and to render the wires 
visible. If the telescope be now placed vertical with its object- 
glass downwards and directed to a surface of mercury, the 
reflected images of the wires will be seen nearly in contact with 
their images as seen directly in the field of the telescope. If, 
indeed, the central wire be made to coincide with the line of 
collimation of the telescope, and the axis be accurately level, the 
direct and reflected wires will plainly be in coincidence ; but if 
there be any error of level, the central vertical wire and its 
reflected image will be seen near each other, and the amount of 
the separation will determine the magnitude of the error of level. 
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Let, for instance, represent a point in the wire pat into 
coincidence with the line of coUimation; OG the axis of the 
pencil of rajs proceeding from to meet the surface of merosry 



-4 CB in (7, Then, if CD be a vertical line, and C(y the axis 
of the reflected pencil, the reflected image of the point of the 
wire will be visible at a point 0' in the field of the telescope, 
and the angular separation of and O will be the double of 
the angle OCZ>, which plainly is the error of level of the axis; 
the plane of the paper being the vertical east and west plane. 
But practically the position of the point D can be readily found 
by moving the micrometer-screw (and therefore the point 0) 
till it coincides with 0\ the coincidence evidently taking place 
at jD, If, for instance, the reading of the micrometer for coin- 
cidence be r', and that for the position of the line of coUimation 
be r, and if one revolution of the micrometer be equivalent to 
n", then the error of level will be {r' — r) x n seconds. 

The method which has just been explained for determining 
the errors of coUimation and level are equally appUcable to the 
transit-instrument and to the transit-circle, but it is not gene- 
rally appUed to the former because it would necessitate the 
erection of two fixed telescopes on firm piers, and would therefore 
make the instrument much more expensive. 
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23. We will now proceed to give a more detailed account 
of the transit-circle in its modem form ; and, to fix the ideas, 
WQa^ill confine ourselves in general description to that of the 
Badclifie Observatory of Oxford, which was purchased from 
Mr Carrington, who caused it to be constructed on the model 
of the celebrated instrument at Greenwich. The instrument is 
much smaller and less complicated than that at Greenwich, and 
is therefore more proper for illustration of the general use of 
such instruments than the latter is. 

The transit-circle now erected at the Eadcliffe Observatory 
of Oxford has a telescope of 5^ feet focal length, with an object- 
glass of 5 inches aperture. The axis, which, with the exception 
of the pivots, was cast in one flow of metal, consists of a central 
cube 9 inches in the side, and of two cones with which the 
pivots are mechanically connected. The pivots themselves are 
of 3^ inches diameter. 

The bearings of the pivots, constructed of brass, are of the 
form of the letter T, of great solidity, and each capable of screw 
adjustment in level, but not in azimuth when once fixed. 

The horizontal axis carries two gun-metal circles, each cast 
in a single flow, of 42 inches diameter. The west circle, on 
its west face, carries a band of gold on its surface, on which 
the fine divisions were laid off at intervals of 5' by Mr Simons's 
dividing engine. The microscopes (four in number) are, at their 
micrometer ends, that is, on the outsides of the piers, so far 
brought together that the two eye-pieces of a diametral pair are 
24 inches apart. To relieve the bearings and pivots of the 
greater part of the dead weight, friction counterpoises are em- 
ployed. 

The above description of the instrument itself may be suffi- 
cient, but it is necessary to mention its collimating telescopes. 
These are each of 33 inches focal length and of 2 J inches aper- 
ture, placed horizontal on separate piers of great solidity, on a 
level with the centre of the cube of the axis of the transit-circle, 
the south one pointing northwards and the north one south- 
wards, nearly in the meridian. The webs, or systems of wires 
in their foci, are of the same pattern as those already described 
in page 41. 
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24. In what has preceded, the use of the transit-circle for 
ohserving time and the right-ascensions of objects has been 
sufficiently dwelt upon, the error of coUimation being deter- 
mined by means of the two collimating telescopes, and the error 
of level by the observation of the coincidence of the central ver- 
tical wire, with its image reflected in a trough of mercury, by 
the use of Bohnenberger's eye-piece. The reduction of the 
observations will differ in no important degree from that which 
has been already explained in the case of the transit-instrument. 

25. It remains now only to explain the use of the instru- 
ment for obtaining by observation the other element necessary 
for the determination of the place of a body, namely its north 
polar distance, or its declination. 

It has been explained that one of the circles carried on the 
horizontal axis of the instrument is divided into degrees and 
5-niinute spaces, and that four reading microscopes are directed 
to it by which these spaces can be subdivided into seconds and 
fractional parts of seconds. The circular heads of the microme- 
ters are divided into 60 equal parts, and an index projects from 
the fixed body of the microscope to denote the particular second 
and decimal part of the second for any particular reading. They 
are so adjusted that five complete turns or revolutions of the 
screw of the micrometer will carry the wire of the microscope 
from one division of the circle to the next division. This how- 
ever can never be accomplished with perfect accuracy, and in 
practice is not attempted ; but the exact number of revolutions 
and fractions of revolutions corresponding to a space of 5' on 
the circle is called the run of the micrometer-microscope, and 
the difference between this run and 5 exact revolutions is called 
the errcT of runs^ and the mean error for the four microscopes 
is applied to the mean of the readings as a correction. 

Thus in reducing circle observations we should proceed thus. 
Suppose the case of a single microscope-micrometer. Let its 
reading, when its wire bisects one division, be x'\ and, for bi- 
section of the ne^ft division, y' (y being greater than x). Then, 
remembering that one revolution corresponds approximately to 

60", it is plain that, [5 + ^ J revolutions are equivalent to 5'. 
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Hence one reYolution 

5' 1 =^x- ^ 



5 + ^11? 1+^ 3^^' 

60 ^300 

very nearly, if e = y — a?. 

Therefore, one revolution being a nominal minute and one 
division of the head a nominal second we should have to sub- 

tract the -rrrz th part of a revolution from each revolution, or 
300 

— from each nominal minute, or e" from each 5' space as mea- 
o 

sxired by the microscope. 

If then the reading of the microscope-micrometer be r minutes, 

we shall take the proportional part of the error of runs as 

rp 
applicable to this reading ; and this will plainly be — • 



26. It has been said that the microscopes are placed dia- 
metrically opposite to each other. The effect of this, even when 
only a single pair of opposite microscopes is used, is to obviate 
errcyrs of excentridty of the circle. 

The centre of the circle is, properly speaking, the centre of 
its divided rim, but it turns on an axis which may not be and 
commonly is not coincident with this centre. 

Thus, in the accompanying diagram let O be the centre 
of the circle, and C the centre of rotation. Join CC and 
produce it to AA\ Let now the circle rotate round C through 
the angle A C'N, the centre G describing the dotted arc 0G'\ 
and coming into the position (7". Then it is plain that the 
points of the circle which would, if it were accurately centred, 
have come under the microscopes at B and J5', will have come 
to the points h and &', found by drawing Bb and Bb' equal and 
parallel to the line joining (7(7". 

Consider now the points under the two reading microscopes 
at B and B'. The small spaces Bb and Bb' (each equal and 
parallel to (7(7") may each be resolved into two, one in the 
direction of the limb of the circle and the other at right angles 
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to it. With respect to the first resolved equal parts the effect 
will 1)e that one microscope will read a greater arc and the 
other an arc less by the same quantity than thej would have 
read if the circle were centrically placed, and therefore that 




the mean of their readings will be the same as if there were 
no excentricity. The effect of the second resolved motion will 
be that the point B will be brought nearer to the microscope 
at B^ and the point B carried farther from the microscope at 
B by the same quantity, so that the mean error of runs will not 
be altered. Hence the angle through which the circle has been 
turned round the point C will be as accurately measured as if 
there were no excentricity, or the effect of excentricity is elimi- 
nated by taking the mean of the readings of two opposite 
microscopes. 

27. Another important consideration in the treatment of 
observations made with the circle is the correctness of the 
divisions. Formerly the dividing was performed by hand, 
and the errors were far less reducible to law than those in 
which the dividing has been performed by a dividing-engine, 
which is the case with many of the best circles of the present 
day. It must never however be assumed that the divisions are 



48 CONCLUDED CIRCLE-READING, 

faultless, and the examination is one of the most laborious opera- 
tions which an astronomer has to perform. The discussion is 
however of too technical a character and not sufficiently elemen- 
tary for a treatise like the present. 

28. Zenith-Distance Obsertations. It has been men- 
tioned that the telescope of the transit-circle has generally in 
the plane passing through its focus a wire-frame with a sys- 
tem of fixed vertical wires at equal intervals, moveable by a 
micrometer-screw, and another wire horizontal and moveable 
by another micrometer; sometimes there is also another and 
fixed horizontal wire, but this is not necessary. In making 
the zenith-distance observation of a star, the instrument is 
set previously to the place of the star by means of the 
pointer connected with its divided circle, and, as the star is 
seen crossing the field of view, it is bisected with the hori- 
zontal wire by turning the head of the micrometer, at the in- 
stant (or nearly so) of its passage across the central vertical 
wire which represents the meridian. Care is always taken in 
fixing the eye-piece on the telescope that the telescope micro- 
meter readings when reduced to arc are always additive to the 
readings of the microscope-micrometers. The concluded circle 
reading will then be : pointer-reading + mean of microscope- 
readings + correction for runs + telescope micrometer reading, 
where the pointer-reading includes the degrees and multiples 
of five minutes (such as 5', 10', 15',. ..45', 50', 55'), and the mi- 
croscope readings include the odd minutes and seconds, by which 
(the mean being taken) the crosses of the micrometer-microscopes, 
when placed upon the proper divisions of the circles, are distant 
from the zeros of the micrometers. • 

29. It however frequently happens that the star or other 
object cannot be observed exactly on the meridian, but is bisected 
at an interval of a certain number of seconds of time either 
before or after passing the meridian. This introduces another 
correction technically called the Correction for Curvature^ arising 
from the deflection of the small circle in which the star or 
object, if not on the equator, is moving, and the great circle 
of which the horizontal wire forms a part. 
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To estimate the amount of this correction, let the star be 
observed t seconds before or after its passage oyer the meridian, 
and let its north polar distance be A. Let, in the annexed 
figure, P be the north pole, and S the place of 
the star near the meridian PN8'. Draw NS an 
arc of great circle perpendicular to P8\ and 
let the arc SS' represent the path of the 
star. Then is the hour-angle NPS— 15^, and 
the arc NS represents the wire by which the 
star is bisected at 8, while S' represents the 
point on the meridian where it should have 
been bisected. Hence N^ is the correction for curvature : let 
thb be X. 




Now 



cos P = tan PJV^cot PS, 

tan PN ^ isLii {A --x) 
~" tan A "" tan A ' 

,-^. tan A — tana? 1 

or cos (15^) = ; — 7 — T— . , 

^ ^ l+tanAtana? tan A' 



1 (15^)' 
or 1 — ^ ^ ^ sm 



^^'^"=(^-S)^(^-*^^*^^^)' 



neglecting higher powers, 



= 1- 



tano? 



= 1- 



sin A cos A ' 

2tan2r 

sin 2 A ' 



Hence 



=ra^ 



tan 0? = ( ^ j sin 2A X sin' 1", 

225 



or X {m, seconds of arc) = — - sin 2A x e* x sin 1", 

since we may put the arc for the tangent, the quantities being 
generally very small. 

The preceding formula is applicable to the case wherein the 
clock-time has been noted at which the bisection has been made* 
Frequently however it is more convenient, without regard to 
the clock-beats, to bisect the object as it passes one of the side 
vertical wires^ 

M. A. 4 
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Let the time taken by an equatorial star in passing from this 
wire to the central wire be nT. Then, for a star whose north 

polar distance is A, the time will be -:: — r-, and this must be 
*^ sm A 

put for t in the preceding formula. 

Hence x = -7- sm 1 x --s-x x sm 2A 

4 sm'A 

= ?pr»sinl"xn'cotanA, 

225 
where -^ T'sin 1" is a known constant, and its numerical value 

must be calculated. 

30. In the case of a planet, or of the Sun and Moon, when 
observed off the meridian, there is another correction to be 
applied, namely, that for the motion in north polar distance be- 
tween the time of bisection and that of meridian transit. In 
the. cases of the Sun and planets, the motion for one hour is 
given in the Nautical Almanac in the Ephemerides of their 
motions, and the proportional part corresponding to the time t 
must be calculated, and is the correction required. Thus, if the 

hourly motion be m, the correction will be ^^^ x m. 

In the case of the Moon, the motion during the passage 
of the Moon over one hour of geographical longitude is given 
in the section of Moon-culminating stars of the Nautical Al- 
manac, and if this be m, the factor given above for the planets 

must be multiplied by — — i — r^ ^ , for the same reason as 

^ '' sm App. Z.D. ' 

in the case of reduction of imperfect transits of the Moon. 

31. Supposing all the preceding corrections (for runs, 
curvature, and motion) to have been applied, we have the cor- 
rect Concluded Circle Reading^ that is, the value of the mean 
reading of the microscopes, for an object at its bisection on the 
meridian, supposing that five revolutions of each microscope- 
micrometer are exactly equivalent to 5'. Hence, if two or more 
objects be thus observed at their meridian passages, we can ob- 
tain immediately the differences of their north polar distances or 
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north or south zenith distances, which are plainly the same as 
the differences of the circle readings. If then we could obtain 
for any one object its absolute apparent zenith distance, we 
should obtain the apparent zenith distances of all other objects. 

Now as the zenith is the point of the heavens marked by the 
direction of gravity at the observer's station on the surface of 
the earth, it is plain that there are only two ways of observing 
its position, namely, by means of a plumb-line, which gives 
immediately the direction in which gravity acts, or by means of 
the surface of a fluid at rest (mercury, for example) which gives 
the position of the horizon. The former method was formerly 
employed with the old quadrants in use before the introduction 
of the mural-circle; but the latter method is now invariably 
employed. 

There are two ways of observing the circle reading cor- 
responding to the position of the circle when the telescope is 
directed to the zenith, namely, either by observation of the 
images of stars both by direct vision and by reflexion in a trough 
of mercury, or by observing the coincidence of the direct and 
reflected images of the horizontal wire by means of a Bohnen- 
berger's eye-piece (as previously explained for error of level 
of the axis). 

First, for the method by stars. A skilful observer will be able 
with sufficient ease to observe a star at the same transit both by 
reflexion and by direct vision, in the following manner. He will, 
a few minutes before the transit, point the telescope to the direc- 
tion in which the rays coming from the star will enter the 
telescope after reflexion, and arrange the mercury trough. He 
will then wait till the star is near one of the side wires before 
meridian passage, and will bisect it and take the reading of the 
telescope-micrometer, having previously read the circle, which is 
supposed to be clamped. Unclamping the circle, he will then 
rapidly turn it round till the star is visible by direct vision 
(generally near one of the side wires after the transit), and, after 
clamping the circle again, he will bisect and read the telescope- 
micrometer and microscope-micrometers a second time, having 
thus made two complete observations of the star. 

4—2 
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From what has been explained in Chapter i. p. 9, it will be 
plain that if ^ be the concluded circle reading for the direct 
observation, and Z' for the observation by reflexion, then the 

Z-\- Z* 

reading for the Jiortzontal point will be — - — , and for the 

z 

Z ^- Z* 
zenith-pointy — - — + 90**. 

It is nsual to observe several stars in different parts of the 
lieavens for determining the zenith-point, and it is especially 
desirable that an equal number' should be observed north and 
south of the zenith, to eliminate any errors that may arise from 
flexure of the telescope or unknown errors of divisions of the 
circle, or any thing else that may vitiate a single observation. 

But in addition to star observations, the determination of the 
nadir-point by observing the coincidence of direct and reflected 
images of the wire by means of Bohnenberger's eye-piece is of 
great importance, since this is an observation which is inde- 
pendent of the weather and the state of the sky, and can be 
made at all times whenever it is considered desirable. 

Having, by combination of star-observations and wire- 
observations, determined the zero of zenith distance or the 
zenith-point with sufficient accuracy, (an accuracy which in first 
class instruments may be equal to, or even smaller than, a 
quarter of a second of space), the apparent zenith distances of all 
objects will be obtained by simply subtracting the zenith point 
from the circle readings ; and as this element, the apparent 
zenith distance, that is, the zenith distance of an object as 
affected by refraction, is that which alone is determined pri- 
marily by the instrument, we will for the present assume that 
the account already given of the processes of observation and 
calculation are sufficient. The deduction of the co-latitude of 
the place of observation and of the north polar distances of 
objects involves the application of refraction, and therefore 
cannot properly be treated of till the theory of refraction has 
been explained. 

32. The Equatoeial. The Transit Instrument, and the 
Mural or Meridian Circle, produce observations of the greatest 
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possible accuracy, chiefly through the nature of the confltmction 
of the instruments, which are symmetrical with respect to the 
direction of gravity, and of which therefore the errors of ad- 
justment can be easily determined and remain without much fluc- 
tuation. But, if equal accuracy could be obtained, it is evident 
that an instrument which would enable the observer to follow 
an object in its diurnal course, and give, by direct observation, 
its right ascension and polar distance, would be much more 
natural and convenient. 

Such an instrument is the Equatorial. 

In its simplest form it consists of an axis capable of free 
rotation, supposed to be parallel to the earth's axis, that is, to 
pass if produced through the poles of the heavens, and of a 
telescope connected with this axis in such a manner as to admit 
of being pointed at any star and then fixed, so that, when the 
axis is turned round, it will follow the star in its diurnal course. 
For the purpose of measuring the angle which the line of colli- 
mation of the telescope makes with the axis, a circle is fixed to it 
either in its own plane or parallel to it ; and for the purpose of 
measuring the angle through which the polar axis has carried 
the telescope out of the plane of the meridian, which is con- 
sidered to be the zero-plane, another circle is attached to the 
polar axis with its plane perpendicular to it, and revolving with 
it. 

These circles are read in the usual way by micrometer- 
microscopes fixed to some part of the pier carrying the instru- 
ment, or to some part of the fixed frame. 

In the English mode of mounting equatorials the telescope 
is in the plane of the polar axis, which consists of a framework 
of rods or hollow metallic columns forming a kind of open 
cylinder, and connected with the pivots which rest in Y's at the 
upper and lower ends. In the German, or Frauenhofer's, mode 
of mounting, the telescope is at one extremity of the declination 
axis, that is, of the axis on which the telescope turns ; and its 
weight is counterbalanced by heavy weights at the other ex- 
tremity of the declination axis. This necessity of counterba- 
lancing the telescope is of itself a disadvantage, since it in- 
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creases the pressure on the Y's, and therefore the firiction which 
resists the turning of the instrument. The great telescope at 
Greenwich, of nearly 18 feet focal length and 13 inches aperture, 
is mounted in the English fashion, and the Heliometer at Oxford 
is an excellent specimen of the German mounting. 

To the general description giren above it needs only to be 
added, that the circle which moves with the telescope and which 
serves to measure declinations or polar distances of objects is 
called the declination circle, while that which is attached to the 
polar axis is called the hour-circle, since it serves to measure the 
angular distance from the meridian of the circle in which the star 
is at the time of observation. 

33. The student will readily see, from the preceding account, 
that it is necessary for the perfect adjustment of the instrument 
that the following conditions should be fulfilled : 

1. The polar-axis must point to the true pole of the hea- 
vens, or, in other words, its elevation must be equal to the 
latitude of the observatory; and the vertical plane passing 
through it must also be the plane of the meridian. 

2. The line of coUimation of the .telescope must be perpen- 
dicular to the declination-axis. 

3. The declination-axis must be perpendicular to the polar- 
axis. 

4. The index of the hour-circle should point to zero when 
the line of coUimation of the telescope is directed to an object 
in the meridian of the place of observation. 

5. The index of the declination-circle should point to zero 
or to 90® when the line of coUimation of the telescope is directed 
to the equator. 

We will discuss these errors in their order : 

I. To find the errors of elevation and azimuth of the polar- 
axis. 
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Let P be the pole of the heavens, 
and P the pole of the instrument, 
that is, the point towards which the 
polar-axis is directed. Join PP' by 
an arc of a great circle, and draw a 
perpendicular arc PN on PQ the 
meridian. Then is PN the error of 
elevation of the axis, and PN is the 
azimuthal deviation. Let fi^ be a star, 
whose N. P. D. is A, and hour-angle 
8PQ^ 9. Draw PML and NO per- 
pendicular to SP, and NL parallel to 
it Then, the small triangles PPN, 
PMO, &c. being considered as recti- 
linear, MP will be the error of ob- 
served N. P. D. of the star, or 8A. 

Now MP==MO+OP 
^LN+OP 
= PNQin SPQ + PNcos SPQ; 

or, if azimuthal deviation = a?, and error of elevation =y, 

X sin + y co^0=r SA. 

It follows from the above, that if the hour-angle » 0, or if 
the star be on the meridian, y = 8A ; 

and if the hour-angle = 90® or 6^, x = SA. 

Hence, to find this error of elevation, a star should be observed 
in reversed positions of the instrument, on or near the meridian ; 
and, to find the azimuthal deviation, a star should be observed 
nearly six hours before or after its meridian passage. 

2. To find the error of collimation of the central wire of 
the telescope. 

Let the transit of an equatorial star be observed in reversed 
positions of the instrument, that is, with the declination-circle 
first east and then west, or vice versd. Then it is plain that 
any error in the position of the declination-axis will have no 
effect. Let also the hour-circle be read for each observation. 
Then, if t and t' be the times of transit, and H and JB' the 
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readings of the hour-circle, the right-ascension of the star will 
be from the two observations ^ — JET and *'— J5'+ 12\ If there 
is no error of collimation these should be equal, but if other- 
wise the error of collimation will be equal to 

It is plain also that the index error of the hour-circle will be 
eliminated in taking the difference of the observed right-ascen- 
sions. 

3. To find the error of position of the declination-axis. 

With declination-circle west, suppose that the west end of 
the axis is too high when the telescope is in the meridian. Let 
the inclination of the axis to the horizon in this position be i. 
Imagine now the transit of a star whose N. P. D. is A to be 
observed at any hour-angle. The line 
of collimation of the telescope will now 
describe a great circle P Q lying to the 
east of the corresponding circle of declina- 
tion PQ^ and passing east of the pole by 
the quantity t, the two circles intersecting 
on the equator at Q. Let P be the pole 
of the heavens, 8' the star on the wire 
describing the small circle 8' 8] PP'^i^ 
at right angles to QP\ 

Then 88' = PP'8mQ8' 

= iC0sA, 

and the time of describing 88' 

*cos A 




15 sin A 



= -r cotan A. 
15 

This then is the error in time caused by the error t of de- 
clination-axis, by which the star will come too early on the 
central wire. Let the right ascension of the star be determined 
thus by the time of transit of the star and the reading of the 
hour-circle, and let this be A, subject to index-error e, and to 
clock-jBrror c. 
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Then tte true right ascension, a = -4 + « + c + - - cotan A. 

Let now the instrument be reversed, so that the declination-circle 
may be east ; then a similar observation will give the equation 

a = -4+e + c — — cotan A ; 

4 A 

/. J[ + e + c + ;rLC0tanA = -4' + e + c— r- cotanA, 

ID 10 

and /. -^ cotan A = -4' — ^, 
lo 

, . 15 A-A 

and % = 7-* 

2 cotan A 

4. When the errors of collimation and declination-axis 
have been corrected, the index-error of the hour-circle can be 
immediately found by observing the transit of a star and reading 
the hour-circle. The difference between the observed right 
ascension and the tabular right ascension will be the index- 
error. 

Similarly, for the index-error of the declination-circle, let 
the N.P.D. of a star be observed in reversed positions of the 
instrument and the mean taken. The difference between the 
resulting and the tabular N.P.D. will be the index-error, 

34. The Altitude and Azimuth Instrument, oe the 

Altazimuth. 

A brief description of the Altitude and Azimuth Instrument 
is necessary, because of the importance which it has recently 
acquired amongst the instruments of a fixed observatory by the 
admirable use which has been made of that erected at Green- 
wich in observations of the moon. 

This instrument, like the equatorial, has two principal axes^ 
namely, a vertical axis, the axis of azimuthal rotation, moving 
on an upper and a lower pivot, round which the whole instru- 
ment revolves, and a horizontal axis, carried by the frame of 
the instrument, round which the telescope revolves. Firmly 
connected with the telescope, and parallel to it is a vertical 
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divided circle, with which are connected two microscope-micro- 
meters for reading off zenith distances of objects, while a fixed 
horizontal circle, read by microscope-micrometers carried by the 
revolving frame of the instrument, serves to determine the 
azimuths of objects. 

This instrument is subject to the same classes of errors as 
the transit-instrument, meridian-circle, and equatorial, but its 
errors are precisely analogous to those of the equatorial if we 
bear in mind that the fundamental plane of reference is the 
horizon instead of the equator. 

Thus the error of coUimation may be found by observing 
the azimuth of a distant object, or a coUimating mark in the 
direction of the horizon in reversed position of the vertical circle, 
half the difference of the readings of the azimuth-circle being the 
error of coUimation of the vertical wire with which the observa- 
tion is made. Again, the instrument is supposed to rotate round 
an axis accurately vertical, that is, which would pass through the 
zenith if produced, while the horizontal axis, which carries the 
telescope and the vertical circle, is supposed to be exactly at right 
angles to the azimuthal axis of rotation; and defects in these 
adjustments will introduce errors in the observed azimuths and 
zenith distances precisely analogous to those arising from the 
want of adjustment of the polar-axis and declination-axis of the 
equatorial. Still there are circumstances in the construction of 
each individual instrument which render necessary a specific 
mode of treatment of the observations, and, to fix the ideas, we 
shall confine ourselves to the mode of treatment applied to the 
observations made with the Altazimuth at the Observatory of 
Greenwich, as the whole theory of this class of instruments has 
been best worked out with it. 

35. Of this instrument, which is remarkable as being the 
first of a class which combines the ordinary facility of use with 
extraordinary solidity and firmness, the frame revolving in azi- 
muth, consists of a top and bottom connected by two vertical 
cheeks all of cast iron, while the azimuthal circle upon which 
rests the lower pivot for azimuthal rotation rests upon a solid 
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cylindrical pier, whicli is built upon a mucli larger Btracture, or 
three-rayed pier, carried up from the foundation. The upper 
piyot for azimuthal rotation is supported by a framework of iron 
triangles, carried by the three-rayed pier; three radial bars, 
supported on the angles of the upper horizontal triangle, carry- 
ing at their point of junction the Y in which the upper pivot of 
the vertical axis turns. Of the four parts constituting the ro- 
tating frame of the instrument, the top and bottom pieces carry 
four levels parallel to the horizontal axis, the bottom carrying 
also in the same flow of metal the tubes for the microscopes 
which read the horizontal circle; while, of the two vertical 
cheeks, the one carries in one flow of metal the microscopes for 
viewing the vertical circle, and the supports of the levels parallel 
to the plane of that circle. 

Of the other parts, the side of the vertical circle which carries 
the graduated limb, the ends of the telescope, and one of the 
pivots, is cast in one flow of metal, and the other side of the 
circle and its pivot are cast in another flow. 

The numbers of the level-scales increase from one end to the 
other^ so that the sum of east and west readings must be taken 
in the reduction of the observations. 

We will take the observations of azimuth and zenith dis- 
tance separately. 

For azimuth let the error of coUimation be c", estimated 
positive when the graduated face of the vertical circle is right. 
Let (in Fig. 1) Z be the zenith, 8 the 
position of a star at an observed time <, 
on crossing the line corresponding to the 
mean of the vertical wires, 8' the posi- 
tion on crossing the line of collimation. 
Then 88'-=cy if then ZA and ZM be 
each 90^ and AM^ hA = error of azi- 
muth, it is plain that 

c=^hA sin ZS 

= S^ sin « ; 

or iA = c.coseci?, 

if « be the zenith distance. Fig. i. 
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Again, the inclination of the horizontal axis being Z, let the 
line of coUimation of the telescope describe the great circle Z'M 
(Fig. 2),' (Z'if being = 90^ Z the true zenith, and M a point in 
the horizon). Thus ZM is a vertical circle. Let a star cross 
the mean of wires at time t at B^ 8' being the corresponding 
position on the vertical circle. Then 

88' =^8MS' COS z 
= I cos z ; 

and if Z8 be drawn and produced to meet the horizon at ^ 
(NM^BA being the corresponding error of azimuth), then 

88 = MN ain z, 

^ . 88' I cos z 

or oA = -; — = —. 

Binz ainz 

= Zcot2?. 

Hence, for given errors of coUimation and level, the resulting 
errors of azimuth vary respectively as the cosecant and the 
cotangent of the zenith distance. 

36. To find by observations of stars the error of collima^ 
tion and the error of level of the horizontal axis. 

Let the graduated face of the vertical circle be right, and let 
a star be observed at the time t, of which the azimuth computed 
from the right ascension and declination is A^. Let also C^ be 
the concluded reading of the azimuthal-circle, and a the zero of 
azimuth ; x the error of coUimation with sign corresponding to 
this position of graduated circle ; y the level-indication for hori- 
zontal position of horizontal axis (that is, mean of east and west 
scales, or reading for centre of the bubble), and L^ the actual 
level-indication from the reading of the level at the observation ; 
also let Z^ be the star's zenith-distance. Then will L^-^y re- 
present the error of level, and therefore, assuming the star's 
place to be correct, we shall have the equation 

Gr—a + x cosec Z^ + [L^—y) cotan Z^ = A^, 
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Similarly, using I for the suffix when the graduated circle 
is left, and remembering that the errors of collimation and level 
change their signs, we shall have the following equation 

Ci — a — a? cosec Zi — {Li—y) cotan ^ = -4, ; 

and, by subtraction, 

X (cosec Zf + cosec Z^ — y (cotan Z^ + cotan Z^ 

^Ci-Cr- {Ai - A^) - [L^ cotan Z^ + i, cotan Z^ 

— {Gi-L^ cotan Z^ - ^,) - ( C^. + i^ cotan Z^ - A), 

cosec ^ + cosec Z. 

or a? ^~- — y 

cotan Z^ + cotan ^2^, ^ 

^ (Ct~ZiCotan^;~ ^)- ( (7, ^ L.coiZ," A^) , 

"~ cotan Z^ + cotan Z, ^ ^* 

If we denote by small letters the values of A, O, L, and Z 
occurring in the similar equation arising from the observation 
of another star, we shall have 

cosec Zr + cosec z. 
cotan z^ + cotan Zi ^ 

_ (ci — li cotan Zi — a^) — {c^ + Ir cotan z^ — g^) 

"" cotan z^ + cotan 0, ^^^ 

and these two equations, of which the coefficients may be cal- 
culated numerically for each observation, will by an easy elimi- 
nation give the values of x and y. 

It may be remarked, that it is necessary that a high and a 
low star be used in the two observations, that the differences in 
the coefficients and constants of the equations may be as great as 
possible. 

If a collimator or a fixed mark be used instead of the second 
star, the equation ifi) becomes simpler. Since z^=^Zi=^z (sup- 
pose) ; and a^ = a, = a (suppose), the equation becomes 

X Ci — li cotan 2; — (c^ + ?r cotan z) 



-y = 



cos z ^ 2 cotan z 

Ci^Cr— {Ja+ ?f) cotang 
"~ 2 cotan z 

1 {Ci^Cf 



— J . 



2 [cQtan^ 



--(?.+o}. 
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As the error of coUimation in general is not subject to change, 
when its value has been well determined, its numerical value 
may be substituted in the equations given above, and the value 
of y only will have to be determined. Thus, in equation (a), 
let accented letters denote the circle-readings corrected for error 
of coUimation. Then we shall have 

^ {Cr ' + Lr cot 4 - a;) -^{d'-Li cotan ^ - Ai) 
^ cotan Z^ + cotan ^ 

When the values of both x and y have been well determined, 
they may be applied to all the observations which have been 
made, and the circle readings thus corrected and compared with 
the computed azimuths of stars whose positions are accurately 
known, will give the zero of azimuth. Finally, by the applica- 
tion of the zero of azimuth to all the concluded circle readings, 
the observed azimuths will be determined. 

In the observation of zenith distances, the only correction 
to be applied is the error of level corresponding to the want of 
verticality of the axis of azimuthal rotation. For the estimation 
of this error two levels are provided parallel to the plane of the 
vertical circle, and carried by one of the side cheeks of the re- 
volving frame; but in theory it is only necessary to consider one. 

The only instrumental constant to be determined by obser- 
vation is the zenith-point, and the process is the following : 

Let the same well-known star be observed in reverse ^si- 
tions of the vertical circle, and let C^ and Q be the circle read- 
ings including the level-indications (that is, the sum of readings 
of east and west scales), and let a be the zenith-point including 
that part of the level-indication which corresponds to the ver- 
tical position of the axis of rotation. Let also Z^ and ^ be the 
computed zenith distances subject to a small error c. 

Then true zenith distance, face right, 

= Gr-a==Z^ + e, 
and true zenith distance, face left, 

= a-Ci = Zi + e. 

Hence 2a-(0^+ Q) =^-Z^, 

and a = i(C: + a)+i(-^--2'r)- 
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Cob. If a collimator mark be used, ^ = 2;., 

. and a=i(Cl.+ Ci). 

When the zenith-point has been accurately found and ap- 
plied to the concluded circle readings of all objects observed, 
their apparent zenith distances will then be known, or the other 
element which it is the object of this instrument to observe. 

In a following section it will be shewn how these observed 
azimaths and zenith distances are to be converted into right 
ascensions and declinations. 



CHAPTER III. 



ON THE TRANSFORMATION FROM ONE SYSTEM OP CO-ORDINATES 
DETERMINING THE POSITION OP AN OBJECT TO ANOTHER 
SYSTEM ; AND ON ITS APPLICATION TO THE EQUATOR AND 
ECLIPTia 



1. In the preceding chapter it has been shewn by what 
inBtraments and by what methods the position of a body on the 
sphere of the heavens is determined. These instruments are 
chiefly the meridian-circle (or its equivalents, the transit-instru- 
ment and mural-<^ircle), the equatorial, and the altazimuth. 
The transit-circle detennines with great accuracy the Bight 
Ascension and North Polar Distance (or declination) of the 
object by observations made in the plane of the meridian, while 
the equatorial determines the same elements with less accuracy. 
These instruments therefore give elements referred to the equator 
as the fundamental plane. On the contrary, the altazimuth, or 
altitude and azimuth instrument, refers the positions of celestial 
objects to the horizon as the fundamental plane. It is plainly 
necessary therefore to be able to transform from one of these 
systems of co-ordinates to another. 

We will proceed therefore to shew how this transformation 
can be conveniently eflfected, premising that the inclination of the 
two fundamental planes, namely the equator and the observer's 
horizon, is equal to the colatitude of the place of observation. 

2. Having given the zenith distance and azimuth of a star, 
to find its hour^angle and north polar distance or declination. 
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Let Z'ht the zenith of the place 
of observation; P the north pole of 
the heavens ; and 8 the star, joined 
by arcs of great circles. Then is 
TZS its azimuth measured from the 
north point of the horizon {■=^Z)\ 
ZPSiB the hour-angle {h) ; ZP is the 
co-latitude =5 7; ZiS=ihe zenith dis- 
tance =£f; and finally P8 is the 
N.P.D. = A. 

We may mention that the angle at 8 is called the paraUactic 
crngky and its calculation is frequently required. 

We have now ZP^y, Migle PZ8^Z; BXid.Z8^z given, 
to find ZP8=h (the hour-angle), and P8 = A. 

First, we have, by a well-known property of spherical tri- 
angles, 

cot A = sin7 cotir cosecZ— 0087 cpt^. 

This gives the hour-angle immediately in terms of the 
azimuth (Z) and zenith-distance {z). 

To adapt the formula to logarithmic computation, let cos Z 
= tan ^ cot ;?, which equation is always possible, 

/. cot4 = -; — ^(sin7cot« — cos7tan^cot«) 

cotg sin (7 — ^) 
"" sin^ cos ^ ' 

where ^ is determined by the equation 

tan ^ = cos ^ tan 2;. 

Having determined the hour-angle (A), the N.P.D. (A) may 
he found from the equation 

. . sin z sin Z 

smA= : — 7 — , 

smA 

hut, in cases where A is nearly equal to 90**, this equation 
would not give a correct result because the variation of the 
sine of an arc near 90^ is so small. We must then use another 
equation; or we may divide the spherical triangle into two 

M. A. d 
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right-angled triangles "by means of a 
perpendicular arc drawn from one of the 
angles on the opposite side, which is 
generally the most conyenient method 
in practice. 

Thus, in the spherical triangle ZFS^ 
draw £iJlf perpendicular to ZF. 

Then cos -^=: tan Z3f cot «, 
or tan ZM 8= cos Z tan z^ 

which gives the value of ZM* 

Also, MP^y-ZM, 




COB MS = 



C08Z 

cos ZM ' 



and 

which gives M8. 

Finally, cos A = cos MF cos MS^ 

and cot P= sin MF cot MS, 

which give A and the hour-angle (h). 

It needs scarcely he mentioned that if a be the Right Ascen- 
sion of the object, t the Sidereal Time of observation, and h the 
hour-angle, a = 15^ — 4. 

3. Having given the N.P.D. and Hour-angle, to find the 
azimuth and zenith-distance. 

This can be done by the preceding formulae mutatis mu- 
tandis. 

Thus we have 

cot Z=^ sin 7 cot A cosec A — cos 7 cot A, 

which can be adapted to logarithmic computation as before, by 
means of the auxiliary angle ^, by the equations 

tan <f> = cos h tan A, 
sm h cos 9 
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Also by dividing the triangle ZPS into two right-angled 

triangles as before, we Have 

cos P= tan MP cot A, 

tan ifPss cos P tan A, 

ZM^r^^MP, 

sin ZM=^ tan M8 cot Z, 
sin JlfP= tan M8 cot P, 



or 



whence 
and finally, 



. „ sin MP. n 
tan Z= -; — T^w-tan P, 



sin Zif 
cot ;? = cos Z cot ^Jlf . 

These are the formulas used at Greenwich for the calculation 
of the Tabular Azimuths and Zenith-distances from the Bight 
Ascensions and North Polar Distances. 



4. Having given the errors of Tabular Azimuth and Zenith^ 
distance, tojtnd the corresponding errors of Bight Ascension and 
North Polar Distance. 

Let the observed values of Azimuth and Zenith-distance at 
the time ^ be ^ and z, and the Tabular values be Z-h hZ and 
z-\'iz, then are iZ and hz the errors of Tabular Azimuth and 
Zenith-distance ; and it is required to find the values of Sa and 
SA in terms of them. 



Let the hour-angle be measured 
positively towards the west. Then h 
being the hour-angle, a the right 
ascension, and t the sidereal time of 
obserration, and the other notation as 
before, a = 15< — A, and .*. 8a=— SA. 
It will conduce to clearness if we 
consider the variations of the ele- 
ments separately. First then, let the 
hour-angle at P be increased by SPS\ 
( = Sa=s — SA) in the accompanying 
figure. PS being equg,l to PS\ draw 
S'M perpendicular to Z8 produced. 
Then the zenith distance Z8 (= z) 
is mcreased by 8M^ Sz, 




5—2 
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and 



8M^Bz=^a8'BUi88'M 

^-SAsinAsIn^/SfP 
= + Sa sinA ainS, 



l-p * 



Again, the Azimuth measured towards the west is in creased 
by the angle 8Z8' 

M& 88' cos 8 



sma; 



or 



SZ^- 



Sa sin A cos /S 

sin z 

^cosfifsinA 
sin;s 



where the parallactic angle 8 is given by the equation 



sm 



^ 8in7 8inA 



Binz 



Secondly, let the N.P.D. alone vary, the hour-angle re- 
maining the same, and let it be increased by SA ; then in 
the accompanying figure 

(£fif being perpendicular to ZS\ and 88' = SA) 
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= 8 A cos 8* 
Finally, angle S'ZS = - SZ , 

^ SM 

sini? 

\^ S8'sin8 
sinz 

SA sin fit 



8iu« ' 



or the azimuth is diminished by 

S A sin 8 



sin^ ' 



corresponding to the increase of N.P*D^ fiA- 

Hence, if Sz and SZ denote the whole increase of zenith dis- 
tance and azimuth, arising from the increase 8a of right ascen- 
sion and the increase 8 A of N.P.D., we have 

8« = — sin /SsinA Sa + cos/S8A, / 

and g^^_ co»^«i°A g^_Bmgg^ | •. 

sm z sm z 

For the reduction of a large series of observations it is neces- 
sary to form tables for the coefficients of the variations, or for 
such parts of them as admit of being tabulated. Let then 

• a a cos 8 , sin fl^ ^ 

sm S=p, cos 8^q. —, — = r, and — ; — = 8. 
-^ ^ sin« Bvaz 

Then hz = —p sin A 8a + j 8A, 

and 8Z=s — r sin A 8a —« 8A. 

Imagine now that, in the course of an evening, several ob- 
servations have been made giving distinct values of Sz and SZy 
then these values will differ from each other considerably, being 
functions of the position of the object with respect to the horizon 
of the place, while Sa and 8A will, even for the Moon, remain 
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seiuiblj constant. Hence by addition we shall hare the two 
following final equations: 

t {dz) = - t{p) sm A Sa + S(2) SA, 

and %{SZ) = -t (r) sin A Ba - S(s) SA ; 

and their solution will give 

f, ^ js) 1, (Bz) +^ jq) t jSZ) 

***" -sin A {2 ip) 2 (») + S (2) 2 (r)} ' 

, 2(r)2(fe)-S(p)2(8Z) 

""* ^^ - t{j>)t{s) + X(s)t{r) ' 

This is the mode of treatment applied to the observations 
of Zenith-distance and Azimuth of the Moon, made at Grreen- 
wich. 

5. Having given the Bight Ascension and North Polar 
Distance of a star or other heavenly body, to find its geocentric 
latitude and longitude. 

Without entering into any theory of the motion of the Sun 
(or rather of the earth round the Sun), the reader may take for 
granted, as has been previously stated at page 4, that his ap- 
parent motion is performed in a great circle (the Ecliptic) cut- 
ting the celestial equator at two points, named the vernal and 
autumnal equinoxes, distant from each other by 180^. 

We may repeat here that the inclination of the Ecliptic to 
the Equator is called the ohliquity of the Ecliptic, and that the 
Great Circle passing through the poles of the Ecliptic and 
Equator is called the SoUtxtial Colure. 

The obliquity of the Ecliptic is not quite constant, but has a 
small secular inequality arising from the action of the planets, 
amounting to a diminution of about 50" in a century. It is 
also affected by a periodical inequality, Nutatiarif to be treated 
of hereafter. Its values are tabulated for every ten days in the 
Nautical Almanac. 

Let TJf and ^N be portions of the ecliptic and equator 
projected on the sphere of the heavens, and intersecting each 
other at the vernal equinox or First Point of Aries (T). 
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Let S be the position of a star referred to the equator and 
ecliptic by the great circles /Silfand 8N perpendicular to them. 




Then ^N is the longitude (Z) of the star, and 8Nf^ is its 
latitude. In like manner Tif(=a) is its right ascension and 
8M{^h) is its declination. Also the angle N'fM ia the obli- 
quity of the ecliptic (a>). 

Liet angle 8^N= ^, and angle 8^M^ 0. 

Then in the triangle 8^Mwg have 

sin T Jf = tan 8M cot /STif, 

or tan = -t — , which determines : 
sma 

also ^ = 5 — CO, 
and cos T8 = cos a cos S. 

Finally, tan TiV= cos 8'CN tan T8, 

or tanZ = cos^ tanTfi^ (a), 

and sinX=s8in^ sinTS^ (/3). 

Or, we may obtain 7, in terms of a, S, and a», immediately, as 
follows : 

tan Z = tan TyS cos STjN' 

= tan T/S cos (/STif - o)) • 

= 7v— ifT- (cos /STif cose* + sin /SVif sinw) 

cosSTif^ ' 

= tan a cos CO + tan 8*VM sin od tan a 

tanS 



= tan a cos co + 



sin a> tan a 



sma 
= tan a cos Q> + tan 8 sin o) sec o$. 
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This may as usual be easily adapted for logarithmic com- 
putation. 

Thus let, tanSassina tan*^; 

A tanZ==tanacosa> + tana sino^tan'^ 



sstana 



( 



cos €d COS '^ + sin <» sin '^ 



cos^ 



) 



tana 



cos(« — '^) 
cos-^ 



It will be still more convenient and analogical to consider, 
instead of the triangles given above, the triangle formed bj the 
great circles joining the star and the poles oif the equator and 




ecliptic. If, for instance, N8 and MS be produced to tr and P, 
so that each become 90', then tt and P are the poles of the 



i 
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ecliptic and equator. Join ttP, wUcli is evidently equal to the 
obliquity {(&). 

Also P5 = N.P.D. ofthestar = A = 90"-5, 

7r5=s ecliptic polar distance of the 8tar = € = 90"— X. 
Angle iV/8f=90"-Z=Z', 
and angle TrPiS = 90** + a = a'. 

TT . -. ^ , sinP sin ir8 

Hence immediately -: = -; — dq> 

•^ sm TT sm PiS 

cos g __ sin 6 . . 

cofilZ""&inA ^ '' 

Again, draw trM* perpendicular to 8P produced, 
then tan PM* = tan irP cos irPM' 

= tanfi>cos(180*-7rP/8^ 
= tan Q> sin a, 
which gives the value PM' (= P)y 

and sin irM* = sin ttP sin P, 

which gives ^J/'. 

Also iSilf=A + /3. 

Hence cos tt^S = cos irM' cos (A + i8)> 

or cos e = cos irM' cos (A + /9), 

which gives the ecliptic polar distance, and the latitude 

Finally, cos Z = cos a -: — , by (1), 

which gives the longitude. Or, we may obtain the longitude in 
terms of the Right Ascension, North Polar Distance, and the 
obliquity immediately by a process similar to that used on 
page (65), and we shall have 

cot V = cot A sin o) cosec a — cos o cot a', 

or tan 7stan8 sinco seca + cosQ) tana, as before. 
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Of all the formiilae here given for determining the longitude 
and latitude from the Bight Ascension and Declination, those 
given on page 71, and marked (a) and (/9), are the jnost gene- 
rally useful for planetary computations. 

4 

6. Having given the longitude and latitude of a heavenly 
body, to find the Bight Ascension and Declination. 

It is evident that the preceding formulae will apply to this 
problem by making o negative, and by replacing a and S by Z 
and X, and vice versd. 

Thus, from the formulae on page 71, we shall get 

y. tan X 
tan^ = — ; — Ti 
Bin I 

cos T/S = cos Z cos X, 
tana = cos^ tan Tfi^ (7), 

and ' sinS= sin^ sinT5 (S). 

It is not necessary to give the modifications of all the other 
formulae, as they will be useful exercises for the student, 

7. Having given the errors of tabular Bight Ascension 
and Declination, to find the corresponding errors of longitude 
and latitude. 

This is precisely similar to the problem for finding the 
errors of Bight Ascension and Declination from the errors of 
azimuth and zenith distance, but on account of the danger of 
having wrong signs in the formulae it will be desirable to discuss 
them separately. 

In the triangle ^rjRSf let P and ir be, as before, the poles of 
the equator and ecliptic, and 8 the place of the body observed at 
the sidereal time t Then, as before, 7rPs= ©, 

angle iV/Sf=90'-Z, 
angle ^P^=s90^ + a. 
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Let a + efa, A + dA be the tabular B.A. and N.P.D., 
and Z+SZ, € + & the corresponding computed longitude and 
ecliptic polar distance; while a and A 
are the observed R.A. and N.P.D., cor- 
responding to the computed longitude 
and ecliptic polar distance I and 6. 

First, to find the increments of I and 
€, corresponding to the increment (Sa) of 
a, taken alone. 

In the figure let angle 8P8'=^Sa, 
and P^'= PS. 

Draw 8'M perpendicular to ttS pro- 
duced. 

Then" angle 87r8' = ^ 
-* ° sm € 

SS'cosS 



sme 



sin A cos 8 



sm€ 



s«, 




and the angle JPrrS is diminished hy this quantity, and there- 
fore, since P7r5=90" — Z, I is increased by the same amount, 
that is 

5,, sin A cos 8 ^ 
sme 



Also 



8M=^S€ = 88'sm8 



« sin A sin 8Ba, 



Again, to find the increments of I and e, corresponding to 
the increment (SA) of A, taken alone. 
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Let 88\ in lihe adjoining figure, == SA, 
Draw fifif perpendicular to w/Sf'. 

Thenif)8f' = S€ = cos/SSA, 
and angle Mir8 = 87 
MS 



sine 



sine 



£A. 



And it is plain that the longitude I is 
diminished by this quantity, since the 
angle Fir 8 = 90® — Z is increased. 

Hence on the whole, 

siuiS^ 



«,, sin A cos 5 c, 
06 = ; oa 



SA, 



sm 6 sm 6 

and Se s sin A sin /8^ Sa + cos /S^ SA. 

If we were to find the values of ha and 
8A from the equations above in terms of 
hi and Se, we should obtain 

J, sine cos iS^^, , Bin 8^ 
5a = — -. — I — ol + -r— r Se, 




sin A 



sin A 



and 



SA = — siu 6 sin 8hl + QOB8h€. 



In the preceding expressions for hi and Se, if it be required 
to incorporate the effect produced by an error S© of the obliquity 
of the ecliptic, this may be done as follows. 

Let iV be the true obliquity = q> (Fig. on next page) 
and Fir the tabular obliquity = q> + Sa>. 



Draw irM perpendicular to Tr'8. 
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Then w'if = & = &o cos Pit' 8 

= &» cos Pit 8 nearly 
= cosrSfl) 
s= sin 7 Sea. 

sin iV'jg _ sin (f +8^0 _ sin € 
^^^^' siniViS" sin/' ^sin(€ + Se)' 

or, developing to the first powers, 

l + cotr6r = l-coteS€, 

or tan 2 S2 = + cot € x sin I Sw ; 

/. 8Z = + cot e cos I doD. 

Hence on the whole we have 

«,, sin A cos i9^ sinfif^. , . 7^ 

Ji . Sa — ; — SA + cot € cos I oci), 

sm € sin 6 

and & = sin A sin /? Sa + cos iS SA + sin I &o. 

Similarly, we should easily find 

^ sin e cos flf «,, . sin fi^ ^ , . ^^ 5s 

oa = ; — I — oZ + rr:^ oe — cot A cos a ow, 



sin A 



sin A 



8A = — sin€ sin /S SZ + cos /S Se - sina So. 
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8. On the motion of the Sun in the Ediptic. 

As the ecliptic is the great circle in th^ heavens traced out 
hj the sun's apparent path, and as the position of this funda- 
mental plane is therefore defined hj his motion, it will be 
proper in this place to shew how the ohservations of the sun 
are applied to determine this position. 

In the preceding chapters it has been shewn how the transit- 
circle, (or the transit-instrument and mural circle) is applied to 
determine the Bight Ascensions and North Polar Distances or 
declinations of the heavenly bodies ; the right ascensions being 
measured from an assumed equinox (or which is the same thing, 
the stars used for determining the clock-errors being referred to 
an assumed equinox), and the North Polar Distances being 
deduced from the observed zenith-distances by the application 
of an assumed colatitude. In this way the Bight Ascensions and 
North Polar Distances of the centre of the sun can be deduced 
from the observations of transit of the first and second limbs, 
and the observations of zenith-distance of the upper and lower 
limbs, and his right ascensions thus deduced will be referred 
to the same equinox as that assumed foi; all other objects. But 
since this equinox is the point of the equator at which the 
centre of the sun is when his declination vanishes, it is evident 
that, observations of his declination at the time of the equinoxes, 
both vernal and autumnal, will furnish us with the means of 
accurately determining what error has been made in the assump- 
tion of the longitude of this point. Again, since the sun's 
solstitial declination is equal to the obliquity of the ecliptic, it is 
plain that observations of the sun's declination at the time of 
the summer and winter solstices will determine the error of the 
assumed obliquity. 

First, then, to determine the correction of right ascensions. 

Let 8 be the Sun near the ver- 
nal equinox T, TJf the equator, 

8M= S, the declination, 
Tilf = a, the right ascension, 
angle StM^ ©, the obliquity. 

Then sin a = tan S cot cd. 
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Let the observed values of S on successive days be substi- 
tuted in this equation, using an assumed value of q> moderately 
correct, and let the corresponding values of a be calculated. 
Then a series of values of a will be obtained referred to the 
true equinox which can be immediately compared with the 
observed values of a, and the error of the assumed equinox 
will thus be known. 

Suppose now that either on account of a constant error in the 
instrumental zeros or of the refraction applied to the observed 
zenith distances the observed values of S should be in error, then 
to find the effect of this error on the computed right ascensions, 
we have only to differentiate the preceding equation. 

Thus cos a rfa = sec*S cot « rfS — cosec'o) tan S rfo, 

, , cot o) ,«, tan S , 

and da = — sis do = a© 

cos cos a cos 0) cos a 

= (near the vernal equinox) cot co dZ very nearly. 

Let now observations be made near the autumnal equinox, 
when the right ascension is 180®— a. Then the error of 
180* — a, or — efe = cot awfS, where the mean or average value of 
(ffi will remain sensibly the same as at the vernal equinox, be- 
cause the meridian zenith distance is sensibly the same. Hence 
the errors of the computed right ascension near the autumnal 
equinox will be sensibly equal to the errors near the vernal equi- 
nox, but with a contrary sign, and therefore the mean of the 
errors will be very correctly the quantity which is to be used 
in correcting the place of the assumed equinox. This is the 
method which was used by Dr Maskelyne*. 

r 

9. To find tJie ohliguity of the Ecliptic. 

This must be done by observations of the Sun's declination 
at the summer and winter solstice. 

At the transit over the meridian on any day very near the 
solstice, let the R.A. of Sun's centre = 90® — a', and let the cor- 
responding declination be S. 

* See Maskelyne's Star Ledgers (forming the Second Appendix to the Green- 
wich Obseryations for 185 1) edited by the author. 
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Then we shall have 

, tanS 

or cos a = 7 , 

tanfi) 

, , - 1 — cosa' . .a' tan« — tanS 

and therefore rT"i7n?- ™^ o ~ ^^r^ .. 1 ^^r. k 

1 + cos a 2 tan w + tan 

_ sin (a> — 8) 
"" sin (© + S) 

sin a; 
= -r— 7 — --k; suppose, 
sin (o + o) ^^ 

Hence sin a; s a; sin 1" (since x is supposed to be small,) 

2=tan'— sin(© + S), 

tan* — sin (© + 8) 

and X = I ^,f 9 

sml 

where an approximate value of to must be used in determining 
the value of x. 

If however the value of to were not known with any ap- 
proach to accuracy, a very few successive approximations would 
enable us to deduce its value very accurately from the same 
formula* 

We may however expand o) in a series of sines of multiples 
of S without resorting to a solution depending on successive 
approximations. 

tanS 



Thus we have tan a> =? 



cos a' ' 



^' gJu.VHl^l"cosa''e">^^ + l' 

. ^.^, (1 + cos a') ^^^^ - (1 - cos gQ 
'•^ V- l + cosa'-(l-cosa')e^^"* 
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,_ 1 + cosa' 



^ ". l-cosg^ 

1 + cos a 



l- :^"°" e^Vri 



l-tan"~e-a«v:^i 
1- tan'^c2«V^ 



or, taking the logarithms, 

2a) VITi = 28 V^ - (tan" |-e-a8 V=I + J tan*^' e-tf Vh[ + &c.) 

a. a! 

+ (tan'l^ 62«V^ + i tan*| ettV:=l + &c., 

or fii)=:8 + tan'--. 7= hitan* ;= h&c. 

2 2V-I 2 2V-I 

a! ft 

= S + tan'-sin 2S + Jtan*^ sin 48 + &c. 

10. In the operations of a fixed observatory it is however 
desirable to apply to the correction of the equinox and of the 
obliquity of the ecliptic all the observations of the sun which 
have been made in the course of the year. For this purpose it 
is necessary to calculate the errors of ecliptic polar distance cor- 
responding to the errors of R. A. and N.P.D. oif each observation 
by the equation he = sin A sin S 8a + cos 8 8A given in page 76, 
since it is evident that these errors applied to the assumed eclip- 
tic will enable us immediately to trace out the true ecliptic. 

Let 8 be the sun on the true ecliptic ; 88' perpendicular to 
^8M: then 88' is the error (8e) in ecliptic polar distance of the 
sun. 
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Let TT', perpendicular to EM^ = x ; and let y be the differ- 
ence between the inclinations of EM^xA *VM to the equator EQ, 
or the error of the obliquity. • 

The error Se may be found by adding the errors due to x 

and y separately ; thus, if the obliquity does not vary, in which 

case (as is easily seen on examining the polar triangle of E^M)^ 

Tif= 90° nearly, 

S8' = X cos T;8'= X cos I, 

Similarly, if x were equal to 0, or obliquity only varied, we 

should find 

88'^yAvil 

Hence, he — x cos Z + y sin h 

Since now the errors of the solar tables are very small, and 
the errors of R.A. and N.P.D. change but little throughout the 
year, it is usual to group their values for convenient intervals 
(generally in monthly groups) throughout the year, and then 
to compute the values of Se which correspond to the mean day 
of each of these groups. The equations thence resulting are 
then solved either by the method of minimum squares or by 
some other method which will give values of x and y most in 
accordance with the truth, or least affected by the inevitable 
errors of the observations. 

There is, however, another circumstance to be regarded, 
namely, that on account of the imperfection of the best refraction 
tables used in the reduction of the observations and other causes, 
the value of the obliquity deduced from the summer solstice 
can never be made to agree with that deduced from the winter 
solstice, and, that this difference may not affect the values of x 
and y, it is necessary to introduce it as an unknown quantity 
into the above equations. 

We must then generally make the equation above take the 
form of 

Se = a? cos Z + y sin Z + ;?, 

and the value of z must be found simultaneously with those of 
X and y by the method of minimum squares. 

If we put now I = 90^ and I = 270**, the values of Se which 
depend solely on the error of obliquity will be 

y-^z and — y + «. 
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and, since increase of obliquity decreases the values of e at the 
northern solstice and increases them at the southern, the corre- 
sponding errors of obliquity will be 

-iy-^z) and -(y-2), 

and the difference of these quantities is 2^, by which the obli- 
quity deduced from the northern solstice is greater than that 
deduced from the southern solstice. 

11. The following problems may be usefril to the student. 

(1) To determine the obliquity of the ecliptic, and the 
absolute K.A. of a star, by two observations of difference of 
B.A. of sun and star, and of the sun's declination. 

Let a and a be the observed differences of B. A. of sun and 
star ; S and S the corresponding declinations of the sun's cen- 
tre ; a the B. A. of the star. 

Then a + a and a + a' are the true right ascensions of the 
sun ; and we have 

sin (a + a) tan a> = tan 8, 

and sin {a' + a) tan & = tan 5', 

or (sin a cos a + cos a sin a) tan <o = tan S, 

and (sin o! cos a + cos a sin a) tan to = tan h\ 

Multiply 1st equation by sin a , and 2nd by sin a, and sub- 
tract; then 

sin {a — a) tan o) sin a = tan S sin a' — tan S sin a, 

tan 5 sin a — tan S' sina 

or tan ca sm a = : — 7-? r . 

sm (a — a) 

Similarly we easily get 

tan S cos a — tan B cos a 

tan (o cos a = : — 7-7 r , 

sm {a —a) 

and therefore 

^^^~sin(a — a)^(*^"^ 8 sin a - tan S'sina)*+(tan S'cos a— tan Scosa')" 

= g-^ /^/ _ ^\ Vtan'84- tan*y-"2 tan 8 tan y cos {a'— a). 

6—2 
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(2) To determine the value of the obliquity of the ecliptic 
by the following results of observations of the sun made at 
Greenwich on the meridian : 



1859, June 17, R.A. 
18, ... 


b. m. 8. 

= 5.41.18-35; 
5.45.27-75 ; 
5.57.56-34 ; 
6. 2. 5-90; 
6.14.34-38; 


N.P.D. 

• ■ • 

• • • 

• • • 

t • ■ 


= 66.36.37-38 
34.56-63 


21, ... 


32.29-83 


22, ... 


32.27-89 


25, ... 


34.58-14 



Referring to the formula on page 80, 

a sin (fi) 4- 8) ^ 



a; = tan -r 



sin 1" 



assume © = 23^27'. 30". 



The calculations may be arranged as follows : 



8= 

01 = 

8 + « = 

a'= 

a' 
2 

Log Bin (ft) + 8) 

Log tan |- 

Again 
Ar.co.logsinl" 

Sum 

^ = 
8= 

w = 


23.23.22-62 
23.27.30 


23.26. 3-37 
23.27.30 


23.27.30''-l7 
23.27.30 


23.27.32"ll 
23.27.30 


23.25. l'-36 
23.27.30 


46.60.62-62 


46.62.33-37 


46.65. 017 


46.66. 21 1 


46.62.31-86 


h. hl 8. 
+ 0.18.41-66 


h. m. 8. 
0.14.32-25 


h. hl 8. 
0. 2. 3-66 


h. m. B. 
-0. 2. 5-90 


h. m. 8. 
-0.14.34-38 


+ 0. 9.20-83 
2.20.12-46 


0. 7.1613 
1.49. l-'96 


0. 1. 1-83 
0.16.27''-45 


-0. 1. 2-95 
-0.16.44iJ5 


-0. 7.17-19 
-1.49.17-85 


9-86306 

8-61074 

8-61074 
6-31443 


9-86326 

8-60143 

8-60143 
6-31443 


9-86354 

7-65287 

7-65287 
6-31443 


9*86354 

- 7-66066 

- 7-66066 
5-31443 


9-86326 

-8-60248 

-8-50248 
5-31443 


2-39896 


218054 


0-48371 


0-49929 


2*18264 


t tt 

+ 4.10-69 
23.23.22-62 


/ 4/ 

+ 2.31-66 
23.25. 3-37 


+ 0. 305- 
23.27.3017 


O « M 

+ 0. 3-16 
23.27.3211 

23.27.35-27 


° + 2.32''-28 
23.26. 1-86 


23.27.33-21 


23.27.34-92 


23.27.33-22 


23.27.3414 



The mean of the values of « is 23^27'.34"-15. 
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It will be desirable to compute also the obliquity as deduced 
from the observations of the sun at the winter solstice. The 
Greenwich observations for 1859 give the following results : 



h. m. 8. 

Dec. 15, K.A. = 17.29.39-60; N.P.D. 



... ~^9 ... 

... ^^9 • • • 

• •• ** ' y ••• 



17.56.17-29 ; 
18. 0.44-16; 
18.22.57-52; 



# ft 

23.16.35-18 
23.27.26-37 
23.27.34-19 
23.21.15-01 



The calculations are as follow : 



8= 

« = 

« + 8= 

a-18*» = a'= 

a' 
2 

Log sin (w + 8) 

Log tan - 

Again 
Ar. 00. log sin I" 

Sum 

8= 
S + a? = a» = 


-23.16.35 
-23.27.34 


-23.27.26 
-23.27.34 


-23.27.34 
-23.27.34 


-23.27.16 
-23.27.34 


-46.44. 9 


-46.66. 


-46.66. 8 


-46.64.49 


m. 8. 

-30.20-40 


m. 8. 
- 3.42-71 


m. B. 
+ 0.4416 


+ 22.67^62 


-16.10-20 
- 3.47.330 


- 1.61-36 

- 0.27.60'^26 


+ 0.2208 
+ 0. 6.3r-2 


+ 11.28-76 
+ 2.62.11-4 


- 9-86226 

-8-82144 

-8-82144 
6*31443 


- 9-86364 

- 7-90837 

- 7-90837 
6-31443 


-9-86366 

+ 7-20666 

+ 7-20666 
6*31443 


-9-86362 

+ 8*70008 

+ 8-70008 
6-31443 


-2-81966 


-0-.<)9471 


-9-58930 


-2-67811 


- 11. 0-03 
-23.16.3618 


d. 9-88 
-23.27.26-37 


d. 0-39 
-23.27.34-19 


6.18-64 
-23.21.1601 


-23.27.36-21 


-23,27.36-25 


-23.27.34-68 


-23.27.33-66 



Hence the mean value of to is 23^27'.34"-90, which is 
greater than that given by the summer solstice by 0"-75. 

If now the reader will refer to the Greenwich Observations 
for 1859, page 51, he will find that, by the discussion of the obser- 
vations of the whole year in the way which has been previously 
explained, the excess of the result of the southern solstice above 
the northern, is l"-366. 
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NUMERICAL COMPUTATION OF THE 



(3) To determine the error of the equinox assumed in the 
reduction of the Greenwich transit-observations of 1859, by 
observations of the sun after the vernal equinox and before the 
autumnal equinox. 



Take the following observations : 



tr 



March 22, R.A. = 0. 4.5854 

... 25, ... 0.15.52-86 

... 29, ... 0.30.24-78 

... 31, ... 0.37.41-18 



t 

Declination = + 0.32.21-17 

1.43.14-40 

3.17.10-14 

4. 3.4703 



Sept. 12, E.A. = 11.20.10-34 



... ^^9 ... 

... m\J» ... 

... ^^} *** 



11.23.45-50 
11.48.53-13 
11.56. 4-11 



+ 4.17.29-42 
3.54.34-14 
1.12.15-79 
0.25.34-78 



Computing now by the equation sin a = tan S cot ©, we may 
arrange the computations as follows, making © = 23^.27 '.34". 



For Vernal Equinox. 



8= 

Log tan 8= 
Log cot •» = 

Log sin a = 
a = 

Observed value = 

Error of observed 
value.... 


+ 0.32.2ri7 


+ i.43.H-40 


+ 3.17.1014 


+ i 3.47^3 


+ 7-9736512 
0-3625393 


+ 8*4777047 
0*3625393 


+ 8-7590414 
0*3625393 


+ 8*8514600 
0*3625393 


+ 8*3361905 


+ 8*8402440 


+ 9*1215807 


+ 9-2139993 


i.l4.33''-52 


3.58. 9^48 


7.36.10''*40 


9-25.14'-31 


b. m. s. 
0. 4.58*23 


b. m. B. 
0.15.62-63 


h. m. B. 
0.30.24*69 


h. hl B. 
0.37.40*95 


0. 4.58*64 


0.15.62-86 


0.30.24*78 


0.37.4118 


+ 0*31 


+ 0*23 


+ 0*09 


+ 0*23 

1 



And the mean of the errors is 4 0^-21, 
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For Autumnal Equinox. 



8= 

Logtan8 = 
Log cot « = 

Logfnna= 
o'=180»--a= 

a— 

Obseired value = 

Error of observed 
• value.... 


+ il7.29^42 


+ 3.54.34-14 


+ 1.12.1579 


+ 0.25.34^8 


+ 8*8753002 
0*3625393 


+ 8*8346714 
0*3625393 


+ 8*3227071 
0*3625393 


+ 7*8716290 
0*3625393 


+ 9-2378395 


+ 9*1972107 


+ 8-6852464 


+ 8*2341683 


9.57.2702 


9. '3.37''*25 


2.46.36*35 


0.58.56''-84 


h. m. B. 
11.20.10-20 


h. m. s. 
11.23.45-52 


h. m. 8. 
11.48.53-58 


h. m. 8. 
11.56. 4-21 


11^0.10-34 


11.23.45-50 


11.48.5313 


11.56. 411 


+ 014 


-002 


-0-45 


-0*10 



And the mean of the errors is — (y*ll. 



Then, taking the mean of the resulting errors for the vernal 
and the autumnal equinoxes, we get for the true error of the 
equinox by which the assumed right ascensions of all the 
Greenwich clock stars are too large, + 0''05 ; or the right 
ascensions of all objects observed with the transit instrument 
must be diminished by 0*'05. 
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ADDENDUM TO CHAPTER III. 



Thebe are many cases in which it is necessary to find rela- 
tions connecting the angles which determine a star's place with re- 
ference to one plane, with those which determine it with reference 
to another : for instance, to connect the right-ascension and declina- 
tion of a star with its latitude and longitude; or its right-ascen- 
sion and declination with reference to the position of the equator 
at a given time, with the same referred to the position of the equator 
at a subsequent time (as in Precession and Nutation, Chapter vn). 

The following is a systematic method of finding such relations, 
which will often be found very usefiiL 

Let be the centre of the celestial sphere; xyy ocy' the two planes 
of reference : Ox being their line of intersection : and let z, z be the 
poles of these planes, and the great circle z'zy'y meet them in y, yi 
then OXf Oy, Oz'^ Ox, Oy\ Oz' are two rectangular systems. 




Let S be any star; zSNy z'SN' arcs through S perpendicular 
to ccy, offy'i SN=0^ a;iV=«/»; SN'^^ff, xN'^tji', and let the angle 
between the planes asy, xy^ = w. 
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Then the co-ordinates of S referred to the two sets of axes are, if 
we put the radius of the imaginary celestial sphere equal to unity, 

a; = cos ^ . cos ^ ^ T as = cos ^ . oos ^' 

^ = cos ^ . sin ^ > and < y' = cos tf' . sin ^' 
« = sin J I iSf' = sin tf', 

K, now, we wish to transform from the lower plane to the upper, we 
have by transformation in the plane yz, 

y = ^ cos 0) — «' sin w, 
« = y' sin 0) + « cos (0, 

hence, we have the system of equations, 
cos B . cos ^ = cos ff . cos <^', 
cos . sin ^ = cos ^ . sin ^' cos co — sin d' . sin co, 
sin = cos ff . sin <l> sin a> + sin ff . cos (o. 

• Only two of these three equations are independent, for if we 
square and add, we get an identity; they give 6 and ^ in terms of 
ffy 4^': if we wish to get ff and <!> in terms of 0, ^, we find by the 
same process 

cos 0" . cos ^^= cos . cos ^ 
cos ^ . sin ^' = cos . sin ^ . cos co + sin . sin o), 
sin 0" = — cos . sin <^ . sin <i) + sin ^ . cos o), 

derivable from the other set by changing the sign o£ ia; this last set 
serves to transform from the tipper plane to the lower. 

The student will have no difficulty in applying the above method 
to any particular case. 



CHAPTEE IV. 

ON THE PHENOMENA ARISING FROM THE DIURNAL 
ROTATION OF THE EARTH ON ITS AXIS, AND ITS 
ANNUAL REVOLUTION ROUND THE SUN 



It has been sufficiently explained that the Sun appears to 
describe in the heavens a great circle called the ecliptic, and 
that the inclination of this great circle to the celestial equator is 
called the Obliquity of the Ecliptic ; and also that the shifting 
points of intersection of this ecliptic with the Equator are 
called the First Points of Aries and Ldhra^ or the Vernal and 
Autumnal Equinoxes, 

1. It may in addition be mentioned that ancient astro- 
nomers supposed the Ecliptic or Sun's apparent path to be 
divided into twelve equal parts called Signs of the ZodicLc, 
named in the order of the Sun's course, Aries, Taurus, Gemini, 
Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius, Gapricomus, 
Aquarius, Pisces, 

The great, circle also which is drawn through the poles of 
the Ecliptic and Equator, and is therefore perpendicular to 
each of them, is called the Solstitial Colure (see page 70) ; and 
the seasons at which the Sun in his annual circuit passes this 
great circle are called the Summer and Winter Solstices. This 
is usually expressed by saying that the Sun has entered Cancer 
and Gapricomus. 

2. The most important astronomical fact which has its 
origin in the Sun's motion in the Ecliptic, is the succession of 
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the different Seasons of the Year. These we will take in their 
order, commencing with Spring. This season is defined by 
the passage of the Sun through the first point of Aries, or the 
Vernal Equinox. At this time, therefore, the Sun is in the 
equator, or his North Polar Distance is equal to 90®. 

To find the efiect of this on the length of the day, let, gene- 
rallj^ z he the zenith distance of the Sun on any day at the 
time t before or after the meridian passage, 7 the colatitude, and 
A his North Polar Distance. 

Then we shall have 

cos z — cos 7 cos A 

cos 15 < = ; r^— r . 

sm 7 sin A 

If therefore z = 90', 

cos « = — cot 7 cot A, 

which gives the hour-angle of the Sun or 
other body at rising or setting, when the 
Polar Distance is A and the colatitude ^ 
is 7, 

If now A = 90°, or cot A = 0, then cos < = 0, or ^ = 6 hours. 
That is, for all places on the earth, at the Vernal Equinox, the 
length of the day, measured firom sunrise to sunset, is twelve 
hours; and is therefore equal to the length of the night. Hence 
the origin of the term Equinox. The same is evidently true of 
the Autumnal Equinox, when the Sun enters Capricorn. 

3. Again, referring to the equation 

cos 15^ = — cot 7 cot A, 

we see that cos 15 1 will be negative, when 7 and A are both 
greater or both less than 90°, and positive, when one of them is 
greater and the other less than 90°. 

First then, let 7 be less than 90°, which is the case for all 
places having north latitude, then cos 15 1 will be negative when 
cot A is positive, or when A is less than 90®. That is, the time 
between sunrise and noon, or between noon and sunset is greater 
than six hours, or the whole length of the day is greater than 
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twelve hours, that is, the days are longer than the nights. This 
corresponds to the half year commencing with the vernal and 
ending with the autumnal equinox. Similarly, it may be proved 
that for the remaining half year, that is, from the autumnal to 
the vernal equinox, the nights are longer than the days. It 
may be proved in like manner that, for places having south 
latitude, the days are shorter than the nights between spring and 
autumn, and longer than the nights between autumn and spring. 

4. The hour-angle, at rising and setting, of any celestial 
object is called the Semi-Diurnal Arc, and the same reasoning 
which has been used with respect to the Sun may be applied to 
the stars, excepting that their semi-diurnal arcs are constant 
and have no relation to the seasons of the year. 

Example. For the Oxford Observatory find the length 
of time during which a Aquila is above the horizon on Dec. 17, 
1861. 

Here A = 81^29'-5, and 7 = 38M4'-5, 

.•. log cot A = + 9-17493 
log cot 7 = + 0-10342 

- log cos 15« = + 9-27835 

15 1 (in arc) = 100®.56'-5 

< in time = 6^43°^-8 

2t = 13^27'"•6 



5. Recurring again to the equation 

cos 15 < = — cot 7 cot A, 

we see that, since the limiting value of cos 15^ is unity, the 
limiting value of cot 7 cot A is unity. That is, cot 7 = tan A, or 
A = 90® - 7. If A be less than this value, the star or other 
object will not set at all. Applying this to the Sun, since the 
least value of A occurs at the summer solstice (for North lati- 
tudes) and is equal to 66^®, nearly, the value of 7, for which at 
the summer solstice the Sun just grazes the horizon, is 23^^*" ; 
and if with this radius a small circle be described round the 



TROPICS OF CANCER AND CAPRICORN. 93 

North Pole on the earth's surface, it is called the Arctic Circle. 
For places within this circle there will be a portion of the year 
on each side of the summer solstice when the Sun does not set, 
and a portion on each side of the winter solstice when he does 
not rise. 

Similarly, a circle drawn round the South Pole of the earth 
with the same radius, 23^°, is called the Antarctic Circle, and, 
for places within this circle, the Sun does not set for some time 
near our midwinter, and does not rise for some time near our 
midsummer, 

6. Again, since on the meridian we have generally « = A — 7 
(z being reckoned towards the South), the Sun will always be 
south of the zenith on passing the meridian as long as A is 
greater than 7, A and 7 being always reckoned from the North 
Pole, and north of the zenith as long as A is less than 7. 
Now for the Sun the smallest value of A is 66^®, and therefore 
for all places in North latitudes greater than 23^® (that is, for 
which 7 is less than 66j°) the Sun passes the meridian at mid- 
summer South of the zenith, and for all places in North latitudes 
less than 23^® (that is, within the Tropica) the Sun passes North 
of the zenith. If 7= A = 66^^ or the latitude be 23^^ the Sun is 
vertical at midsummer, and if a small circle be drawn through 
a point having this latitude parallel to the equator, it is called 
the Tropic of Cancer. Similarly, a circle drawn parallel to the 
equator, and South of it, at the same distance, is called the 
Tropic of Capricorn, because the Sun having been vertical over 
these circles at midsummer and midwinter respectively, then 
turns or goes back again. 

7. Since generally 

cos« = sin7 sin A COSA + COS7 cos A 

(A being the hour-angle), cos;^ will have its greatest or maxi- 
mum value when cos A = 1, that is, when A = 0, or the object is 
on the meridian, and therefore z will have its minimum or least 
value. This however is true only on the supposition that the 
N.P.D. is sensibly constant, as in the case of the stars. If the 
object observed be on the contrary a planet, this is not strictly 
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trae, and, to find the minimum value of z we must differentiate 
the preceding equation, considering A as variable as well as h 
and z. 

dz 
Thus we have — sinz ^7^ = — sin7 sin A sin A 

an 

A 7^A 

+ sm 7 cos A cos A-57- 

an 

— cos 7 sin A -17^ 

= (since z is a, minimum), 

and therefore 

//A 
sin A = — (cotan7 — cotan A cos A) -^; 

where -tt is the change of N.P.D. corresponding to the change 
of hour-angle dh. Thus dh being expressed in arc, if it repre- 
sent a second of space, then -^ is the change of N.P.D. in 

/7A 
one-fifteenth of a second of time. Now, since -rr , even in the 

an 

case of the moon, is a small quantity, we may in this equation 

replace sin A by A sin 1", and cos A by unity, and we then get 

A sin 1" = — (cot 7 — cot A) -37^ , 

or ^, expressed in seconds of time, 

= - ir » ,// (cot 7 - cot A) -7r • 
15sml ^ ' ' dh 



Example. Take the case of the meridian transit of the 
moon at Greenwich, on Dec. 17, 1861. 

From the Section of Moon Culminating Stars in the Nautical 
Almanac, we get 

A = 66^33', 
also 7 = 38'. 31', and .-. A -7 = 28^2'. 
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Also variation of N.P.D. in an hour of longitude = + 229"*9 ; 
and hence, very approximately, 



d^ 



229"-9 



dh "*" 15 X 60 X 60 



= + 0"-003702. 



Again, cot7-cotA = ^^^^"^.^^-.^^^A^ 

sin 7 sm A 

_^ sin (A — 7) 
sin 7 sin -4 ' 

Hence Log sin (A - 7) = 9*67208 

Ar. CO. log sin 7 = 0*20569 

Ar. CO. log sin A = 0*03744 

- Ar. CO. log 15 = - 8*82391 

Ar. CO. log sin 1" = 5*31443 

Log -003702 = 7-56844 

- Log 4r-9 = - 1-62199 

Hence the moon's altitude is greatest at 41*-9 before the 
transit over the meridian. 

8. To find the azimuth when the change of altitude of a 
star in a given time is a maximum. 

As before, taking the equation 

cos;s = sin7 sinA cos A + COS7 cos A, 

and differentiating with respect to h, z and h being the only 
variables, we have 

dz 
sin £f ^ = sin 7 sin A sin A, 

or, if the angle Z8P=^p^ since 
sin z sin^ = sin h sin 7, 

sin « j^ = sin A sin js; sin^, 



or 



dz . A • 
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<Z*a . . dp 

.•.^. = 8inAco3pJ; 

but, since 

cos 7 = cos z cos A + sin « sin A cos/?, 

we have by differentiation 

dz 
= (cos z sin A cos^ — sin z cos A) ^ 

. * . dp 

— sm z sm A sm^ -^ , 

or, if A = the azimuth of the star or angle PZS, 

r\ • A dz . • A • dp 

= — sin7 cos ^ TT — sin « sm A sm^ -^ , 

c?;» sin 7 cos A dz 

or — ^ = — — ; ^ : • 

dh sin 2; sin A siap'dh 

__ . sin7 cos^ 
"" sin« * 

Substituting this in the equation 

d^z , J, dp 

^. = 8inAco8i,^, 

. d^z . . sin 7 cos A 

we get -TfTa = — sm A cos» '- ; 

° dh ' -^ Buxz 

dz . 

therefore, when tt is a maximum or a minimum, 

ah 

. . sin 7 cos A 

sm A cos o '- = 0, 

^ smz 

or cos ^ = 0, which gives A = dO^ or 270". 

The change of altitude is therefore greatest on the prime ver- 
tical. 

d^z 
Or, the value of -^ may be deduced immediately in terms 

of -4 in the following manner : 

dz 

-^ = sin A sin^ (as before) 

= sin 7 sin -4 ; 



i 



MAXIMUM CHANGE OF ZENITH DISTANCE. 97 

ePz . . dA 

.:^, = BmycoBA^, 

, ^ . . COS A — cos 7 cos z 
but, since cob A = ; r^ ; 

sin y smz 

• -. • J ^A — ^Q*y ^ _ cos A cos « & 
dh ~ Bin^z'dh sin'a Qiny' dh 

_ cos 7 — cos A cos z dz 
Bvcfz sin 7 ' c2% 

_ cos jp sin « sin A dz ^ 

"" 8in'^sin7 ' dh 

_ cos JP sin A dz 
sinis 8in7 ' c?/^' 

dA cos i> sin A £& 

or — — =: — ^ : 

dh sinJlsin^; sin7 dh 

_ cos^ sin A ^ 
"" sin « ' 

d^z . .dA 

.'.^^^BmycoBA^ 

J cos jt> sin A , ^ 

=s — sm7 cos -4 — -. , as before. 

' sin ;s 

9. Several problems might be given relating to the diurnal 
motion, but, as they are of very little importance in the theory 
or practice of astronomy, it will be sufficient to enunciate them, 
referring to Maddy's Astronomy for the solution, or leaving them 
to the ingenuity of the student. 

(1) To find the diflFerence between the length of the morn- 
ing and of the afternoon at any time of the year, that is, of 
the time from sunrise to noon, and from noon to sunset. 

(2) To find the hour-angle of a heavenly body at which 
the azimuth increases fastest. 

(3) To find the hour at which the stm is due east or west 
on a given day. 

(4) To find the hour-angle when a star's motion is vertical. 

(5) To find the time when two known stars are in the same 
vertical. 

H. A. 7 



CHAPTER V. 



ON TIME. 



1. In the preceding chapters we had occasion to speak of 
and to define sidereal time (page 7), and to employ the notion 
of it freely in all problems relating to the diurnal motion. It 
is however desirable that, before proceeding farther, a chapter 
should be devoted to a more correct and detailed consideration 
of time in general. We will, therefore, recapitulate what has 
been already said on the subject, and give such other definitions 
of the sensible measures of time and of its subdivisions as are 
necessary. 

Time, without regard to any sensible measures of it, is called 
duration. It is difficult, however, to obtain practically any dis- 
tinct notion of it without defining it by the successive epochs 
of events or phenomena, and, of the latter, celestial phenomena 
are the only ones which are adapted to our daily wants. The 
first and most important measure of time is that immediately 
derived from the rotation of the earth on its axis, or the 
apparent revolution of the sphere of the heavens. The time of 
one such revolution is called a Sidereal Day^ as has been before 
mentioned (page 7). The second unit or measure is derived 
from the revolution of the earth in its orbit, and the time of 
one such complete revolution, measured from the epoch of its 
leaving a fixed point in the heavens and returning to it again, 
is called a Sidereal Year. The nattural units of time, thearefore,^ 
are a Sidereal Day and a Sidereal Tear. 
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2. But, for all civil purposes, the apparent motion of the sun 
in the heavens gives much better units for the measure of time, 
and it will be necessary to find the relation between these units 
and those before defined, or between SoUur Time and Sidereal 
Time. 

Let then a solar day be defined to be the interval which 
elapses between two transits of the sun over the meridian or 
over any other declination circle. Then, since by his apparent 
orbital motion from west to east (arising from the earth's real 
orbital motion), that is, in the direction contrary to the diurnal 
motion, he describes in the course of one yearly revolution the 
whole circuit of the heavens, namely 360**, it is plain that if n 
be the number of sidereal days in a sidereal year, the number of 
solar days will be w — 1 ; or, the length of a mean solar day 
will be to the length of a sidereal day as n : n — 1 ; a mean 
solar day being defined to be the mean of the intervals between 
the sun's leaving any meridian and returning to it again. • 

Since, however, the recurrence of the seasons of the year, 
spring, summer, autumn, and winter, depends on the time which 
elapses between the passage of the sun through the vernal equi- 
nox and his return to it again, and since this time (measured 
either in sidereal or mean solar intervals) is, as we have seen in 
Chapter ill, most easily observed, this interval of time, which is 
called the Tropical Year, is used as the basis of all reckoning 
of time. If now the Vernal Equinox, or the first point of Aries 
were a fixed point, the Sidereal Year and the Tropical Year 
would be of precisely equal length, but, since this is not the 
case, the equinox moving contrary to the order of the signs 
along the equator at a mean rate of 50"*224 per year (called the 
annual precessional motion), it is plain that the tropical year 
will be shorter than the sidereal year by the time taken by the 
sun to describe the precessional arc 50"'224. 

By the best and most recent discussions it has been found 
that the length of the tropical year, that is, the time which 
elapses between two successive transits of the sun through the 
vernal equinox, is 366*24222 sidereal days. Measured in mean 
solar days therefore, the length of the tropical year is 365*24222 
days, or 365^5\48°.47"*808. 

7—2 
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For the purpose of reasoning more accurately on solar time, 
it is usual and convenient to compare the sun's motion with that 
of a fictitious sun, which is supposed to move with a uniform 
velocity in the equator, with the real sun's mean motion in 
right ascension or longitude. 

Let L be the right ascension or longitude of the fictitious 
sun at the commencement of the time <, and fi its mean daily 
motion ; then its right ascension a at the time t will be 

' a = Zr + /x-^, 



360' 



k' estt . 



'^^''-^ '^ = 365124222 = ^^-®'^^- 

The mean day begins for any place when this fictitious sun 
is on the meridian, or when the sidereal time is equal to its 
longitude, or to the mean longitude of the real sun, and is 
reckoned astronomically from 0** to 24*", or from mean noon to 
mean noon. 

Let now a' be the right ascension of the real sun at the 
time «, I its longitude, and o) the obliquity of the ecliptic. We 
have thus 

tan a! = cos o) . tan Z. 

And, by trigonometrical expansion, 

a=^l'- tan* — sin 21+- tan* — sin 4Z - &c., 

where I is of the form 

l^L+fit + ^j 

f being a periodical function of the sun's longitude, and there- 
fore a' — a= f—tan*--sin2Z+-tan* — 8in4Z— &c. 

JO Am 

This quantity is called the Equation of Timey and, if it is 
positive, then the mean sun precedes the true, or mean noon is in 
advance of apparent noon; but, if it is negative, mean noon 
follows apparent noon. 

The Equation of Time vanishes four times in the year, 
namely, on April 14, June 14, August 31, and December 23, 
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or on the day following these days. In the first period, or from 
April 14 to June 14, mean timg is after apparent time; and 
the same is true in the third interval, or from August 31 to 
December 23. In the other two intervals, namely, from June 
14 to August 31, and from December 23 to April 14, mean 
time precedes apparent time. The Equation of Time is given 
primarily in the Nautical Almanac, and generally in common 
almanacs for every apparent noon. 

3. The proof of the proposition that the Equation of Time 
vanishes four times in the year must be deferred till we consider 
the theory of the Sun's motion, but that part of the equation 
which depends upon the obliquity of the ecliptic may be dis- 
cussed here. 

Let 8 be the sun, supposed to 
move uniformly in the ecliptic, 
and D its plane referred to the 
equator by the perpendicular arc 
SB. 

Take TJi"= T^; then TJtf" is the right ascension of the ficti- 
tious sun and TJ9 of the real sun, and BM is the part of the 
Equation of Time resulting from the obliquity. 

Now sinTi) = sinT^J9.sinT)S'; thus, sinTJD is generally 
less than sinTiSl 

Hence, in the first quadrant, or from the spring equinox to 
the summer solstice, since ^8 and Ti) are both less than 90^ 
Ti> will be less than ^8 or TJf, or the mean sun's K.A. is 
greater than that of the real sun ; that is, the true sun precedes 
the mean sun. At the summer solstice ^8 or Tif = 90^ and 
therefore TjD = 90°, and the equation vanishes. In the second 
quadrant ^8 and T2> are both between 90° and 180°, and hence 
Ti> will be greater than ^8 or TJf, and the mean sun will pre- 
cede the true sun. At the autumnal equinox T^= 180°, and the 
mean and true suns coincide again. Similarly, it may be 
proved that from the autumnal equinox to the winter solstice, 
the true sun precedes the mean ; that they coincide at the winter 
solstice ; and finally, that from this time to the vernal equinox, 
when they again coincide^ the mean sun precedes the true. 
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4. To transform Mean Time into Sidereal Time, and vice 
versa. 

Since 365-24222 mean solar days are equal to 366*24222 si- 
dereal days ; 

.^ , , 365-24222 , , 

one sidereal day = 3^^.24222 ^^^ ^ ^^ 

= a mean solar day — _-,-.--. of a mean solar day 

= a mean solar day — 3°*.55"'909 mean solar time. 

A :, 1 :i 366-24222 . , , , 

And a mean solar ^^^J'^' 365.24222 ®^^^^^^ ^^^ 



= a sidereal day + 3^5.24222 ^^ * sidereal day 

= a sidereal day + 3".56'''o55 sidereal time. 

Let then, for any given instant at a given place, t be the 
sidereal time, and m the mean solar time, and let The the value * 
of t when m = 0, that is, for mean noon. Then t-- T is the 
sidereal interval corresponding to the mean solar interval m. 

XT u rr\ 24*^ - s'^.ss-eoe 

Hence m = (< — jT) x — 



and <=!r+wx 



24*^ 

24^^ + 3°^.56''-555 
24*^ 



The value of ^— — ^/^f^"'^^^ is 0-9972695, 

24 

, . ^ . 24^ 4- 3^56^-555 . , ^^,^„^^ 

and that of —^ is 1-0027379. 

24 

And, in the Nautical Almanac are given tables of the values 
of 0-9972695 x t and 1-0027379 x t for every hour, minute, and 
second in the day. There is also given in page i of each 
month of the Nautical Almanac the mean sun's right ascension 
at mean noon of each day, or the sidereal time at mean noon; 
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that is, the values of T can be taken out immediately from the 
Nautical Almanac*. 

If fi and 8 be corresponding mean solar and sidereal equiva- 
lents for the same interval of time, it follows from what has 
preceded, that 

fi^8 X 0.9972695, 

and * = m X 1.0027379. 

It is however usual to find the mean time corresponding to a 
given sidereal time in the following manner. 

Let M be the Mean Time of Transit of the First Point of 
Aries (tabulated for every day at page xx of each month in the 
Nautical Almanac) ; 

t the sidereal time, that is, the hour-angle (west) of the first 
point of Aries; 

m the corresponding mean solar time. 

Then m = M+ mean solar interval corresponding to sidereal 
interval ^, 

= Jf + 0-9972695 x t. 

Practically this would be expressed thus, 

m=^M+ mean solar int^ral for hours, 

+ for minutes, 

+ for seconds. 

Examples. To find the Sidereal Time corresponding to 
1862, January 1, 5M7"'.16"*92 Greenwich mean solar time. 

Here from page i of the month January in the Nautical 
Ahnanac, we find 

• A student of Practical Astronomy cannot do better than to make himself 
acquainted with the contents of the Nautical Almanac, and especially with the 
excellent "Explanation" giyen at the end of it. 
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h. m. 8. 

Sidereal Time at Gxeenwicli mean noon = 18.43.31*12 
Sidereal equivalent for 5^ (page 502 of N.A.) = 5. 0.49-28 

fori?"' = 17.2-79 

for 16' = 16-04 

for -92 = -92 

Sidereal Time required = 0. 1.40-15 

To find the Mean Solar Time corresponding to the Sidereal 
Time 13\7".14'-94 on February 4, 1862. 

Here, on page xx of the month February, we find 

Preceding Mean Time of Transit of 1 _ ^ "!: ti^'Csa 
the First Point of Aries J ~* * * 

Mean Solar equivalent for 13^ (page 504) = 12.57.52-22 

for 7°^ = 6.58-85 

for 14' = 13-96 

for -94 = -94 

Mean Solar Time required = 16. 7. 2-03 



The computation of Mean Solar Time can, however, be 
made rather easier, by putting the equivalents in the follow- 
ing shape: 

Mean time = (1) sidereal time 

(2) + 3°*.47"-00 — hours of sidereal time + solar equivalent 

for hours 

(3) + 10"-00 — minutes of sidereal time + solar equivalent 

for minutes 

(4) + 3"'00 — seconds of sidereal time + solar equivalent 

for seconds 

(5) + Mean Time of Transit of First Point of Aries dimi- 

nished by 4". 
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The following table gives the values of (2), (3) and (4), 
and the computation then becomes veiy easy. 



Table I. 




Table II. 






Table III 


• 


CotrectioD for 
Hours. 


Correction for Htnutes. 


Correction for Secondg. 


^ A 


CknrectloiL 


11 


Correction. 


11 


Correction. 


^ 


Cofiection. 


|| 


Conrectton. 


■o5 




tj5 




^ s 




'^ 8 




"3 8 




35B 




sa 




sS 




Sl 




sl 






m. B. 




1. 




8. 




1. 




1. 





3.4700 





1000 


30 


6-09 





300 


30 


2-92 


1 


3.37-17 


1 


9-84 


31 


4-92 


1 


300 


31 


291 


2 


3.27-34 


2 


9-67 


32 


4-76 


2 


299 


32 


2-91 


3 


3.17-61 


3 


9-51 


33 


4-59 


3 


2-99 


33 


2 91 


4 


3. 7-68 


4 


9*34 


34 


4-43 


4 


2-99 


34 


2-91 


5 


2.57-86 


5 


918 


35 


4-27 


6 


2-98 


35 


2-90 


6 


2.48-02 


6 


902 


36 


4-10 


6 


2-98 


36 


2-90 


7 


2.3819 


7 


8*85 


37 


3-94 


7 


2-98 


37 


2-90 


8 


2.28-36 


8 


8-69 


38 


3*77 


8 


2-98 


38 


2-90 


9 


2.18*63 


9 


8-53 


39 


3-61 


9 


2-97 


39 


2-89 


10 


2. 8-70 


10 


8-36 


40 


3-45 


10 


2-97 


40 


2-89 


11 


1.58-87 


11 


8*20 


41 


3-28 


11 


2-97 


41 


2-89 


12 


1.4905 


12 


803 


42 


312 


12 


2-96 


42 


2-89 


13 


1.39-22 


13 


7-87 


43 


2-96 


13 


2-96 


43 


2-88 


14 


1.29-39 


14 


7-71 


44 


2-79 


14 


2-96 


44 


2-88 


15 


1.19-66 


16 


7-54 


46 


2-63 


15 


2-96 


46 


2-88 


16 


1. 9-73 


16 


7*38 


46 


2-46 


16 


2-95 


46 


2-87 


17 


0.69*90 


17 


7-22 


47 


2-30 


17 


2-95 


47 


2-87 


18 


0.50-07 


18 


7-05 


48 


214 


18 


2-95 


48 


2-87 


19 


0.40-24 


19 


6-89 


49 


1-97 


19 


295 


49 


2-87 


20 


0.30-41 


20 


6-72 


50 


1-81 


20 


2-94 


50 


2-86 


21 


0.20-68 


21 


6-56 


51 


1-64 


21 


2-94 


61 


2-86 


22 


0.10-75 


22 


6-40 


52 


1-48 


22 


2-94 


52 


2-86 


23 


0. 0-92 


23 


6-23 


53 


1-32 


23 


2-94 


63 


2-86 






24 


6-07 


54 


116 


24 


2-93 


64 


2-86 






25 


6-90 


55 


0-99 


26 


2-93 


55 


2-86 






26 


6-74 


66 


0-83 


26 


2-93 


66 


2-85 






27 


5-68 


57 


0-66 


27 


2-92 


57 


2-84 






28 


6-41 


68 


0-60 


28 


2-92 


58 


2-84 


^____ 




29 


6-26 


59 


0-33 


29 


2-92 


59 


2-84 
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As an example we will take that which was previously pro- 
posed, namely, to find the Mean Solar Time corresponding to the 
Sidereal Time, 13^7°^.14"•94 on February 4, 1862. 

h. m. B. 

Sidereal time =13. 7.14-94 

Correction for hours = 1.39*22 

„ „ minutes =* 8*85 

„ „ seconds = 2*96 

Mean Time of Transit of 



le of Transit of) ^^ 

intofAries--4-r^f;^ 

Mean Solar Time = 16. 7. 2-03 as before. 



The reader will observe that this computation requires fewer 
figures than the preceding, and is^ on the whole, more conveni- 
ent. It was devised by the Astronomer Boyal, Mr Aiiy, and 
is used at Grreenwich*. 

5. To find the length of the sidereal year. 

The sidereal year will be longer than the tropical year by 
the time taken by the sun to describe the precessional arc 
50"*224 (page 99). Now the sun describes in a mean solar day 
59'.8"-33, and, in a sidereal day, 58'.58"-64, or 3548"-33 and 
3538"*64 respectively. Hence the sidereal year expressed in 

mean solar days is 365^5\48"'.47«-81 + 3543.33 x 24 x 60°^ 

= 365*.5\48°'.47»-81 + 2(r.22"'90 
= 365*.6\9~ 10''-71 mean solar days. 

And, expressed in sidereal days, the length is 
366*. 5\48*. 47-81 + ^5^ x 24 x 60" 

= 366*. 5\48".47»-81 + 2(r-26'-2a 
= 366*. 6^. 9"*. 14''09 sidereal days. 

* In Schumacher's HHilfttafdn there is also a set of Tables, which I have found 
very convenient for the rapid computation of Mean Solar Time. From these 
Tables there can be taken out at sight the reduction to be applied to any interval 
of Sidereal Time to produce the corresponding interval of Mean Solar Time, from 
o^ to i^\ 
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6. On the Calendar, 

We have seen that the tropical year consists of 365*24222 
mean solar days. As this involves a fraction of a day it is 
not convenient for civil purposes, which requires that the 
year should consist of an integral number of days or assumed 
units. But, since the fraction 0*24222 is very nearly 0*25, or 
one quarter of a day, if three successive years be assumed to 
be of the length of 365 days, and the fourth year of the length 
of 366 days, the reckoning will come nearly right every fourth 
year. This was the correction of the calendar made in the time 
of Julius Caesar, and was therefore called the Julian Correction. 
By this reckoning, however, the assumed tropical year was too 
long on the average by 0^*00778, so that in the course of 1000 
years the accumulated error would amount to nearly 8 days, by 
which, at the assumed equinox, the sun would havereally passed 
it. To correct this error. Pope Gregory the Thirteenth, after con- 
sulting with eminent astronomers of his epoch, published a bull 
in the year 1582, ordering that for civil purposes the nominal 
5th of October of that year should be called the 15th of October, 
and that for the ftiture three bissextiles or leap-years (that is, 
years consisting of 366 days) should be omitted in every 400 
years. The leap-years or bissextiles are those which are divi- 
sible by 4, and the Gregorian correction consists in considering 
all years completing centuries as common years, excepting those 
for which the century itself is divisible by 4. Thus the years 
1700, 1800, and 1900 are common years of 365 days, but the 
year 2000 will be a bissextile or leap-year. Thus, instead of 
intercalating 100 days in 400 years. Pope Gregory intercalated 
97 days in 400 years, or the year consisted of 365^^ = 3€5'2425 
days. The true length, therefore, being 365*24222 days, the 
enror is only 0*00028 days per year, and will amount to rather 
more than a day in 4000 years. 

It is almost needless to add that the intercalation of the day 
for keeping the calendar right is made in February, this month 
in ordinary years having 28 days, but, in leap-years, 29 days. 
The Gregorian Correction is adopted in almost all Christian 
countries (though Kussia still uses the old as well as the new 
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style), but it was not adopted in this country till the middle 
of the last century. 

7. On the determination of sidereal or mean time hy ohser^ 
vation. 

In a fixed observatory, furnished with a transit-instrument, 
the determination of time is effected immediately (as has been 
explained at page 31) by the comparison of the clock-time of 
transit of certain well-known stars or of the sun with their 
tabular right ascensions, these right ascensions being equal to 
the sidereal times of their transit across the meridian. The 
error of the clock at any instant is therefore the difference of the 
clock-time of transit of the object observed at that instant, and 
of the right ascension of the object. The rate of the clock, or 
its loss or gain in 24 hours, will also be found by comparing its 
errors thus found on successive days or other intervals of time. 

When the errors and rate of the transit-clock have been thus 
determined, the errors of all the other clocks in the observatory, 
whether they be sidereal or mean solar clocks, can be found by 
comparing them together by the intervention of a mean solar or 
sidereal chronometer. 

Example. At Oxford on June 9, 1862, 10^ M.T., the tran- 
sit-clock and the heliometer-clock were compared by means of 
a mean solar chronometer. The simultaneous readings of each 
clock and the chronometer were as follows : 

h. UL 8. 

{Time by transit-clock 15.41.35*0 

Corresponding time by chronometer 10.29, 0*0 

{Time by heliometer-clock 15.43.21'8 

Time by chronometer.... 10.31. 0*0 

The transit-clock was at this time 2"*00 fast. 
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Then the computation will stand thus: 

b. m. lb 

Time by chronometer (Ist comparison) 10.29. 0*0 
„ „ (2nd „ ) 10.31. 0*0 



Mean solar interval 2. 0*0 

Correction to sidereal interval 0*33 

Sidereal interval 2. 0*33 

Time by transit-clock 15.41.35*00 

Sum 15.43.35*33 

Transit-clock fast 2*00 

Sidereal time at comparison of helio-) qq.qq 

meter-clock ) 

Time by heliometer-clock 15.43.21*80 

Heliometer-clock slow 11*53 



Sometimes, even in a fixed observatory, a succession of cloudy 
days may prevent objects suitable for the determination of time 
from being observed on the meridian. If (as at Greenwich) 
there be an altitude and azimuth-instrument, the time can be 
determined by means of the observed zenith-distance of a known 
star with very great accuracy. 

Thus, as usual let P be the pole, ^the 
zenith, and 8 the star, PZ (the colatitude) z 
= 7,Z/S=i5, andPfi^=A. 

Then we have 




sin 1 sm - 




sm 7 sm A 

which will give the hour-angle P (supposed 
west) expressed in arc, and the correspond- 

P 

ing angle — expressed in time. Hence, if 

t he the sidereal time, and a the assumed or tabular right ascen- 
Bion of the star, 15< = P+ a, and this, compared with the clock- 
time of observation, gives the error of the clock. 
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8. To find the error in time produced by a given error in the 
observed zenith-distance. 

, y^ cos z — cos 7 cos A 
Here we have cosP= ^S^^STa ' 



or 8P=15S« = -T 



sin 7 sin A ' 
sins; iz 



sin 7 sin A sin P 

sin z Zz 
sin 7 sin Z sin 2; 

hz 
sin 7 sin -2'' 



or o^ = T— 



15 sin7 sin-Z" 

Hence the error in time is the least when sin Z is greatest, 
or when Z = 90°, that is, when the object is on or very near the 
prime vertical. 

9. The time may also be found, when the latitude is known, 
by equal altitudes of the sun or of a star, taken with a sextant 
or an altitude and azimuth-instrument before and after the meri- 
dian passage. 

If the object observed be a star, whose declination does not 
change between the observations, half the sum of the observed 
clock or chronometer times will be the time of the star's transit 
across the meridian. If the clock or chronometer keep sidereal 
time, the difference between this mean and the star's right ascen- 
sion wilt be its error. If it keep mean solar time, the sidereal 
time of the star's transit, that is its right ascension, must be 
converted into mean time, and this, compared with the mean of 
the observed times, will give the error. 

In general the chronometer will not keep exactly either 
mean or sidereal time, or it will have a rate. Supposing this 
rate to be approximately known, it will be necessary to apply it 
to the interval between the first and the second observation to 
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obtain the true interval in sidereal or in mean time ; or, to increase 
or diminish the second observation by the amount of the losing 
or gaining rate in the interval, before taking the mean, to obtain 
the time of meridian passage. 

If the object be the sun, it will change its declination in the 
interval between the morning and evening observations. To cor- 
rect for this, let z be the zenith-distance observed morning and 
evening, h the sun's morning hour-angle, and h' the evening 
hour-angle, corresponding to ;? ; A the N.P.D, in the morning, 
A' in the evening, and 7 the colatitude. 

Then cos ^j = sin 7 sin A cos A + cos 7 cos A, 
and cos i5 = sin 7 sin A' cos K + cos 7 cos A' ; 

.'. = sin 7 (sin A cos A — sin A' cos h') + cos 7 (cos A — cos A'). 

Let A' = A + SA, 

and A' = A + 8A, 

then, neglecting second powers, 

= sin 7 {sin A cos A — (sin A + cos A SA) (cos A — sin A hh)] 

+ cos 7 {cos A — (cos A — sin A SA)}, 

or 

= sin 7 {sin A sinASA — cos A cos ASA} + cos 7 sin ASA; 

.'. SA = —. r— -r — : — j (siu 7 COS A COS A — COS 7 sin A), 

8m7SinAsmA^ ' ' ^ 

or, if hi be, in time, the correction to the afternoon hour-angle, 

S* = T7— = — r (cot A cos A — cot 7). 
15sinA ^ ' 

liCt now T and T' be the chronometer-times of observation, 

a and ol the corresponding right ascensions of the 
sun^ 

X the error of chronometer (slow) supposed without 
rate. 
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Let also ' •= 77 > 

la 

and ^' — Ti' 

10 

Then T+aj^a-*, 

and Z' + aj = a' + «'=a' + « + &; 

.-. 2"+r+2x = a' + a + &; 

tt' + g T + T , ht 
•'•'"" 2 2 "'"2 

2 2- + 30iEA(*^*^*^'*-'^*'y)- 

If the chronometer has a losing rate, we must add the pro- 
portional part of it corresponding to the interval T —T to the 
value of X for the afternoon observation. Let this be r, then 
we shall have 

a'+a T+T r Bt 

or a? = — 1 — . 

2 2 2 2 

If eqiuzl altitudes of the sun or a known star cannot be 
obtained, the time (or the error of the chronometer) may be 
deduced from anj two observed altitudes of a known fixed star. 
Thus, using the same notation as before, let z and z* be the 
zenith-distances observed at the times t and t\ Let also a be 
the R.A. of the star observed, and let the observations be made 
after the meridian passage. 

Then, if h and A' be the hour-angles, 

A = ^ — a, A' s= ^' — a, 
, cos z — cos 7 cos A 

COSA= : r~j , 

smysmA 

and cosA' = S2ifJlf2iZ^. 

smysmA 
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Hence cos A siny sin A — cos js scos A' sm7 sin A -- qob»\ 
or cosA sin7 sin A — cos« = cos(A + )8) sin7 sinA — cos«', 

where fi^h' — h, 
and {cosA — cos(A + i8)}sin7 sinAs=:cos«-cos«', 

orsm^ sin (ft + ^) sin7SinA= sin — - — sm — - — ...(1). 

A • cos A _ cos Z — COS 7 COS A 

°^ ' COS (A + yS) " COS «' — C0S7 COS A ' 

. z'—z . z' + z 
^ r. sm sin 

or tan -tan (a + -) ^^_^ ,< + , --(2). 

COS COS — COS7COSA 

Hence we have, 



(calling sin — 



sm ^ s= €, 



and COS — - — cos -^ = i\ ; 
sin^ sin/i + ~ )=-r 



2 V 2/ sin7sinA' 

and tan ^ tan ( A + ~ I = r- , 

2 \ 2/ ^ — CO87COSA 

or sm^sm A + ^ =-:: r-^^ 

2 V 2/ sin7SinA 

J ^ ft , P\ « — COS7COSA 

and cos - cos ( ft + - 1 = — ; '—, — r — , 

2 • V 2/ sin7sinA ' 

whence 1 2— ^ . ^ (^ - COS 7 cos A)» 

. jp sin"7Sin"A ,p sm*7 sin^A 



sm-- cos-- 



or sin* A (1 — cosV) = ^ cosec' ^ + sec* ^ (t - cos 7 cos A)*, 

a 2 

a quadratic equation which determines 7, or the colatitude. 
M.A. 8 
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Hence sin ( A + 



i„(».i).- 



sin ^ sin 7 sin A 



and h + 'Tj and therefore A, is determined. 
Therefore, the time of the first observation or t(=a+ — 



") 



is known, and can be compared with the time shewn by the 
chronometer. 

The solution given above, though it is direct and elegant, 
can scarcely be considered to be a practical solution of the pro- 
blem. We need only give a sketch of the practical solution, 
which is as follows. 

In the subjoined triangle 8Z8' we have 
Z8=:z, ZS''=z\ and angle SF8' = Ut 
(=2i9 suppose) all given quantities; also 
P8 = P8 = A a known quantity ; to find 
ZP=7, aniZP8=:h. 

Napier's analogies immediately give us 
the angles Z88' and Z8'8; and we can 
therefore find 88'. Then, knowing P8 
we easily find in the isosceles triangle P88' 
the angle P88^ by the formula 

cosP88' = tain^ 88' cot A. 

Hence we have the angle Z8P = Z88' - P88'. We have 
also P)S=A and Z8 = z, and hence by Napier's analogies we 
find immediately angle ZP8=hj and afterwards we can find 

10. To find the errors of the deduced colatitude and hour- 
angle (S7 and Sh)j corresponding to errors Bz and &' of the 
observed zenith distances. • 

Let, in the accompanying figure, Z and 8 be the correct 
places of the zenith and the star when the correct zenith-distance 
of the star is z^Sz; and Z' and 8' the places deduced from 
erroneous values of the zenith-distance. 
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Then the error of the colatitude is — S7 ; the correct colati- 
tude 7 being diminished by that quantity. Draw now Znt and 
8n perpendicular to 21*8*. 

Then Zz = Z'm + 8'n very nearly, 

^ZZ'coaZZ'm + SS'coaSS'n, 

= — &y cos south azimuth + Sh sin A sin Z*S'P 

= — 87 cos^ + SA sin^il sin 7. 

Simikriy, at the second observation, 

g5j' = — S7 cos^'-l- hh sin^'sin7. 

From which equations we can easily deduce 

tz'^mA — hz sin^' 



&y = 



SA = 



sin (-4'-^) 
hz' cos A-^hz sin A' 



sin7sin(J.' — -4) 

Hence, for given error of zenith-distance, the effect on the 
colatitude and the time will be smaller in proportion as 
sin (-4' — -4) is larger; and therefore A' — A should be as near 
90*^ as possible, so that if one observation is made on the meri- 
dian, the other should be made near the prime vertical. 

11. To find the time by observing when two known stars 
have the same altitude or zenith-distance, the zenith-distance 
itself being unknown. 

8—2 
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Let a and a', A and A' be the Right Ascensions and North 
Polar Distances of the stars ; z their common zenith-di&tance ; 
and h and K their honr-angles, at the times t and i. 

Then A-i' = 15(«'-«)-(a'-a)=d (suppose). 

And we haye 

eos0 = Bin7 cosA sinA + cosY cos A^ 
and cosiss=sin7 cosVsinA' + cos7COsA', 

= sin7 cos (& + (i) sin A' + COS7 cos A", 

ss8in7 cosA cose? sin A' 

-*sin7sinA sin{?sinA' + coB7COsA% 

therefore, by subtracting, we get 

s= sin7 cos A (cos rf sin A'— sin A) — sin7 sin A sinrf sin &S 

+ COS7 cos A'- CO87 cos A, 
or (cosrfsinA*^— sinA)cosA — sin(?sinA'sinA 

= cot7(cos A — cosA') 

^ ^ . A'-A . A' + A 
= 2 cot7 sm — - — sm — - — . 

Let now ^ be an arc such that 

, , cos e? sin A' — sin A 
^ sm a sm A 

Then we have 

sin e? sin A' {cot ^ cos A — sin A] 

sin c? sin A^ cos (A + ^) 
"" sin^ 

. A'-A . A' + A 
= 2 cot 7 sm — - — sm — - — , 

,r r. 2sinAcot7 . A'- A . A' + A 
or cos (A + <f>) =» . y . A sm — - — sm — 5 — , 
^ ^' smasmA 2 2 

which equation determines A + <^ and therefore A ; and from this, 
knowing a the R.A* of the first star, the time of observation 
is immediately determined. 
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12. To find the time by observing when two known stars 
are in the same vertical. 

Let) in the accompanying dia- 
gram, 8 and 8* be two stars (whose 
Bight Ascensions and North Polar 
Distances axe a, a , A, A' respec* 
tively) in the same vertical Z88\ 
Let, as usual, h be the hour-angle 
for star 8. 

Draw PM perpendicular to ZB. 
Let angle 8P8 = a'- a = J, and let 
angle JfPig=0. 

Then cos == tan PJf cot A, 
and cos (^ + c2) » tan Pif cot A'. 

Hence 

cos (<^ + cQ _ cot A' 
cos^ ""cot A * 

f ^* (a.^^ sin(A^-A) 
^2^H^"^2r Bin(A- + A) > 

X /. ^ x^ sin (A' — A) 
or tan(0 + «) = cot- . )., . ^n » 
V 2/ 2 sm(A +A)' 

which determines ^. 

Again, in the triangle ZPM^ 

cos ZPif = tan PM cot 7 
or cos (A — 0) =s cos tan A cot 7, 
from which h, and therefore the time of observation, is deter*- 
mined. 

Some of the preceding problems for the determination of 
time must be considered, as they are here given, rather as 
exercises for the student, than as belonging to the direct theory 
or practice of Astronomy, though amongst them are found the 
methods in general use in the practice of Nautical Astronomy. 
If the student should wish for a more practical knowledge of 
these methods of determining time, he should consult Inman's 
or Baper's Navigatumy and go through the actual computations 
of some of the examples. 




or 



118 



NOTE ON THE EQUATION OF TIME. 



13. Assuming so much of the theory of the Sun's motion in its 
orbit as to grant that it moves with a varying velocity, which has its 
maximum at perigee (the poiut nearest to the earth), and its mini- 
mum at apogee (the point farthest from the earth), and that perigee 
and apogee occur a little after the winter and summer solstices 
respectively, the following graphical illustration may be given o£ 
the variations of the equations of time. 

Let t^ and t^ be the portions of the equation due respectively 
to the obliquity of the ecliptic and to the unequal motion in the 
ecliptic. Then the maximum value of t^ is about 10 minutes of 
time, and that of t^ is about 8". 24'. Also, from an equinox to 
the following solstice, t^ is negative, and, from a solstice to the 
following equinox, t^ is positive; while, from perigee to apogee t^ is 
positive, and, from apogee to perigee, it is negative. 




Let the tropical year be the line of abscissie in the accompanying 
diagram, A and C being the times of the vernal and autumnal 
equinoxes, and B and D those of the summer and winter solstices. 
Let also F and O be the times of apogee and perigee. Then, the 
sepd.rate parts of the equation of -time may be represented by the 
ordinates of two curves as drawn in the figure, the nodal points of 
the first being -4,-5, CyBy E {E corresponding to the next vernal 
equinox); and of the second, J' and G'y the maximum ordinates oc- 
curring half-way between the nodal points. Hence, it is plain that 
the equation of time will vanish at the four 'points a, 6, c, dy where 
the positive and negative ordinates (marked in the figure) are equal 
to each other; and that the maximum value which occurs first after 
the summer solstice (as at e where the causes oppose each other), is 
much smaller than that next before the vernal equinox where the 
two causes act in the same directioix. 



CHAPTER VI. 

OX THE CORRECTIONS TO BE APPLIED TO THE OB- 
SERVED PLACES OF THE HEAVENLY BODIES, ON 
ACCOUNT OF THE POSITION OF THE OBSERVER 
ON THE SURFACE OF THE EARTH, AND OF THE 
PROPERTIES OF LIGHT 



In all that has preceded, though we have been obliged to 
make occasional reference to the corrections indicated in the 
title of this Chapter, yet it is generally assumed either that 
snch corrections are not needed, or that thej have been applied 
to the observed places. It is however now necessary, before 
proceeding farther, to develope the theory of them, as far as can 
be done in an elementaiy treatise Uke the present 

We will first consider the corrections which are required on 
account of the properties of light. 

These are of two kinds, namely, 1st, those which mrise firom 
the refraction of the rays of light in passing from a heavenly 
body to the eye of the observer through the strata of the earth's 
atmosphere; and 2dly, those which arise from the progressive 
motion of light in coming from a heavenly body to the eye of 
the observer. The first class of corrections is comprehended 
ander the term Refraction; the second under the term Aher^ 
Tatuyn, 

On Refraction. 

1. The earth is surrounded with an atmosphere of a vari- 
able density (the densest part being of course that nearest to the 
surface), and extending appreciably only a few miles beyond the 
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Burface. With respect to this atmosphere we may assume that, 
supposing the temperatures to be the same at any two points 
at equal distances above the surface, and the densities at the 
surfeice to be the same, then the densities at these two points 
will be the same. Or, in other words, if the whole be in equili- 
brium, the atmosphere is arranged round the surface in concentric 
layers of equal density (or in couches de niveau). 

Secondly, we may assume that the whole space through 
which a ray of light is refracted in arriving obliquely through 
the atmosphere at the eye of the observer, is exceedingly small, 
and that the refraction itself is also very small, so that when 
we have found the differential expression for the refraction, we 
may in the integration use very approximate values of the 
variables concerned. 

Thirdly, since the density of the atmosphere varies continu- 
ously in going from the earth's surface, and since the amount of 
refraction depends upon the density, the ray of light will de- 
scribe a continuous curve in passing through the atmosphere, and 
the object seen will appear in the direction of the tangent to the 
curve at the point where it enters the eye of the observer. 

Fourthly, the angular difference between this tangential 
direction, and that in which the ray would have come in a 
straight line from the object to the eye, is the amount of the 
Refraction, 

2. In proceeding to deduce the general expression for the 
path of a ray of light in passing through the earth's atmosphere, 
we may first remark that the amount of refraction depends not 
only upon the direction of the ray, but upon the densities of the 
strata of air through which it passes, and ultimately upon the 
density of the air at the surface as measured at a given tem- 
perature by the barometer ; and, the direction being given, the 
refraction is assumed to vary as the density. In what follows we 
shall first assume that the refraction is calculated for some mean 
values of the pressure and temperature, and afterwards show 
how, from this mean refraction^ the true refraction for any values 
of the pressure may be determined. 

Since the time of Bradley, astronomers have generally cal- 
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culated the mean refraction for the temperature 50® Fahrenheit, 
and for the pressure corresponding to the barometer-reading 
29*6 inches. 

It is assumed that the reader is tolerablj familiar with the 
laws of the refraction of light, but for the sake of precision 
we may here state them briefly. 

(1) When a ray of light travelling through any medium 
arrives at the surface of a medium of different density, it does 
not continue in a straight line, but is refracted or bent, but so as 
to remain in the same plane. 

(2) If a normal be drawn to the common surface of the 
media at this point, then the sines of the angles formed with 
this normal by the two portions of the ray, before and after in- 
cidence, will be in a constant ratio, whatever be the value of the 
angle of incidence before refraction. 

Thus if /A be the constant ratio, and Z and Z' the angles of 
incidence and refraction, we shall have ^mZ= fi sin Z^ where fi 
is called the refractive index for the two media. 

Let Z-^Z-\-r; 

.-. sin (Z' + r) = /A sin Z\ 

or sin ^ + r sin l" cos Z — fi sin Z (nearly), 

(a-l)tanZ' 

or r-^ — r^— 77 . 

sml 

And since, in the case of the atmosphere which we are con- 
sidering, Z is approximately the zenith-distance of the object 
from which the rays of light come, we see that the refraction 
will cceteris paribus Ysny approximately as the tangent of the 
zenith-distance. 

3. To form the general differential equation for the refrac- 
tion of a heavenly body in zenith-distance. 

Let AB be a section of the surface of the earth ; C its cen- 
tre; ZAGtiie vertical line to an observer at A. 

Imagine now the atmosphere to be made up of a series of 
concentric layers of small thickness and uniform density, but 
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that the density of each, and therefore the refiractive index of 
each, increases from the outer boundary of the atmosphere to- 




ward the surface of the earth ; and let there be n such layers, 
the refractive indices being respectively 

/*«» /*n-l» /*i.-8> /*i»/^o- 

Let also 8ITKLA be the path of a ray of light proceeding 
from the star 8 to the eye at A. 

Join (7/(= rj and produce it to 0, and let the first angle of 
incidence OlS^i^^ and let the others be denoted by i^^, 

t^j, ^o("^ *^® apparent zenith-distance ZAL)^ and let the 

other radii GI\ &c., be denoted by 

,^M, r^, anda(=C4). 



n-i! 



Then 



sm^. 



^^^ 



n-1 



sin riG fi^ ' 



and 



sin ^„_j (= sin O'TI) _ r„ 



sin riG 



w-l 



sm^ 



«-i 



rnf^T 
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&c. = &c. 
and . f \ , ^^', 

therefore, by multiplication, 

sin f'n _ OjJt^ 

sin z r^fi^ ' 
or r^/jL^ sin ^^ = a/j,^ sin 2^ = a constant quantity. 

Hence, generally, 

rfi sin £ = a/t^ sin 2; (1). 

Produce now 81 to meet the vertical in P. 

Then, since the star 8 is supposed to be at an infinite or 
very great distance, the lines P8 and A 8 may be supposed 
parallel, and therefore ZP8 is the true zenith-distance ; also the 
refraction, that is the angle between the first direction, 8BP and 
the last direction ALB, is the angle PR A = SO (suppose). 

Hence true zenith-distance ZP8 

= z + S0. 
Again, the angle ZPI^ angle PIO + angle PCI 

= L + v suppose ; 

/. z -{• BO = I + Vf 

and, dififerentiating, since z is constant (that is, is not con- 
cerned in the yariations produced in passing from one medium 
to another). 

Farther, we have 

tan2"IE=tant=r-j^ 

=s -7- (at the limit), 

, dr 
or dv = — tan t. 
r 
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dr 
Hence, i(S^ = iA + — tane* 

But, by differentiating logarithmically equation (1), 
haye, 

— + — + cot ^ f& = 0, 
r fi 

(It 7 dpi 

or — tan t + & = — - tan i ; 
r fi 

/. i(S^ = -^tan^ (2). 



But since, from (1), 



axiu sm« 
am * = -^-= , 



and .'. cost = A/l ij^ — , 



.'. tan&s- -•* 



v/'-^ 



^ - -- --« 



a 

- /Aq sm z 



/*-;?/*• Bin' « 



and therefore from (2), 



- jj^^ainzafi 

d{se) ""; (A), 



/a «' a • 



sm'is 



which is the general differential equation for the refraction, 
independently of any assumption as to the law of the variation 
of /L6, that is, of the law of variation of density of the different 
dtxata of the atmosphere. ^ 



DIFFERENTIAL EQUATION OF REFRACTION. 126 

4. La Place and otbers have assumed, following the steps 
of Newton, that if p be the density of the atmosphere, cor- 
responding to the refractive index /i, and C a constant, 
then 

/A = VH-Cp, 

and /. fi^^^rrrup^ ^ 

p^ being the density at the surface of the earth* 



2^P 
Hence dfi = 



VTTGp' 



and the equation (A) becomes 



— sm».vl+ Gp^. 



'/TTG^ .^1 + Cp- ^8in*« (1+ Cp^ 



- sine. -'/T+Cp^. dp 



(1 + Cp) ^1 + Op-^em'zil + Cp^ 



Put now - = 1 — «, where « is a very small qaaiitit7,and 



r 



O 



o^o 2a 



and i^Qp^^-1 



2a 
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and we shall then have 

(1— «) Binfij — ., — --. ,— — = 
d[W)=- p. l-2aVl-2a 



(^ + r5i>j y 1 + ra;io-(l-2,+a')8in-. j^ 



2a 



0^ 

(1 — «) sin « — • rfp 



(l-2a + 2a^j^l_2a + 2a^-(l-2«+«^8in*» 



(1 — «)sin«— dp 

^^^ ... (B), 



which equation can onl7 be integrated when the relation is 
known between p and s. 

5. To integrate the equation given above according to the 
theories given by Newton, La Place, Bessel, Lubbock, &c. 
would scarcely fall within the limits of an elementary treatise. 
We shall therefore be contented with determining the amount of 
the refraction according to the theory of Thomas Simpson, 
which is not only simple and beautiful, but was made the basis 
of Bradley's Tables of Refraction, which were used for so long 
a time at Greenwich. 

Simpson's assumption is that the refractive index diminishes, 
for all heights of the atmosphere above the surface of the earth, 
according to a law represented by the equation 

where w is a quantity to be determined by observations. 
Substituting therefore in equation (A) we get 



d {B0) = 



A^V/*"-^) A^o'sin'0 
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£m^i sin z d^ ( ^ j sin z dfi 



and, putting f = ^ sin 0, 



d{S0)^ — L_^.^_. 

^ ^ w- 1 Vi-4" 



the integral of whicli Is 



80^ C ^sin-^? 

wi — 1 * 



to be taken between the limits fi'^^fi^ and 11= fi; 

At the superior limit of the atmosphere, or, for a yacuumi 

/A = l. 

Hence the whole refraction 



If . ^ /sin «\) 



or, sin {2? — (w» — 1) r} = 



sin 2; 



«r Sin g _ ■■ m-» 

®' 8in{3-(TO-l)r}~'^» ' 

and hence 

tan — ~ — r = ^-2— 5 — - tan(« r— r) (O), 
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Or, since r is veiy small, 

2 A*o"^-l *._ /. m-1 



r = 



(m-l)sinr A^o +1 



tan f « — r\ , very nearly, 



To determine the value of this constant (m), let z == 90^ and 
let B be the corresponding value of r, or the horizontal re- 
fraction. 

Then tan^^i2 = ^^£^cot^2?, 

2 /*o +1 2 ' 



or, tan 



9^y»-l p_/^o*"^-l 



-8 = ^^^^^^ ^ 



where Mo ^ & quantity slightly greater than unity. 
To expand this, we may proceed thus, 

/.r^-i ^ (i+/to'- 1)^-1 
-g— 0*.* - 1) + -g- • -4— ^» *^ ■•" *^- 

,. tau*2i^£ = ^(^,«-l)-^0*/-l)* + &c., 
or since, generally, 5 = tan ^ — - tan" 5 + &c., 
and .-. ^ = tan"5-|tan*5 + &c., 

(^)Vsin«l" = ^l 0*/-l)-?^>.*-l)«+&c 
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= -f-(Mo-l) 43 (/^o-l) +&C. 

= -4^0^0-1)-^ ^^ -'(/io-1) +&C. 

and /.i?siii'l^ = ^^^- .7"^^^, (;i,'-^l)' + &c. 

w — 1 6 (w — 1) " 

and the valued of /^^ and R being known, we can, from this 
equation, determine the value of m. 

6. - To deduce Bradley's formula for the refraction, which is 
of the form 



r = — tan(« — ar)< 



Taking the eqUatioli 



smj? 



/^," 



Pi=sili{«-(7n-l)r}, 



we may write it thus, 

asin« = sin(a — ir) * (a) J 



hr 

tan — 

1-a 2 



1+tf . 

tan 



but, in equation (a), putting » = 90^, and r =5, we get 

a = cos hB^ 

and .-. =tan'-^. 

1 + a 2 

Hence tan [-r j = tan' (5 -^ ) tan fa "" s*") > 
which, since r is very small, can be written 



sinl'' / h \ 
i tanf0---rj, 



h ^ VR sin 1" 

2 ^ 4 V 



&ii*sinl"' / h 
or r = tan 



["-v)' 



M. A. 
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which can easily be put into the form 

r = — tan f «— arj , 

and hence the refraction varies very nearly as the tangent of the 

Q 
zenith-distance. The value of the constant - has been found by 

Bessel to be 57"*538, and Bradley assumed that a was equal 
to 3. 

7. We have hitherto treated only of the mean refraction, 
that is, of the value of the refraction for mean values of the 
pressure and temperature of the air. As has been stated, the 
mean pressure is considered to be that corresponding to the 
barometric height 29*6 in., and the mean temperature to be 50** 
Fahrenheit. It is now necessary to show how to find the actual 
refraction corresponding to the barometric height h expressed in 
inches, and to any temperature t measured in degrees of Fahren- 
heit's scale. 

Let the variations of pressure and temperature be considered 
separately and in order. Then since, by Mariotte's law, the 
pressure of the air varies within the atmospheric limits as the 
density, and that the refraction varies also as the density 
(Art. 2) ; therefore the refraction varies as the pressure, or as the 
height of tlie barometric column. Hence, if r^ be the mean 
refraction, then for barometer height J, and temperature 50° Fah- 
renheit, the true refraction is ^^7777*^. 

Again, for the effect of change of temperature. It is found 
that between the boiling and the freezing points of the thermo- 
metric scale, that is, for 180° of Fahrenheit, a volume of air 
expands by very nearly three-eighths of its bulk. Hence, any 
quantity of air taken as the unit at the temperature 50°, would, 
at the temperature <, have expanded by about 

I ■ ^w = '^^^^^ (' - ^^°)- 

Or the volume would have "expanded in the proportion of 

1 : l-h -00208 {t - 50°) ; 



I 
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and therefore the density, and consequently the re£raction, will 
have diminished in the same proportion. 

Hence the preceding quantity -^ r^ must be multiplied by 

1 -4- -ftogftft (f — 'io'l ' ^"^"^ ^^^ refraction for temperature f, and 
barometric height h, becomes 



T 



29-6 * 1 + -00208 {t - 50^*) ' 

Hence generally the refraction, according to Bradley's formula, 

57"-538 * . , o \ 



1 + -00208 {t - 50*^) 29-6 



The expression given above will also require a correction 
for the expansion of the mercury between the temperatures 
50® and t. This expansion has been found to be -^^ part for 
every degree of rise of temperature as measured by the Cen- 
tigrade Thermometer, or ^^j^ part as measured by Fahrenheit's. 
Let this fraction be represented by c ; then the preceding value 
of the refraction must be multiplied by 

1 + e {t-- 5(f) orby l-c(<-50^) = l--000101(«-50^ 

8. What has been given above will be sufficient to exhibit 
the principles on which the various theories of refraction are 
fonnded. Tor the complete integration of the general differen- 
tial equation, and for the theory of Bessel, whose tables are 
generally preferred to any others, the English student may con- 
sult my translation of Brlinnow's Astronomy. 

There is also an excellent Prize Essay by Dr C. Bruhns*, 
recently published, which gives the complete history of the sub- 
ject, as well as the development of all the theories which have 
been proposed up to the present time. 

* Die Astronomiache Strahlenhrechung in ikren hUtorischm erUtoickelung darge- 
stellt von Dr C. Brvhnt. Leipzig, i86i. 

9—2 
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9. To determine the constant of refraction from observa- 
tions of circumpolar stars*. 

Let z and z be the observed zenith-distances of the same 
circumpolar star at its upper and lower transit, and suppose that 
at its upper transit it passes very near the zenith. Let also 
af(z) and af{z') be the refractions. Then the true zenith-dis- 
tances will be z-\-af{z) and z' •\-af{z*)y and the colatitude 7 
will be the half sum of these zenith-distances ; that is, 

27 = ^ + «' + a{/(«)+/(^')} (!)• 

Similarly if z^ and z^ be the zenith-distances similarly 
observed, of another circumpolar star, we should have 

27 = ^, + < + a{/W+/(0} (2), 

and, eliminating 7 between these equations, we should find 

« 



To use this method with effect it is plain that pairs of stars 
must be chosen differing considerably in zenith-distance, and 
therefore in N.P.D. 

10. When an object is observed at its meridian passage, 

p the whole effect of refraction in the 
direction of zenith-distance is also in 
the direction of N.P.D., the effect in 
Right Ascension being nothing. But 
if an object, such as a planet or comet, 
be observed at a distance from the 
meridian, expressions must be found 
for the parts of the refraction resolved 
in the directions of right ascension and 
North Polar Distance. 

Let as usual Z and P be the zenith 
and pole of the heavens, and S the 

* For the details of this method, as well as others, the reader may consult my 
Memoir on the Constant of Refraction, printed in Vol. XXVI. of the Memoirs of th€ 
Royal Astronomical Society. 
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true position of an object raised to 8' by the amount of the 
refraction S'S. 

Then is S'S = a tan ZS\ where a = 57 "'5 nearly. 

= a tan ZS very nearly, in seconds of angle. 

Draw S'M perpendicular to SP; 
therefore refraction in Bight Ascension in seconds of time 

= ^aS'PS 

15 

^ S'M 
"l5sinSP 

^ S'S sin S 
15 sin SP 

a taxiz 



15 sin A 



sinS^ 



a . . 7)8m7 

= -—. tan z sin P . ' 

15 ' ;, ^ sin« 

_ a sin P sin 7 
15 ' cos z sin A 

a sin P sin 7 



15 * sin A (cos P sin A sin 7 + cos A cos 7) 
= (if tan ^ = cos P tan 7) 

a sin P tan 7 cos ^ 

15' cos (A — 0) sin A' 

Again, refraction in N.P.D. 
SM— a tan z cos fi^ 

COS7 — cos A cos;? 



= a tan 2; . 



sin A sin;? 



_ cos 7 — cos A (cos P sin A sin 7 + cos A cos 7) 
sin A (cos P sin A sin 7 + cos A cos 7) 

_ cos 7 sin A — cos P sin 7 cos A 
cos 7 cos A 4- cos P sin 7 sin A 

. 1 — cos P tan 7 cot A 

= a tan A . . 

I + cos P tan 7 tan A 
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This may very easily be adapted to logaritlimic computation 
in tte following way. 

Let ^ be an angle such that cot ^ = cos P tan 7 ; 

therefore refraction in N.P.D. 

. 1 — cot 6 cot A 

=s a tan A. r- 

1 + cot 9 tan A 

. sin 6 sin A — cos <6 cos A ^ . 

= a tan A . -r- ^ r ■^. — r- . cot A 

sm 9 cos A + cos 9 sin A 

= acot{180^-(A + ^)}. 

The method given above would be found laborious and 
troublesome when applied to every case in a series of observa- 
tions made with the equatorial, and the following will be found 
preferable. 




Draw Z3f perpendicular to PS. 

Then, as before, refraction in R.A. in seconds of time 

a tan;? . ^ 
15 smA 

_ a tsmz ain ZM 
15 'sin A sinz 

_ a sinZ3f 
"" 15 'sin A cos a 

a sin ZM 



15*sin A cos ZM cos 8M 

a tan ZM 

15'sin A cos (A — PM) ' 
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Again, refraction in N.P.D. 
= a tan z coa 8 
= a tan z cot z tan SM 

= a tan (A -PJf). 

Now, for any given observatory, that is, for any given valae 
of ZP, tables can be formed of the values of PM and log tan ZM 
for values of the hour-angle P at small intervals, and the com- 
putation then becomes very easy, and can be applied with great 
&cility to a great number of observations. This is the method 
used at Greenwich. 

It must be observed, however, that in strictness the apparent 
value of z should be used instead of the true value, as this 
method supposes, since the value of the vertical refraction is 
a X tan app. Z.D. But Bessel has given a table (Vol. x. No. 219 
of the Aatronomische Nachrtckten) , in which the argument for 
the refraction is the tme zenith-distance, and, in general, since it 
is only the differential effect of refraction on the place of the planet 
or comet which comes into use, the difference of results is in- 
significant except in cases wherein the object observed is near 
the horizon. 



11. The following problems are added rather as exercises 
for the student than as important in the theory of refraction. 

(1) To find the refraction on Cassini's hypothesis, namely, 
that the atmosphere is of uniform density. 

Let C be the centre of the earth ; 
A the position of an observer whose 
zenith is Z, SDA the path of a 
ray coming from the star fif, and 
refiacted at the upper surface of 
the atmosphere. 



ZAD^z^ the apparent zenith- 
distance ; fi the index of refraction ; 



Let also the height of the atmo- 
sphere be n X CA = na. 
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Then we have seen (page 121) that, if r be the refraction, 

r = ^^^ tan CD A, 
sinl 

where fi is the refractive index out of air into vacuo, and does 
not differ greatly from unity. 

T,T sin ZAD CD 

or Bin ADC = - : 

1 +n 



/ sm iS 

.'. COS ADC ^ A/ 1 — jr v5 

V (1 + n)* 



(1 + ny 

= Vcos'^? + 2n 4- n", 

1 + n 

\ X jn^ sin^j sins? , , . 

and .% tan4i>C^=- ; , ^ ^ = / « 7"ir i^^^^j) 

V cos'a + 2w + n'* V cos z + 2n 

= tan« (1 — n sec «) 



Vl + 2/1 sec'« 
= tan « — w tan « sec'«. 

Hence refraction = ^j— tt, (tan ;s — w tan^ sec'«). 

(2) To find the effect of refraction on the rising or setting 
of a star. 

If, generally, h be the hour-angle; z and A the zenith- 
distance and N.P.D. of the star ; and 7 the colatitude ; then 

, cos z — cos 7 cos A 
cos A = — 



and sin h Bh 



sin 7 sin A 

sin z Sz 



sin 7 sin A ' 
At rising, z = 90^ and 8z = Ii the horizontal refraction. 
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TT 7 COS 7 COS A , . , /— 

Hence co8A==- . and sm A =Vl -cot'7 cot'A; 



.-. SA = ^ 



sin 7 sin A 
hz Bz 



sin h sin 7 sin A V(l- cot'7 cot'A) siii'7 sin'A 

a 

V 8in*7 sin*A — cos*7 cos* A 

It 



Vcos (A- 7) cos (180'- A - 7) ' 

Hence tte alteration of tte hour-angle in time, or -r , is 

o '15 

known. 

Cor. Let the star be in the equator, or A = 90®. 

Then ?? = 1 ^ ^ 



15 15' Vsin"7 15 sin 7' 

If now we could observe the time t at which the star rose, 
and the time t' at which it set, 

then t'-t- .J. =12^ 

15sin7 

from which R could be determined. 

(3) To find the alteration produced by refraction on any 
diameter of the moon. 

Assuming that for the extent of the lunar disk the difier- 
ences of refraction are proportional to the difierences of altitude, 
it is evident that the moon's disk will assume the form of ah 
ellipse, the major-axis being horizontal. More properly it will 
consist of two semi-ellipses of difierent excentricities above and 
below the horizontal diameter. 

Consider now the case of the semi-ellipse above the horizon- 
tal diameter or major-axis, which we take as the axis of x, the 
centre being the origin of co-ordinates. 

Let a be the semi-axis major. 

a — r the semi-axis minor (r being thg difference of refraction 
of the centre of the moon and the point of the limb immediately 
above it). 
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{a — rY 
Then y" = -^ — ^ (a" — aj^ {y being an ordinate at the dis- 

tance x from the centre). 

And, if -B be any radius vector inclined at an angle a to the 
major axis, 

y = ^ sin a, 

x = B cos a, 

or JS* sin"a = (a - r)' - ^^ /^ -B" cos' a, 

a 

or ./r = ; w. 

. a (a — r) , 
sm*a + -^^ — s-^ cos a 
a 

a' — 2ar , 

— , very nearly, 



1 cos a 

a 



= a' ( 1 sin' a) , very nearly, 

and B= a(l sin'a) , very nearly. 

Let now d be the true horizontal diameter of the moon, 
every point of which is apparently Ufted up equally in a vertical 
circle by the refraction p. 

Then «i°(^ + P) ^i^, 
sm z 2a 



or 1 + p cot « = — , 

diet 



and .'. a = 



2(l + pcot«) 



= -(l--pcot;5); 
.'. -^ = (1 ""P cot;?) (l — sin'a) . 
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(4) To find the length of the twilight at any period of the 
year. 

This is a problem which, though not immediately connected 
with atmospheric refraction, may properly be introduced here 
as analogous to that of the acceleration and retardation pro- 
duced by the refraction in the rising and setting of a star. 

If there were no atmosphere, none of the sun's rays could 
reach us after his actual setting or before his rising; but, by 
means of the atmosphere, a portion of the rays which before the 
rising and after the setting of the sun pass through the atmo- 
sphere near the surface of the earth are reflected by it and by 
the clouds and vesicles of moisture which it holds suspended, 
in an irregular manner, so as to illuminate objects on the sur- 
face, and thus is produced that subdued, and gradually increas- 
ing or diminishing light, called twilight. 

It is generally considered that the twilight terminates, or 
absolute darkness takes place, when the sun is 18° below the 
horizon, though this determination is not susceptible of great 
accuracy. 

Using the ordinary notation, if h be the hour-angle corre- 
sponding to the time of the termination of twilight, h' the 
hour-angle corresponding to sunset, and A the N.P.D. of the 
sun which determines the time of the year, 

, cos « — cos 7 cos A 

cos h = -, r^-T 

sin 7 sm A 

__ sin 18° + cos 7 cos A 
"" sin 7 sin A * 

, , , cos 7 cos A ^ ^ . 

and cos A = — : — - — : — - = — cot 7 cot A. 

sm 7 sin A 

From which equations h and h' may be determined, and 
therefore , or the duration of twilight. 

In summer the greatest depression of the sun below the 
horizon (at midnight) is equal to his N.P.D. (A) diminished by 
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the latitude (X) of the place of observation. Hence there will 
be twilight all night as long as A — X is less than 18*. 

(5) To find the time of the year for a given latitude when 
the twilight is shortest. 

This problem is solved most conveniently by geometrical 
considerations. 

Let Z be the zenith, P the pole, and 
8 the sun at the commencement of twi- 
light 

Then ZiS = 108^ 

Draw the small circle ZQZ' round the 
pole P, and take 8Z' = 90^ 

Join ZZ' and PZ' by arcs of great 
circles. 

Then PZ' = colatitude, Z'8= 90^ and 
PS' = sun's N.P.D. 

Hence Z'PS is the hour-angle at sun- 
rise, and ZP8 at the commencement of 
twilight ; and the angle ZPZ' corresponds 
to the duration of twilight ; and is small- 
est when ZZ' is smallest. 

This will manifestly be the case when Z' coincides with Q^ 
the intersection of the great circle Z8 with the small circle 
ZQZ\ since ZZ' is never less than Z8—Z'S*. Hence we 
have this construction. Take ZQ = 18®, and let it intercept 
the small circle ZQZ' in Q; produce ZQ to /Still ZQ 8 ==108\ 
Then is 8 the position of the sun at the commencement of the 
shortest twilight, and P8 is his corresponding N.P.D. 

To find the value of P8, and of angle ZPQ. 

Draw PO perpendicular to ZQ. Hence the triangle ZP Q 
is bisected, and ZO = 0Q = 9^. 




• Thus, ZZ +Z'S is always greater than ZS ; .-. ZZ' is greater than ZS - Z'S, 
till Z' Ues in the same great circle with ZS, when ZQ = ZS- QS. 
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Hence siaZO^BmZF&inZPO, 

or sinZPO = ?^ (1). 

sin7 ^ ' 

Again, cos ZP= cos PO cos ZO^ 

and cos SP = cos PO cos Oflf ; 

cosSP^cos 08 
'"• cosZP""cosZO' 

. cos 99* 

or cos A = cos 7 —^ 

cos 9" 

= - cos 7 tan 9® (2). 

Equation (1) gives the length of the shortest twilight, which 

2 

is eqnal to —l angle ZPO ; and (2) gives the value of the sun's 

N.P.D., which determines the time of the year when it occurs. 



CHAPTER VI. 



(part second.) 



Oir ABERRATION. 



1. Aberration is the apparent displacement produced in 
the positions of the stars and other heavenly bodies by the pro- 
gressive motion of light combined with the motion of the earth 
in its orbit. 

2. The fact of the progressive motion of light was detected 
by the celebrated astronomer Roemer by means of the observed 
times of the eclipses of Jupiter's satellites. By a great number 
of observations of the immersion and emersion of the satellites 
in the shadow of the body of Jupiter at various distances of 
that planet from the earth their motions were tolerably well 
known, and the time at which an eclipse of any one of them 
ought to happen could be predicted with tolerable accuracy. It 
was found however by Roemer that when Jupit^ was at a dis- 
tance from the earth, considerably greater than his mean dis- 
tance, the observed time of the eclipse was later than the 
predicted time, and that when he was nearer than the mean 
distance, the observed time was earlier than the predicted time. 
The inference from this fact is plainly that some time was 
expended during the passage of the reflected light from the 
satellite to the earth, or, that the motion of light is sensibly 
progressive, since, on that supposition, the time would be longer, 
tlie more distant the earth is from the planet. 



ILLUSTRATIONS OF ABERRATION, 
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From the best modem discussions it has been determined 
that the time taken by a ray of light to traverse a space equal 
to the mean distance of the earth from the sun is 8"*. 18'*. 

3. The illustrations which have been gienerally employed 
to explain the fact of the aberration of light are of the follow- 
ing nature : 

1st. Supposing a traveller in a carriage with an open win- 
dow in* front, and that rain was falling vertically downwards. 
Then it is plain that the drops of rain falling immediately in 
front of the carriage would before reaching the ground be re- 
ceived into it; and the traveller, not attending to his own 
motion, would imagine that it was heating in or moving towards 
him with an inclined motion. 

2ndly. Imagine a tube inclined to the vertical and moving 
forwards horizontally with a certain velocity, to be so placed as 
always to keep within it a ball falling vertically with a uniform 
velocity. Then it can be easily proved that the tube must be 
inclined from the vertical in the direction towards which it is 
moving, and at such an angle that the tangent of its elevation 
shall be equal to the velocity of the falling ball divided by its 
own velocity. Thus 

Let AB be the tube at a given time, 
and let it move forwards to the position 
aJ, in the horizontal direction Bb. Draw 
AG and oc in the vertical directions. 
Then if the ball be at this time in the 
tube, it must be at E the point of inter- 
section of AC and ab. 

Hence it has descended through the 
space AE or aD in the same time that 
the tube has described the space Bb or Cc or BE; and 

aB 




tan ABc = tan aEB = 



BE 



_ velocity of the ball ^ 
"" velocity of the tube ' 

• This is the value found by Professor W. Struve in his memoir entitled *'Sur 
le Coefficient Constant de VAberraHon des Etoiles Fixes.'' St Petersburg, 1843. 
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which detennines the angle at which the tube must be held so 
that the ball may be always in it, and move along it. 

3rdly. Imagine that a ship is passing a battery, and that 
a ball fired at her in the direction at right angles to her path^ 
passes through her sides. It is evident then that it will pass 
through the side farthest from the battery farther astern than 
at tlie entering side, and the sailors not attending to their own 
motion will think that it was not fired correctly across their 
path but in a direction towards the stem of the vessel. 

4thly. We now proceed, by 
considerations similar to the above, 
to explain the phenomena of the 
aberration of light. 

Let jBC be the tangent to the 
earth's orbit at any point h: Bb 
an elemental arc of the orbit which 
ultimately coincides with the tan- 
gent at £, and is described uni- 
formly with the velocity the earth has at h. Let also ah be the 
direction in which the light of a star (or other heavenly body) 
moves from the star to the earth at h. Also let a be the 
point at which the light has arrived when the earth is at B. 
Then, we can shew that as the line aB moves parallel to itself 
in consequence of the earth's motion, the light will pass over 
successive points of it^ in its motion from a to & ; and may 
therefore be said to describe the moving line aB. 

For, if Bfa' be any intermediate position of JBa, cutting ha 
in ci ; then, 

BB _ i-B _ velocity of earth 
aa " ha" velocity of light ' 

and therefore ad is described by the light in the safne time as 
BB by the earth; and thus the light continually arrives at 
successive points of the fixed line aJ, and the moving line aB^ 
simultaneously; or, the light describes on its passage to the 
earth, the line ajB, which moves with the observer. 

This line aB is therefore the apparent direction in which the 
light comes from the star to the eye of the observer, or is the 
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apparent direction of the star : the angle between this and the 
real direction ah is called the aberration. 

. Hence 

sin . aberration ^ hB 

sin GBa ha 

_ velocity of Earth 
"" velocity of light ' 

or, since this is a small fraction, and the aberration is therefore 
small, 

vel. of Earth sin CBa 



aberration = 



vel. of light sin 1" 
nearly, when expressed in arc. 

It should be remarked that the angle GBa, formed by the 
line joining the Earth and star and that representing the direc- 
tion of the Earth's motion, is called the EartKa Way. 

4r. To find the value of the Constant Coefficient of Aberra* 
J. vel. of Earth 

ttOUy or 01 i J. ,. , ■ ; — -Tt • 

' vel. of light X sm 1 

Let a represent the semi-axis major of the Earth's orbit, or 
the mean distance of the Earth from the Sun. 

Then the velocity of light per second of time = j^ , since 

light takes 8°*.18*' = 498'' in traversing a space equal to the radius 
of the Earth's orbit. 

Also the mean motion of the Earth per day = — ^ , and 
therefore the mean motion per second 

27ra ira 



365i X 24 X 60 X 60 4383 x 60 x 60 ' 

vel. of Earth _ 4987r _ 837r 

"'• vel. of light " 4383 x 60 x 60 " 2629800 ' 

also -r— 77 = 206265. 
sm 1 

M. A. 10 
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Hence, coefficient of aberration 

83 X 206265 x tt 



2629800 

_ 83 X 2062657r 

"" 2629800 

= 20"-45. 



(where tt = 3-14159 &c.) 



The exact value which Struve has deduced for the constant 
of aberration is 20"'445, corresponding to the time ^'^AV'IS 
taken by a ray of light to traverse a space equal to the mean dis- 
tance of the Earth from the Sun. 

The value of the constant which I have myself deduced by 
a discussion of the observations made at Greenwich with the 
Reflex Zenith Tube, is 20"-335». 

5. To find the value of the aberration of a star with refer- 
ence to any given plane. 

We have seen that the value of the aberration in general is 
20"*45 X sine Earth's way, and that it is estimated in the plane 
passing through the tangent to the Earth's path, or direction of 
the Earth's motion at the given time, and the line joining the 
Earth and star. Since however the distance of the star is 
infinite, this plane will be sensibly parallel to the plane passing 
through the line joining the Sun and star, and that drawn in the 




• See Memoirs of the Royal Astronomical Society, Vol. xxix. p. 190. 



ABERRATION IN LONGITUDE AND LATITUDE. 147 

plane of the Earth's orbit through the Sun parallel to the 
tangent before mentioned. 

Let J? be the position of the Earth in its orbit EOEO sup- 
posed circular. 

Draw the diameter EKE\ and OKO* at right angles to it. 
And, S being the place of the star, draw the great circles 080* 
and E8E'. Then 08 is evidently the Earth's way, and the 
aberration Ss = 20"*45 x sin 08. If then 18 be the plane per- 
pendicular to which the aberration is to be estimated, draw B<r 
perpendicular to 18 produced. Thus 

s(T = 88 sin 8 

= 20"-45 sin 08 sin 8 

= 20"-45sin/sin 01 

^ 20"-45 sin Jcos IE. 



6. To find the aberration of a given star in longitude and 
latitade. 

Other things remaining as before, through K the pole of the 
ecliptic draw great circles K8A and KsA^ and draw 8a perpen- 
dicular to KA\ 




Then angle BK% is the aberration in longitude. 



10—2 
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AT QJT ^^ ^^ aberration dimiDishing the longi- 

JNow/SAii--^jj-^ tude) 

Saco^aSa 
**"" BinSK 

20"'45 sin 80 ain 08A 
BinSK 

20^''45 sin OA ^ 20"'4t5 cos J[^ 

Or, if \ be the latitude of the star, the longitude of the 
Sun (= Earth's long. —180*), and I the longitude of the star, 

Aberration in longitude = -i ^ ^ -r^— ) 

° cos\ 

20'''45 cos (0 - 1) 
"" cos\ ^ '* 

Again, aberration in latitude 

= tf(7 = 20"-45 sin 80 cos 08A 
= 20"-45 cos OA sin 80 sin O 
= 20"'4:5coaOABmA8 
= 20"-45 sin X cos {AE- 90^ 
= 20"-45 sin \ cos (180' + 0-^-90') 
= -2O"-45sinXsin(0-Z) (2). 

COE. If the Sun be in the vernal equinox, the circle OKO' 
passes through the pole of the equator, and therefore a star, 
whose longitude is 270*, will also lie in this circle. 

Thus 0-Z=-27O*, 

and aberration in latitude 

= - 20"-45 sin \ 
««-20"-45cos(A-6j). 

Ai\d, since the star is displaced altogether in the solsticial 
colure ?Syr, the aberration in latitude is equal to that in declina- 
tion, and tjie aberration in right ascension vanishes. 



ABERRATION IN RA. AND NP.R 
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Similarly, at the autumnal equinox, the aberration in de« 
clination 

« + 20"-45cos(A-G)). 

7. To find the effect of aberration on the Eight Ascension 
and N.P.D. of a star, in terms of a and A. 

Let E be the Earth in the ecliptic, 
of which ^E is a portion, T being the 
first point of Aries. tQ a portion of 
the equator, and P its pole. 8 the po- 
sition of the star, and S8' the effect of 
aberration parallel to tQ, or perpendi- 
cular to the great circle PSa. 

The obliquity of ecliptic =q) as usual. 

Then, aberration in R.A. = -; — r- 

' smA 




= 20"-46 



sin J cos Jg 
sin A 



_o..^.. sinJcos(T^-T7) 

sin A 



= 20"-46 



20"'45 

-^ (cos ^E sin I cos T J+ sin TE sin Jsin T J) . 



sm 



But sin Jsin TJ= sin a, 

.'. sin JcosT/=sinacotTJ 

= sin a cos CO cot a 



= cos (0 cos a. 



And T^ = Earth's longitude 

= 180' + ©, 
therefore aberration in B.A. 
20"-45 



= ■ . . {cos (180° + O) cos 0) cos a + sin (180* + 0) sin a} 

20" '45 

= z — T- (cos cos © cos a + sin sin a). 

smA ^ ' 
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Againi for aberration in N.P.D. (see accompanying figure), 
draw the great circle SMI perpendicular to PSs, meeting the 
equator produced in if, and the ecliptic produced in /, and let 
88' be the aberration in N.P.D. 




Then 
88' = + 20"-45 sin /cos EI 

= + 20"-45 sin /cos {BV + T/) 

= + 20"-45 (cos J?T sin /cos T/- sin JS7T sin /sin T/). 

But sin /sin T/= sin if sin Tif = cos A cos a, {M being the 
pole of Pfiir), 

J ^r COS if+ COST cos/ 

and cosT/= . ^ . — == 

sm T sm / 

cos if + cos T (cos if T sin if sin T — cos if cos T) 
~ sin T sin / 

__ cos if sin T + sin if cos T cos ifT 

.'. sin /cos T/= cos if sin T + sin if cos T cos ifP 

= cos CO sin a cos A — sin a> sin A. 

And aberration in N.P.D. 

= + 20"*45 {cos (180*^ + O) . (cos © sin a cos A - sin co sin A) 

- sin (180** + 0) cos a cos A} 

= — 20"*45 {cos A (cos cos © sin a — sin cos a) 

— cos sin 0) sin A}. 
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8. To prove that the apparent place of a fixed star, as 
affected by aberration, describes in the course of a year an 
ellipse about the true place. 

At the true place of the star let a tangent-plane be drawn to 
the sphere of the heavens, and take for the axes of x and y the 
lines of intersection of the circles of parallel and latitude with 
this plane. We may then assume that, for such small quantities 
as the aberration in longitude and latitude, this tangent-plane 
coincides with the spherical surface ; and (referring to the figure 
on page 147) we shall have 

fc = 50-' = a cos (O - Z) > (where a = 20" '45), 

and yz=z8<r' = a sin X sin (© — Z). 

a? V* 

Hence —. + a - t-^ = 1j 

or a' sm" X 

which is the equation to an ellipse, of which the semi-axis 
major is a and the semi-axis minor is a sinX. 

If X=90^ or the star be in the pole of the ecliptic, a? +y"=a", 
which is the equation to a circle. 

If X = 0, then, since a? sin* X + y* = a* sin* X, 

y = for all values of a?, 

or the whole effect of aberration is in a circle parallel to the 
ecliptic. 

9. We have already deduced the values of the aberration 
in II.A. and N.P.D. in terms of a and A, it appears however to 
be desirable, for the benefit of the more advanced class of 
students, to give the investigation of Bessel, which is remark- 
able for its elegance and symmetry*. 

Let a be the position of the eye of the 2i 

observer, who sees a star in the apparent 
direction ba at the time t 

Let b be the position of a ray of light 
(coming from the star), at the time t — St, 
and, in the interval Bt, let the observer by 
the motion of the Earth be carried from a 

* See the Tafndce JReffiomontano!, p. zvii ; and also the Introduction to Oarring- 
ton's Red HiU Catalogue of Stars. 
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to a' in a line sensibly straight. Then is ha! the trvs direction 
of the ray, and the angle a'la is the aberration. 

Referring now the positions of the points a* and I to rect- 
angular co-ordinates, let the plane of xz pass through the 
equinoctial points, and the plane of yz through the solsticial 
points, their intersection, or axis of z, being parallel to the 
Earth's axis. Suppose also x to be positive for right ascensions 
between 270*^ and 90^ y positive for right ascensions between 
0** and 180®, and z positive for north declinations. 

Let then, at time ^, the co-ordinates of a be a?, y, «, and 
those of h, a?', y , a'. 

Then, at the time t — ht, the co-ordinates of a are 

dx du dz 

And, if a'b = \, and the true and apparent R. A. and decli- 
nation of the star be represented by a, S; a', S' respectively, we 

shall have 

X cos S cos a= a;' — a;, 1 

XcosSsina = y'-y, I (a). 

X sin S =^z' — z,) 

Also, if oJ = X', 

X' cos 8' cos a = a;' — a? + -=- St, 

at 



X' cos S' sin OL—y'-y-^-j-St, 



VsinS' 



= « 



dt 

dz ^ 



(/3). 



And, if Tc be the time in which a ray of light describes the 
unit of distance, or the radius of the Earth's orbit, or XA? = Se, 
we get, by elimination between equations (a) and (/8), 



L cos S' cos a = cos S cos a + ;^ ^> 

L cos S' sin a = cos S sin a + -^ i, 

at 



where 



L sin 8' 



sin 8 



dz , 



(1). 

(2), 
(3), 
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From these equations we readily find (by multiplying (1) by 
COB a and (2) by sin a and adding, and then multiplying (2) by 
cos a, and (1) by sin a, and subtracting) 

icosS'co8(o^-a)=cosS + i^^sina + -^cosaj, 

icos8'8in(o^-a)= *(^ ^**"rf^ «"^*)' 

- fdy dx . \ 

or tan<a'-a) = ^ ,dy . 7^ \ 

cos S + i ( ^ sin a + ^ cos a 1 

A;8ec8(§co8a-gBmtt) 
1 +A:8ecS (^ sin a + ^ COB oj 

" Let now 1^ cos tt-$ sma= Jsind, where h is the Earth's 

at dt 

Telocity, then it is evident that ^ 8i»a+ ^ ^^a = *^®^> 

da? dw* 
since the snm of the squares is equal *<> "^ + ^» which is 

equal to V. 

Hence we have an equation of the form 

tant/s ^, (where a=AjJsecS). 

^ 1 + acostf' ^ ' 

Tar siny and sin put the well-known values 

^I _= and p= — , 

2V-I 2V^ 

and for cos d put 



earV^-1 ^ 2^ 
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,__ 1 + oe'^^ 
and e3yv-i = 



1 + oe-^^-i ' 
or, taking the logs, 

^yj^ = log (1 + ae*V^ - log, (1 + a6-«^/=l), 

whence, expanding the logarithms, we easily get 

« 8 

y = a sin ^ — — sin 2^ + — sin i^tf — &c. 
= a sin ^ — a* sin tf cos tf , (to the second order) , 
or a — a = i sec S [ -^ cos a — -7- sin a] 

-A^8ec«s(JcoBa-g8lna)x(|8ma + ^co3a). 

or thos, 

a' — a = — >k sec S [-^ sin a — -^ cos a] 

+ A^Bec*sgsina-^cosa).(gcosa + §Bina) (y). 

To obtain the value of S' — S, proceed thus : 

Multiply (1) by sin h cos a, and (2) by sin S sin a, and add. 

We thus get 

Z cos S' sin S cos (a' — a) 

= sinS cosS + if -j-sinS cosa + -~8inS sin a], 

also from (3), 

Zr sin S' cos S =r sin S cos S + A; ^- cos S. 

at 

Subtracting these equations (first dividing the first by- 
cos (a — a) and remembering that to the second order 

^i - = l + l(a'-a)«), 

cos (a —a) 2 ^ ' ^' 
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isin (S'-S) = -^smS cosSx (a'-a)' 

— A? f^sinS cosa + ^sinS sina — ^ cosS). 

Again, multiply (1) by cos S cos a, and (2) by cos S sin a and 
add; then 

L cos S' cos S cos (a' — a) 



= cos'S + k i-j- cos S cos a + ;r^cos S sin a ) , 

also isinS' sinS = sin*S + A?-7rsinS. 

at 

Therefore, in the same manner as before, we get 
Xcos (8'- S) ^ 1 +icos"S X (a'- a)» 

+ k {--rr COS S 150S a + ^ COS S sm a + ^ sm SI ; 
.'. tan (8' - S) 
-sinScosS. (a— a)*+A?f-T;-sinS cosa +-^ sinSsina — -^ cosS) 

1+ X cos'S. (a'— a)*-f A; (^cosScosa+^cosSsina-f ^-sinSj 

and, expanding to the second power, and therefore for tan (£'-* S) 
putting S' — 8, and, for (a — a)", 

-Usee's (gsina-^ cos aj, 
we finally get 
8' — 8 = — A; f -3- sin 8 cos a + -^ sin 8 sin« — -r. cos8 j 

+ ^ (^ sin 8 COS a + ^ sin 8 sin a — ^ cos 8 j 

X (^cos8 cosa + ^cos8 sina + ^ sin8j (8). 
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10. Take now the centre of the Sun as the origin of co-ordi- 
nates, and let © denote the longitude (= Earth's longitude— 180®) 
and © the obliquity of the ecliptic. Then, remembering that the 
axis of X passes through the equinoxes, and that the plane of 
xy is the equator, we have 

a; = £ cos Earth's longitude 

= — 5 cos 0, 

y = — i? sin cos od, 

« = — i?sin© sinoD, 

when R is the Earth's distance from the Sun. 

Ana t. + ii-mef , 

-^ = — ^ COS COS 0) -37 , 

at at 

dz 7> ^ ' dQ 
-=^5cos0smco-^. 

Substituting these values in equations (7) and (S), and re- 
taining only terms of the first order, we have 

a' — a = — A;^-^ (sin0 sina4-cos0 cosea cosa) secS, 

dQ 
and S' — S = + i5 -^ {cos (sin a sin S cos © — cos S sin to) 

— sin cos a sin S}, 

where, if the Earth's orbit be supposed circular, we may put 
5 = 1. 

dQ 
To obtain the value of the constant, ^-t-> the mean arc 

described by the Sun in a day, or in 86400 seconds, is 59'.8"'33. 

Hence ^ = 0"'04107, 
and we have seen that k = 498. 

Hence A;^ = 20"-45. 
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And we have 
a' - a = — 20"'46 (cos © cos » cos a + sin sin a) sec S, 
g' — S = + 20"*45 {cos (sin a sin S cos o) — cos S sin ©) 

- sin cos a sin S}. 

11. The tenns of the second order in the value of a' — a 
will be 

— -J (~T~) sin 1" sec'S {cos 20 sin 2a (1 + cos"©) 

— 2 sin 20 cos 2a cos o)}, 
of which the numerical value is 

- 0"-000933 sec' B sin 2a cos 20 

+ 0"-000930 sec*S cos 2a sin 20. 

Similarly, the terms of the second order in the value of S' — S 
will be 

— ~ ( "^^ 1 sin 1" tan S [cos 20 {cos 2a (1 + cos' ©) — sin' ©} 

+ 2 sin 20 sin 2a cos <o] , 

of which the numerical value is 

.+ (0"0000401 - 0"-000468 cos 2a) tan S cos 20 

- 0"'000466 ten B sin 2a sin 20. 

These terms may therefore in general be neglected for stars 
not nearer to the pole than 3^ 

12. The expressions for the aberration in longitude and 
latitude may be easily deduced from the preceding general 
formula. 

Thus referring the co-ordinates to the plane of the ecliptic, 
and to a perpendicular to it, 

a; = — 5 cos 0, 
y = — 5 sin 0, 
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and -i-- = + ^sm0-^, 

therefore if, in the general formnlsB, we put I and \ in place of 
a and S, we get 

f— Z = — A?J? (sin sin Z 4- COS© cos Z) sec \ 

= — hR cos (0 — Z) cos \, 

and V — \ = — A;5 (sin cos Z — cos sin Z) sin \ 

= — A;5 sin (0 — Z) sin \, 

in which, if the Earth's orbit be supposed circular, R may be 
put equal to unity. 

13. Since the Earth revolves on its axis, the diurnal 
motion will of itself produce an aberration. This is called 
Dtumal Aberration^ and its amount may be thus investigated. 

Let X be the latitude of the place of observation ; 
r the radius of the Earth supposed spherical. 

Then the circumference of the circle of parallel at latitude X 
will be 27ra cos X, and the velocity per second of rotation of any 

• X rv -n iv 27rr cosX 
pomt of It will be g^^^^ . 

Also velocity of light = ^qq (^ being the mean distance of 
the Earth from the Sun). 

Therefore the tangent of the angle of aberration (by which 
objects appear too far east, or come too late to the meridian) is 

498 X 27rr cos X irr cos X 



86400 X a 87a 



very nearly, 



, . r 1 1 \ ^ cos X 

= (""^'^^ a = 23750 """^^^^ 2066260 



in parts of the radius. 
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Hence, in seconds of space, 

Tx, 1 AT- x_- TT cos X X 206265 

Diurnal Aberration = ^^^^^^^ 

2066250 

IT COSX 



10-0175 



very nearly. 



Example. For Oxford X = 51^45' nearly. 

Hence log ir = log 3-14159 = 0-4971495 

log cos X = 9-7917566 
Ar. CO. log 10-0175 = 8-9992407 

log aberration 9-2881468 

aberration = 0"-194 

And the time of transit of a star whose declination is S will 

0*-194 
be retarded by the quantity sec S. 

And in the reduction of transit observations, the diurnal 
aberration, considered negative, niiust be incorporated with the 
error of collimation. 

14. Hitherto we have treated only of the laws of the 
aberration of light for the fixed stars, that is, of the corrections 
to be made to the apparent directions of rays of light proceed- 
ing from bodies absolutely fixed, on account of the successive 
propagation of light combined with the motion of the Earth in 
its orbit. For the sun, moon, and planets, however, which have 
motions of their own, there is another effect quite distinct from 
the former, and having its origin in the circumstance that we 
see them in the directions which they had with respect to the 
!Eaxth, when the rays by which they are rendered visible left 
them, and not in the direction which they really have when 
these rays enter the eye of the observer. That is, we always 
see them too late by the time required by light to traverse the 
space between them and us. 

The mode of correcting for this error is very simple. Let t 
be the time when the rays by which a planet is rendered visible 
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left its Burface ; t' the time of observation ; D its distance from 
the Earth. Then (the Earth's mean distance from the Sun 
being the unit of distance) the planet is observed too late by the 
time 498' x D, for 498* is the time light take» to describe the 
distance from the Sun to the Earth, or 

^' = < + 498 X D, 

the apparent place (as affected by aberration) at the time t* 
corresponding to the true place which it had at the time U If 
then we wish to compare with observations the true places of 
a body interpolated from an Ephemeris of its daily motions, we 
need simply calculate the intervals of time corresponding to the 
quantity 498" x i), and subtract them from the times of observa- 
tion. The places interpolated for these times will thus corre- 
spond to the observed places without any further correction, the 
whole relative motion of the planet with respect to the Earth 
being taken into account by referring it to the Earth as the 
origin of co-ordinates. 

If we wish however to obtain the tnie places of the object 
which has been observed, then the motion (whether of K.A. or 
N.P.D.) of the body for the time 498" x i), computed from the 
tables of its daily motion, must be added to the observed or 
apparent places to obtain the true places at the times correspond- 
ing to t. 

15. We must not leave the subject of Aberration without 
saying a few words respecting the history of its discovery by 
Bradley. For the purpose of observing the zenith distances of 
a few stars which pass the meridian near the zenith places not 
very far from Greenwich, he made use of a zenith sector which 
is still kept in good preservation at Greenwich. Fortunately one 
of these stars was 7 Draconis, of the 2nd magnitude, and there- 
fore likely to be observed very frequently. We have seen also 
(Cor. to No. 7 of this section) that stars which have the maximum 
amount of aberration in N.P.D. or in Z.D. must be situated at 
the pole of the ecliptic. Now the II.A. of 7 Draconis is very 
nearly 18^, and its N,P.D. equal to about 38°. 29'. Hence it is 
situated very near to the solsticial colure, and at a distance of 
only 15® from the pole of the ecliptic. It was therefore admi- 
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rably suited for Investigation of the amount of the aberration, after 
the discovery of the phenomenon, and the inequalities which 
were produced in the places of the stars before its detection led 
Bradley to those sagacious speculations on the origin of the 
observed discrepancies which resulted in his grand discovery. 

This will perhaps be seen most clearly by taking the expres- 
sion for the aberration in declination previously investigated 
(10), namely, 

S* — S = 4- 20"'45 {cos (sin a sin S cos a> — cos S sin ©) 

— sin0 cos a sinS}. 
' At the vernal equinox, putting 

a = 18*^ = 270^ and = 0, 
we get g' — S t=s — 20*45 (sin S cos a> + cos S sin ©) 

= - 20-45 sin {h + ©) 
= - 20-45 cos (A - ft)), 
where A = 90^ - S = N.P.D., 

and, at the autumnal equinox, where = 180*, 
S' - 8 = + 20"-45 sin (8 + ©) 

= + 20"-45cos(A-a»), 
or A — A' = (at the vernal equinox) — 20"*45 cos (A — to) 

= (at the autumnal equinox) + 20"*45 cos (A — ft)), 
as in Cor. Art. 7. 

The star is therefore at the vernal equinox carried appa- 
rently farther from the pole of the equator by the quantity 
20"*45 cos (A — ft)), and, at the autumnal equinox, brought nearer 
to it by the same quantity. 

The difference of the apparent values of N.P.D. or of Green- 
wich meridian N.Z.D. of 7 Draconis, would be equal to 

40"-9 cos (A - ft)) 
« 40"-9 cos (38°. 29' - 23^29') 
= 40"-9 cos 15" 
= 40"-9 X 0-966 
- 39"-5. 
M. A. 11 
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Now the accuracy of Bradley's Zenith tube observations 
was pretty nearly equal to that attainable by instruments of 
modem times, and therefore even an error in the mean of several 
observations amounting to 1" or 2" was scarcely admissible. He 
therefore set seriously to work to determine the theoretical cause 
of these curious anomalies, and after several failures, and by the 
exercise of a patience and a sagacity beyond all praise, Tvaa 
rewarded by his famous discovery of the aberration of light. 



CHAPTER VI. 



(part thibd.) 



ox PARALLAX, 



1. In all the preceding investigations we have supposed the 
places of the heavenly bodies to be such as would be determined 
by an observer situated at some point of the surface of the 
Earth; but ultimately it is necessary to reduce all such positions 
to those which would have been observed at the Earth's centre, 
both for the sake of comparison with places calculated from 
theory, and for the comparison of observations made at different 
stations. 

The correction which it is necessary to apply to the observed 
place of a body on this account is called Parallax^ and is evi- 
dently equal to the angle contained between the two lines drawn 
from the star to the centre of the Earth and to the place of obser- 
vation. 

For the fixed stars, which are generally at an infinite dis- 
tance, this angle is inappreciable, but, in the case of all other 
bodies, including the Sun, the Moon, Planets, and Comets, the 
correction must be rigorously applied to the observed places 
before any theoretical use can be made of the observations. 

2. Since the amount of the parallax of any object depends 
primarily on the distance between the observer's position on the 
surface of the Earth and its centre, it is plain that a knowledge 
of the size and figure of the Earth is necessary before we can 
proceed with the investigation of the laws of parallax, and the 

11—2 
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present part of the treatise is therefore the most suitable for 
treating of this part of the sabject. 

3. Determination of the Magnitude and Figure of the 
Earth. 

The Earth, though not accurately, is very approximately, a 
spheroid of revolution, with its axes very nearly in the propor- 
tion of 299 : 300, the shorter axis passing through the poles; and 

the quantity — — - — = -^^ is called the compression. This 

we shall denote by e. That is, if a and h be the semi-axes 
major and minor of any elliptic section by a plane passing 

through the axis of revolution. 



= e. 



a 



4. A tolerable approximation was made to the correct 
magnitude of the Earth by Eratosthenes of Samos, about 300 
years before Christ, on the same principles as are now employed 
for the measurement. Imagine the Earth in the accompanying 
diagram to be a sphere ; C its centre, A and B two points on 
the same meridian on its surface, and &4, 8*B rays (sensibly 




parallel), proceeding from a star or very distant body 8 in the 
plane BAG. Produce CA and CB to a and K Then it is 
plain that the angle ACB is equal to the difference of the angles 
8Aa and 8'Bh, that is, to the difference of the meridian zenith 
distances of the object as observed at A and B. 
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Hence, if the length of the arc AB can be measured in 

terms of any known unit of length, and if the zenith distance of 

the object be observed simultaneously at A and J5, we have the 

value of the radius AG m terms of known quantities by the 

equation 

An IS^"" A-o 
zHCA 

Eratosthenes made use of two stations in Egypt, Alexandria 
and Syene, which he knew to be very nearly on the same 
meridian, and of which the distance was estimated at about 5000 
stadia. He observed also that, on the day of the summer 
solstice, bodies at noon at Syene cast no shadow, that is, that 
the Sun was exactly vertical, while at Alexandria its distance 
from the zenith was about 7^.12'. Hence the arc of the meri- 
dian between Alexandria and Syene was 1^A2\ or ^^th part of 
the whole circumference. 

Hence therefore, the circumference of the earth expressed in 
stadia was 5000 x 50 =: 250,000 stadia. 

This investigation waa very remarkable for the correctness. 
of the principles on which it was based, though of course^ the- 
nmnbers are very erroneous. 

5. The principle on which are based the methods used in 
modem times for measuring the magnitude and ellipticity of 
the earth is precisely the same, though the details are widely 
diflferent. It would, for example, be totally impracticable to 
measure an arc of sufficient length along a meridian, and this 
is never attempted. 

The first and most important part of the operation is the 
measure of a straight line called a hose line^ several miles in 
length, with very great accuracy, by means of compensation 
hars, which have been themselves carefully coirfpared with some 
recognized standard of length, and which do not change their 
lengths under different temperatures. Each extremity of this 
base is very carefully marked by a dot or pin, and its azimuths 
at the extremities are carefully observed, that is, the angle 
which it makes with the meridian at each extremity. These 
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points then form the commenceinent of a chain of triangleB of 
which the angles are measured bj xoeans of a theodolite, the 
most conspicuous stations on each side of the arc of meridian 
which is to be measured^ being selected. By the principles of 
spherical trigonometry, with some additional modifications in- 
troduced specially for geodetic operations, the sides of the tri- 
angles are successively computed, commencing with the measured 
base as the side of the first triangle. 

When this has been done it is a mere matter of calculation 
to deduce from the measures the length of the arc of meridian 
included within their limits^ another base for verification being 
measured before .the close of the operations^ and its measured 
value being compared with that deduced from calculaticm as a 
side of one of the triangles. 

As a distinct part of the operation the zenith distances of the 
same star or of several stars are observed at the extremities of 
the arc to be measured, with a zenith-sector provided with every 
means for ensuring accuracy, and their difference gives accu- 
rately the angle formed, at the centre of the osculating circle to 
the elliptic meridian, by the verticals drawn through iJie Cixtre- 
mities of the arc. Hence the length of a degree of arc can be 
determined at this point of the meridian^ or the length of the 
radius of the osculating circle for the point corresponding to the 
middle of the arc can be determined. 

6. If now two such arcs be measured, the one in a high 
nc^hem or southern latitude and the other near the equator, we 
have the means of determining the value of the oompreaisiofi of 
the earth, or the ratio of the major and minor axes of the elliptic 
section in which the measures are made. We will now proceed 
to shew how this is effected. 

Let X and y be co-ordinates of a point P of the elliptic meri- 
dian, connected by the equation 

^ = the astronomical latitude of the point, 
or inclination of the normal at P to the axis of x. 



FORMULA FOR RADIUS OF CURVATURE. 167 




Then 



a?=s 



acos^ 



Vl-.6»sin»0* 



— <» (^ ^ sin ^ 

where e = the ellipticiiy, or 1 — e* = -5 . 

Hence, emplopng' the asaal letters in the fignie, the radius 
of cnrrature p, at the point x, y, 

_CI?_ GP* _CL^ 
~ PF~PF^CD~ ab 

{a* - 6*0^* 
oft 

m 

r~l-e'Bin'«^>/ 
ffl»Vl-«» 

(o* - g'e^* 
a» Vr^ (1 - e" sin" ^)l 

o(l-e») 
(1 - «» sin' ^)« 

Now e'=l--, = l-(l-c)»a2€-e', 

o 



P = 



a(l-e)» 



{1 - (2e - e') sin' ^1* 
= a (1 - 2e) (1 + 3e sin' ^) very nearly 
= o (1 - 2e + 3e sin* <f>) very nearly. 
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Let now D and If be the measured lengths of two degrees 
of the same meridian, whose middle points are in latitudes ^^ 
and <^^. 

Then i>=^ = ^(l-2e + 3e8m'^.), 

and i?' = ^ = ;^(l-2e + 3eBin*<^,)^ 

2> _ 1 — 2e + 3e sin* <^, 
•'• i7~l-2e + 3e8in'<^,' 

pr D-Dt (2-3 sin'^J = i>'-D'e (2 - 3 sin* <^j), 

ly-D 

*"^ *~i>'(2-3Bin''<^J-i>(2-3 8m''^,) 

D'-D 

" 2 (iX-Z)) -3 (D'8in»^,-i? sin' ^,) * 

COE. If, instead of the approximate values for p, we had 
used the correct value 

(1 - €» sin* <^)* ' 
we should have found 



Bin'<^,-^-p,j sin'^, 



7. To find the radius of curvature of an arc of the terres- 
trial spheroid in a plane perpendicular to the meridian for a 
point whose astronomical latitude is ^. 

Let P be the point on the spheroid of which the astronomi- 
cal latitude is the angle PGN=^^, PQ, the normal at -P, 
will lie in the plane BOA passing through the axis BG\ let 
it meet the axis produced in R, PQ an element, or indefi- 
nitely small portion of the line of curvature at P, perpendicular 
to BPA. Then the normal at Q meets the normal PR ; but 
it also meets the axis BR) and therefore it passes through JK. 
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♦ 

JPiZ is therefore the radius of curvature of the arc PQ, 



and PR^PGy. 



CN 
NG 



PG^- 



= y cosec ^ ts 

_ 1 a (1 — 6*) sin ^ 

"(l-e*) sin<^^ Vl-e^si^ 



a 



Vl-€*sin^^ 



a (1 + -• sin'^) very nearly 
a (1 + e sin'^) very nearly. 



8. Enough has been given to shew the principles on which 
are conducted the geodetic operations for determining the figure 
of the earth, and several great surveys have been made in the 
last and the present century by the governments of France, 
Prussia, Eussia, and England, which have served either pri- 
marily or incidentally for this purpose. One of the earliest and 
most important expeditions for the purpose was that equipped 
by the French Government in the year 1735, the stations chosen 
being the one in Lapland near the pole, and the other in Peru 
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neax the equator, the chief astronomers employed being Man- 
pertuis, La Condamine, Bouguer, and Clairaut. In the time 
of the French republic, a large arc was measured, extending 
from Formentara, an island in the Mediterranean, to Dunkirk. 
In the great Indian surrey also, conducted successively for the 
British Government by Colonel Lambton and Colonel Everest, a 
large arc of meridian was measured. Again, the triangulation 
of Russia has been admirably executed by Professor "VST. Struve, 
the director of the observatory of Poulkova, and that of Prussia 
by the celebrated Professor Bessel. 

Finally, for complete discussions of all the measured arcs, we 
may refer to two admirable memoirs 1)y Mr Airy and Professor 
Bessel, the first of which wiU be found in the Article on the 
^^ Figure of the Earth/' in the EncyclopcBdia MetropoUtana^ and 
the other in Nos. 3^3 to 336, and No. 438 of the Astronomiscke 
Nachrickten. 

Airy's results are : 

Equatorial diameter = 7925*648 miles. 
Polar diameter = 7899-170 ... 

Bessers results are : 

Equatorial diameter = 7025*604 . . . 
Polar diameter = 7899*1 14 . . . 

From which we obtain very approximately e = — . 

9. Let now G be the centre of the Earth ; B the North 
Pole ; and P a position on the surface in the meridian plane 
APB. 




Join PO^r^ and draw the normal PO* 

Then is the angle A QP (= 4>) ^^ astronomical latitude of 
the point P, or that determined by observation; -4C!P(=^') 
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is the geocentric latitude ; and the wgte OPC («= A QP— A OP) 
is the angle of the vertical. 

We will now proceed to obtain expresBions for ^ — ^' and 
for r in terms of the latitude ^, and of the axes of terrestrial 
spheroid. 

Draw PM perpendicular ix) AC. 
Then CM = x. 

and GM= (subnormal =) -j x, 

a 



PM 
„ tan A' CM GM h* 

OM 

or tan 6 = -i tan o, 
^ a ^ 

^■■^i - 1 _ y e«»^^-l . 
*''* ^ - („• _ t») «»*vra ^. «. + J. 

where w = . . ,, . 
or + o 
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And, taking the logarithms, 
2<^' V- 1 = 2^ V^ + log. (1 + me-^"^^) - log, (1 + «»e**^^) 



m* . 



or ^' = ^ — m sin 2^ + ~ sin 40 — &c.» 
or, in seconds of space, 

A' = 0- . - „ sin 2<^ + -— V— 7, sin 4A - &c. 
^ ^ sinl ^ 2sml ^ 



-J o*-y __ a'_ l-(l -e)'_ 2e-<« 



: — ? 



-(':l){'^H)-('-C/-*«-} 



1 + 6 + 



= e f 1 + - j very nearly (the coefficient of e* vanishing) 
*" 300 ^ V "^ 600/ ^ 



600/ 180000' 

To calculate the coefficients, therefore, we have 

Log 601 = 2-7788745 

Ar. CO. log 180000 = 4-7447275 

Ar. CO. log sin 1" = 5-3144251 

Sum = log 688"-70 = 2-8380271 
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Hence, the coefficient of sin 2^, or the value of 

-^, = 688"-70 = ll'.28"-70. 
ami 

To calculate the coefficient of 

^Kiin^)=^^^g (sin-) "'•"«''*' 

Log sin 1" = 4-6855749 
Ar. CO. log 2 = 9-6989700 

Sum = log 1"-150 = 0-0605991 

Hence, generally, 

^' = ^ - ll'.28"-70 X sin 2^ + l"-150 x sin 4<^ - &c. 

For the Radcliffe Observatory, Oxford, 

t tt 

(f>= 51.45.35; 
.-. 2<^ = 103.31.10 log sin 2<^ = + 9-9877961 
4^ = 207. 2.20 log sin 4^ = -9-6576248. 

Hence Log 688"-70 = 2-8380271 

Log sin 2(f> = 9-9877961 

Sum log 669"'61 = 2-8258232 

And log 1"-150 =» 0-06060 
Log sin 4<^ = - 9-65762 

Sum =» - log0"-52 = - 9-71822 

Hence <^' = <A - 11'.9"'61 - 0"-52 
= <^-llM0"-13 

or <^-.<^'«llM0"-13 

« 

whicli is the value of the angle of the vertical for the Badcliffe 
Obserratoiy. 



174 EARTH'S RADIUS. 

10. To find the value of log«r in tenns of cosines of mul- 
tiples of ^. 

The equation to the ellipse in polar co-ordinates is 

cos**' sin**' 1 
a* ^ i* r*' 



whence r* = 



sin* 6' + -i cos'<5' 
^ a ^ 



ft* 
Now tan ^' = -j ^^^"^ ^> 

or tan*0' = -^ tan*<^, 

l--cos*6' i* ,^ 

^^ • nr.^*^' =:;;;* tan* <^, 
cos 9 a 

or co8*0' = u ; 

l + -itan*6 

-^tan*^ 

• 9 At ^ 



9 

1 + ^tan*6 



• r* = 



i» (1 + ^ tan'A) 

-; + -J tan © 
a a ^ 

1 + -I tan*<f> 

= a p 

H--5tan*6 

, ft* l-cos2<^ 
_ 8 g* 1 + cos 2<f) 

a* 1 +cos2^ 
a*+ft*+(a*-ft«)cos2^' 
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Iiet now a*+8»*«a, and a* — 5*=)9; a + 6 = y, and a — h^h; 



a* 



liCt also 2co8 2^ = a:?*4--j. 



Hence 






and, taking the logarithms, 



2 log;r=2log,? + log.(l + ^ar') +log.(l +^) 



-log.(l + 5ai.)-log.(l+;^) 






Si 1 S» 1 1 S» 1 



Vya;' 2 7* a;* ^ 3 7* a' "^7 



= 2 log.£ + 2e cos 2^- - gcos4^+ ? ^cos 6<^ -&c.) 

2 y 2 S' \ 



, ^ S . . 2 8* . , 2 ^ 

— ( 2 - cos 

7 
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8^ «^ w/s* s*^ 



or 



log.r = log.2 + (---)co8 2^— ^(-,-;p)cos4^ 



3 












or, passing to the common system of logaritlims, 
logr=log-^:^+J!f f^^-^co8 2^ 



where M is the modulos of the common system of logarithms, 
and 10+ log if =9-6377843. 



11. We will now proceed to calculate the numerical valued 
of the coefficients, as far as e\ 

First, we have — -^ = a — 

' a + 6 2 — e 



^ ^ V ■" 600 "^ 360000 "^ 216000000/ 



215640601 
^216000000' 
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a^ — V a—h e f e e^\ 



360599 1 



360000 X 600 599-003 



^-^,j =e«(l+e), 



301 



36000000 • 



And 






216000000 ' 



.-. Iogr=loga + log(l^|+j + |j+:^(l + |-^jcos2^ 
— g-e''(l+6) cos 4^ + — e' cos 6^ 

TUT 

= log a + log 215640601 - log 216000000 + ^ cos 2<^ 

~ '^^72000000'^°" ^^ + 24 x 27000000 *^' ^^ 

= (if a = 1 , and therefore log a = 0) 

9-9992767 + 0*0007250 cos 2^-0-0000018 cos 40. 
M. A. 12 
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For the Badcliffe Obs^rratoiy, Oxford, of whidi tiie latitade 
is 61'.45'.35" 

log r = 9-9992767 - 0*0001692 + 0'0000016 
= 9-9991091. 

12. To find tiie value of logr in terms of the geocentric 
latitude ^'. 

Here we have 

y^g* ,_^ — 5^ (where e is the excentricity) 

a*(l-6^ 
l--cos2^-- 

«^(l-e^ 



0* - 20/3 cos 2<f>' + ^ 
^if l-^=a»+/9'and^ = 2<^) 



= (as before) 



fiV 



(a-^)(a-g) 



.'. 2 log, »• = 2 log^a + log (I - €«) - 2 log, « - log, Tl - ^ a?j 

» (by expanding the logarithms), 
2 log, a + log. (1 - 6^ - 2 log; a + 2 S cos 2^' + - ^ cos 4^' 



-f- ~cos6^' + i&c. 



and logr = loga-f-^log(l— V) -loga 



+ lf(-cos2f + i^cos4f + i^cos6f + &C.) 



in the common system of logarithms, where 

10 + log ilf= 9-6377843. 
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13. Bj solying the eqtiatiaiis 

l-^ = a»-f/8*,. and |- = 2a^, 



"we find 



and 



as 


1 + 

1- 


2 


-€» 


= 1- 

e 
"2* 


e 
■2' 


/9 = 


Vi: 

2 


-e» 





Then, bj sabstitating in the expression for logr we should 
find (correctly to e*}, 

logr=logo+fog(l-e)-logfl-|j 



= (if«f=l>, 
,.1 c" 



9-9992744 + M \-^ cOs 2f + - 7- r-, cos A<ff 



+i " 



', COS 6^' + &c. y 



3 (2-6) 
= 9-9992744+ 0-0007250 cos 2^' + 0-0000006 cos 4^'. 

To compute log r for Oxford by this formula, 

we have ^' = 51^45'.35" - ll'.lO'' 

= 5l^34'.25" 
2<^'= 103°.8'.50" i log eoft = - 9-35687 
40' = 206M7'.40" J log cos = - 9-64637. 

.V log r = 9-9992744 - 0''-0001649 - 0-0000003 

==9-9991092 

Trhich agrees very exactly with the former value. 

12—2 
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14, In some computations the yalues of the co-ordinates of 
the place of observation, x and j/y are needed. 

We have then x^r cos 0', 

and y = r sin ^', 
or, for Oxford, log a? = log r + log cos ^' 

= 9-7925563 
and log y = log r + log sin ^' 

= 9-8930968 

15. We may now proceed to the direct discussion of Par- 
allax. 

Let be the position of the observer, and G the centre 
of the earth ; 8 the position of a planet. Produce CO to meet 




the sphere of the heavens in o ; then is o the geocentric zenith of 
the observer. 

Let the angle SCO^ or the geocentric zenith-distance = «, 

SOoy or true distance from geocentric zenith 

Then is p the parallax of the body in zenith-distance. 

Let fl'(7=Z>and (70 = r; 
CO sin 08C 



then 



80 "" sin 80o ' 

r sin p 

or -x^ = ^ 



D sin (p + «) ' 

• T » * T 

.-. sm ^ = ■= sin (i? + «) = -^ sin «', where z =z +/?. 

Let now P represent the horizontal parallax for a station on the 
earth's equator, or the Horizontal Egpmtorial Par<dJaXx 
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Then «' = 90^ and r = a; 

/. Sin i^= y. ; 

J sin o r . , 
and -: — ~z = - am z. 
Bin P a 

or sin » = - sin P sin «'. 

^ a 

For the planets, p is always a very small quantity, never 
exceeding a few seconds of space, and we may with the utmost 
accuracy, put j? for sin 'p and Pfor sin P. 

Hence « = - P sin «' : 

^ a 

where z\ in every case of meridian observations, is given by 
the observation of zenitb-distance, the observed zenith-dis- 
tance, corrected for refraction, being diminished by the angle 
of the vertical. 

For the moon this process is scarcely correct enough, but we 
can easily deduce a correction which will make the same 
formula applicable. 

Let sin p = a sin P sin z\ 

and, as a first approximation, let 

^ssaPsinjj'. 



Then, since sinjp =p — ^ + &c. 
and sin P= P— + &c. 

1 . ^ • o 

and, substituting for j? in the small term ^ its approximate 
value a sin »' x P, 



- a' sin" z' xP^ . , ^^ a sin 2' x P" 
we have, 2^ ■ — ^aaiiLZ xP 



9 
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OiP* 

••. p = oPsin «' — sin z (1 — a* sin* z') 

= (since a = 1 very nearly) 

or, since jp and JPmnst be e:]q)ressecl in seconds of space, 



tf 



p sm 



1" =; oP" sin z* sin 1"- ^^^ sin z' cos* z' x sitf 1"; 

p 



.-. y = aP" sin z' - ?^' sin is' cos' z' sin* I" ; 

where, as we have seen (page 178) log a= (for Oxford) 

9-9991091. 

As this more accurate formula is only needed for the moon, 
we may put, in the small term on the second side of the equa- 
tion, for P, the mean value of the moon's Horizontal Equatorial 
Parallax, or 57' = 3420". We shall then find that the logarithm 

of the valine of the factor -^ sin' 1" is 9*19418, 

6 

or —^ sin* 1"= [9*19418] according to the usual potation. 
6 

Hence p = aP" sin z' r- 0"*156 m «' cos* ^'. 

The second term of the right-hand side of the equation may 
be computed for convenient intervals of zenith-distance. If we 
take vcdues of z' for every 5® of zenith-distance from z = 10® to 
z' = 90®, the table will be as follows : 



o 


Ck>rrectioii. 


o 


Oorrection. 


ft 


<. 


10 


-0-026 


50 


-0050 


15 


•038 


55 


•042 


20 


•047 


60 


•034 


25 


•064 


65 


•025 


30 


•069 


70 


•017 


35 


•060 


75 


•010 


40 


•059 


80 


•005 


45 


-0055 


85 


-0K)01 



TABULATED RATIOS OF SIK TO ABC 
We might also proceed thus : 
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sin p = a sin P sin e', 
'sin ;>\ ^/sinP' 



,. j,(5|£).ai.(?^).u..', 

(an approximate value of j> heing used on the right-hand side 
of the equation) and we might then tabulate the values of 

( -t2— j and (— p- ) or of their logarithms, between the limiting 

values in the case of the moon* 

The following is the table which would be required. 



Are 


^a 


Are 


^(^) 


Are 


^(e) 


Are 
61' 


^(^) 


0-0000016 


31' 


0-0000058 


46' 


00000129 


0-0000228 


17 


18 


32 


62 


47 


135 


62 


235 


18 


20 


33 


66 


48 


141 


63 


243 


19 


22 


34 


70 


49 


147 


64 


251 


20 


24 


35 


74 


50 


153 


65 


259 


21 


26 


36 


78 


51 


159 


66 


267 


22 


29 


37 


83 


52 


165 


67 


276 


23 


32 


38 


88 


53 


171 


68 


284 


24 


85 


39 


93 


54 


178 


69 


292 


25 


38 


40 


98 


55 


185 


70 


0H)000301 


26 


41 


41 


103 


56 


192 






27 


44 


42 


108 


57 


199 






28 


47 


43 


113 


58 


206 


' 




29 


51 


44 


118 


59 


213 






30 


0-0000055 


45 


0-0000124 


60 


0-0000221 







The values of log ( — j are the reciprocals of log (-^) 

• /arc\ 

or are equal to 10 — log f -r- j , and it is therefore unnecessary 

to exhibit them in the table. It would be however convenient 
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in practice, for the sake of taking out readily from the Table'the 

values of i -r^ ) , to add as another argument the approxi- 
\sm^/ 

mate logarithm of the numher of seconds of ^* Arc,'* 
Or, we may proceed thus : 

generally, sin jp —p — ^ + &c. ; 

. siny_ / 
" p ^ 6 



3 2 



}i 



= Uqo&p nearly, 

and p^ajr ,. sm z , 

Vcosj? 

Thus, if P = 54', log cos P= 9-9999464 ; 



.-. log VcosP- 9-9999821, 

essentially the same value as the reciprocal of that taken from 
the Table for 

circ. measure of 54' 



log 



sin 54' 



16. In observing the moon's zenith-distance, it is of course 
necessary to observe that of the upper or lower limb, and the 
parallax must be calculated for the part of the limb observed. 
In this case, supposing a plane to be drawn through the Earth's 
radius for the place of observation, and through the centre of 
the moon, and in this plane tangents from the Earth's centre and 
from the plane of observation to be drawn to the section of the 
moon made by this plane, then the inclination of these two 
lines will represent the parallax which is to be applied ta the 
observed zenith-distance of the limb. This involves a correction 
to the horizontal parallax amounting at the maximum to about 
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a tenth of a second, bnt it is scarcely necessary to give the in« 
vestigation in this place. The reader may consult the Chreen- 
wick Observations for 1847, or subsequent volumes, for the inves- 
tigation of this minute correction, and for its tabulated amount. 

17. Thus far the parallax has been considered as a function 
of the true zenith-distance. If we consider it as a function of 
the geocentric zenith-distance, we must take the equation 

sin^ = a sin P sin {z +p). 
To expand^ in terms of sin«, sin'^, &c., 

put sm»= -=^ , 

g(z+p)Vrr_ g-(2+p>vCi 
sin(^+i>)= ^-^^=- ; 

,-. epV-i « gp-v:n = a* sin P {^^"-pr^^ - e-(*+'^^'^), 

or ^ap^'i - 1 = a sin P(e(2*+2p)v~i - g-^VTi), 

or c^p^^i (1 - a sin Pc^^~^) = 1 - a sin Pe-^^^S 

^^ 1-asinP^--^ 

or e* * = ■ 7= — . 

1 - a sin Pe^'^l 

* 

Hence, taking the logarithms, 
2p V=a = o sin P^^ + i o» 8in»Pe»»^» 

+ 5a'sin'Pe»'^^+&c. 

- a sin Pe-'^^ - i a* sin' Pc-^*^^ 

-^a'sin'Pe-»'^~»-&c. 

and ^ = a sin P sin s + - a sin*P sin 2« 

+ o a* sin'P sin 3i5 + &c., 
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or, expressed in seconds of space, 

p"sinr'^a»inPsin« + 5a*sin*Psm2« 



2 



+ o a' sin'P sin Zz + &c. 



To compnte the coefficients of the second and third terms of 
this expansion, take the mean value of P= 57' = 3420" ; 

then, Ar. co. log2 = 9*6989700 

Log a = 9-9991091 (for Oxford). 

Again = 9-9991091 

Log sin P= 8-2195811 

Again = 8-2195811 

Ar, CO, log sin 1" = 5-3144251 

Log 2nd coef- = 1-4507755 

2ndcoef.= 28"-23 



Again, Ar, co. log 3 = 9-5228787 

3 log a = 9-9973273 

3lbgsinP=4-6«7433 

Ar. CO. log sin 1" = 5-3144251 

Log 3rd coef. = 9-4933744 

3rd coef. = 0"-31 



^., p** ^ -T-2-77sin P sin « + 28"-23 sin 2z + 0"-31 sin Sz + &c. 

-^ sml 

(for the latitude of Oxford) 

= [5-3135342]. sinP sin« + 28"-23 sin 2z 

+ 0"-31sin3« + &c. 

= [9-9991091] X P' Pj^ sin « + 28"-23 sin 2z 

+ 0"-31 sin 3« + &c. 
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18. The preceding investigation has ^yen the expression 
for the parallax of the moon or a planet in zejoith-distancei 
without any regard to its position with respect to the meridian 
of the place of observation. In fact, the whole effect of parallax 
tal^es place in the direction 'of zenith-distance, that is, of a great 
circle 4rawn through the geocentric zenith of the place of obser- 
vation, and the object observed is depressed towards the horizon 
bj the amount of the parallax, or its observed zenith-distance 
is too great by that amount. If now the object be on the 
meridian, the direction of zenith-distance coinciding with that 
of polar-distance, the whole effect of parallax is in this latter 
direction, and the right ascensions of objects observed on the 
meridian are not at all affected by it. If on the contrary the 
object be not on the meridian (as is generally the case with 
objects such as comets and small planets observed with an 
equatorial) it will be necessary to shew how to calculate the 
effect of the parallax in right ascension (or hour-angle) and in 
N.P.D. This we shall proceed to do. 

19. To determine the effect of parallax on the Right Ascen- 
sion and North Polar Distance of an object observed at a distance 
Jrotn the meridian. 

Let Z' be the geocentric zenith of the place of observation 
(so that Z'P= colat. + angle of the vertical). 




P the pole of the heavens, • 

8 the geocentric place of a body depressed by parallax to 
S' in the vertical circle Z'8. 
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Then 88'='P«mZ'8 

A* 

(where P' = - x Horizontal Equatorial Parallax). 

Draw S'P^ jmd 8M perpendiculat to SP. 
Then parallax in hour-angle 
S3 — parallax in II.A. 

== an£cle SPS = — : — ^r t> iv 

88' sin 88' M 
"■ sin N.P.D. • 

JP'sinZ'Sfxsin^'/SfP , • * i a 

= 8mN.P.D, (very approximately) 

sinN.RD. 

__ P sin Z^P X sin hour-angle 
sin N.P.D. 

Again, parallax in N.P.D. = 8'M 
=^FamZ'8 cos Z'S'P 
= P' sin Z'S cos Z'8P veiy approximately. 

But, since in any spherical triangle whose angles are A^ B, C, 
and opposite sides a, &, c, by a well-known formula, 

sin c cos -4 = cos a sin J — cos (7 sin a cos i, 

we shall have 

F sin Z'fif cos Z'8P = F (cos Z'P sin 8P 

- cos ^'P5f sin Z'P cos /8P) 

= P (cos Z'P sin N.P.D. 

— cos hour-angle sin Z'P cos N.P.D.). 

If as usual, we put A for the N.P.D. ; 7 for the colatitude 
+ angle of the vertical ; h for the hour-angle (= sidereal time 
— E.A.), we shall have 

• n . -R A p. sin 7^ sin h 

parallax in ±t. A. =^'- Jr — • . — , 

in N.P.D. = P (cos 7' sin A — cos^ sin7 cos A). 
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The latter formula may easily be put in a shape fit for loga- 
rithmic calculation. 

Thus, if we compute the angle <f> from the equation, 

tan ^ = cos A cot A, 

the parallax in N.P.D. will be 

_ p, sin A cos (7' + ^) 
~ cos^ 

20. But, practically, the parallaxes in R. A. and N. P. D. 
can be found much more easily by means of appropriate tables 
in the following manner. 

Every thing else remaining as before, 
draw -Z^'Jkf perpendicular to SP. 

Then parallax in B. A. 

P'sinZ'/SfxsinZ'fifP 



BmSP 
P'sinZ'Jf 



(1) 




sin A 

and, parallax in N. P. D. 

= P'sinZ'>8f.cosZ'/SP 

= P' sin Z'S . tan 8M cot Z'S 

^P'coBZ'S.tsinSM 

= P' cos 8M. cos Z'Jf tan 8M 

= r BuxSM.coaZ'M 

== P' sin (A - PM) cos Z'M. (2) 

If then, for a given latitude, that is, for a given value oiZ'P 
or *y' there be constructed a table of the value of PM from the 
formula, cos A = tan Pif cot 7 and also of log AnZ'M and log 
cos Z'M from the formula, sin Z'M— sin A sin 7', for all values of 
the hour-angle at small intervals (for instance for every two 
minutes of the hour-angle expressed in time) the calculation of 
formulae (1) and (2) will become very simple and easy. 

This is the method pursued at Greenwich, 
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21. To find the valite of P^ or of the horizontal paralla±, in 
terms of the son's horizontal equatorial parallax at his mean 
distance from the earth. 

Let the smi's mean distance from the earth be taken for the 
tmit of distance, and let the planet's distance {D) be expressed 
Yh multiples or parts of this unit. Let also a(= 8"'90) be the sun's 
horizontal equatorial pasfallax. Then, since the horizontal paral- 
lax will vary inversely as the distance, (see page 181), the 

CL n 

planet's horizontal equatorial parallax will be -^j or P=-^- 

And therefore P' (= horizontal parallax for radius r of the 
terrestrial spheroid) = ^•— 



0m 

s= ^ .r, if »* is referred to a as the unit of 



distance^ 



22. To find the equatorial horizontal parallax of the moon. 

The mean distance of the earth from the moon is about 60 
tadii of the earth, or 240^000 . miles, and therefore the tangent of 

horizontal parallax is about ~ , or the parallax itself is about 

6?'. It is obvious then from purely geometrical considerations, 
that the parallax being of such a magnitude can be very accu- 
rately determiaed by meiuw of observation* of decimation made 
in two places lying nearly on the same meridian, the one in a high 
northern, and the other in a low southern latitude. Two obser- 
vatories both belonging to the British Government exist which 
are admirably adapted for such a determination, namely the 
Greenwich Observatory and that of the Cape of Good Hope, 
the former in North latitude 51®. 28' and the latter in South 
latitude 33^ 56', the longitude of the latter being only 1M3".55\ 
East of Greenwich. 

In fact the parallax of the moon was thus determined, as well 
as that of the planet Mars (the latter however imperfectly) about 
the middle of the last century by comparison of observations 
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made by La Caille at the Cape, with those made at several 
Siiropean observatories, including Greenwich. The late Profes- 
Bor Henderson made also a new determination of the parallax \yf 
observations made in the years 1832 and 1853^ for which the 
reader may consult the 10th volume of the Memoirs of the Boyal 
Astronomical Society. 

We will now explain the principle of this method of deter- 
mining the parallax by observations of meridian zenith-distanees 
made at two observatories thus situated^ 

In the first place we may remark, that the change of meridian 
zenith-distance or of polar-distance of the moon, in passing from 
the meridian of the Cape to that of Greenwich, can be accurately 
calculated by means of the table of her motions, and therefore 
we may determine the meridian zenith-distance at which the 
moon would be observed by an observer on the meridian of. 
Greenwich at a place which has the same latitude as the ob- 
servatory at the Cape; and we may thus practically consider 
the observatories to be on the same meridian. 

Let OA (y be an elliptic section of the earth's spheroid by 
this meridian ; and O the positions of the two observatories ; 




NOZi and Kffe the true verticals, and COZ* and C(yz' lines 
dra^m from the centre of the earth through and O towards 
the geocentric zeniths. « 
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Then If JIf be the position of the mooii on the meridian, we 
shall have MOZ=^ z and MOfz = «', the observed zenith-distances*. 
Join CM^ and let the actaal parallaxes at the time of observa- 
tion, namely the angles OMO and O'MOy be respectively p 
and p\ 

Then, denoting the angles of the vertical at and 0' by v 
and v'y and the horizontal equatorial parallax by P, we have 
(taking as the unit of length the earth's eqaatorial radius) 

sin^ ^ r sin P sin {z — v) 

and sinp' ^ / sin P sin («' — v') ; 

again, since « — v = z CM+ z OMG, 

ejiiz'-'v'=/.aCM+/.aMO; 

.'. z + z''-V''V^zOMO'+ zoca 

(where ^ and ^^ are the astronomical latitudes) 
or z + z' =/? +p + ^ + ^1, 

and p +y = 2 + «'— (^ + ^j), a known quantity, 

=3 a suppose. 
Hence we have sin p = r sin P sin (« — t?) , 
and sin (a —p) = r sin P sin («' — «'), 
sin (a — p) __ / sin {z — y' ) ^ 

or ; ■ — • ; 7 \' , 

sm p r sin (s? — v) 

sin a r sin («' — v\ 

or cos a = — . — ;— 7 i : 

tan p r sin (« — v) 

^ sin a 

or tan p = } i , } l 

^ r sm (« — t? ) 

cos a + — . -V— 7 f 

r sin \z — v) 

r sin a sin (« — v) 



r sin {z —v) + r cos a sin (2 — v) ' 

whence p is known, 

• 

and finally sin P^ — : — j^ — r- , from which equation 

•^ r sin (2? — v) ^ 

P is determined. 
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23. In this investigation we have assumed that the centre 
of the moon has been observed at the two observatories. This 
however is not the case, and the observation is always that of 
the upper or the lower limb (one limb only being in general fully 
illuminated when the moon is on the meridian). To deduce 
from the observed zenith-distance of the limb affected by paral- 
lax the zenith-distance of the centre similarly affected, it is 
necessary to apply the semidiameter corrected for parallax, and 
this introduces some rather complicated considerations into the 
problem. As there is however no real difficulty in the solution, 
it will be sufficient to refer the student to the complete investi- 
gation given in Brunnow's Sphdrischen Astronomte, page 373, 
as our limits will not allow many details. 

24. The method which has been applied to determine the 
moon's parallax is not generally applicable to the planets, be- 
cause of their much greater distance, and the consequent small- 
ness of the parallaxes. In the case of Mars however, it has 
been attempted to determine the parallax by observations of 
zenith-distance at different observations, by taking advantage of 
the fact that, owing to the excentricity of his orbit, he comes 
much nearer to us at some oppositions than at others, so near 
indeed that in some cases the horizontal parallax has amounted 
to as much as 22". 

For the purpose of giving greater efficiency to the use of this 
method, there is published in the Nautical Almanac, for each 
opposition of the planet, a list of stars situated so near his path 
as to be conveniently compared with him either by the use of 
meridian instruments or of an equatorial. 

The way in which the amount of parallax is deduced is 
sufficiently obvious. Thus, let z and z be as before the true 
meridian zenith-distances of the planet as affected with the 
parallaxes Pr sin z, and Pr' sin z (and let the observation made 
at one station be reduced to the meridian of the other station, 
by the motion in N.P.D. of the planet in its passage from the 
more easterly to the more westerly meridian); let also z^ and 
«/ be the true meridian zenith-distances of the star observed 
at the two stations, and 7 and 7' the co-latitudes of the stations 

M. A. 13 
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(the one referred to the North Pole and the other to the South 
Pole). 

Then the true geocentric N.P.D's of the planet will be 
yj^z- iV sin «, and 180^ - (7 + a' - Pr' sin z') and the N.P.D's 
of the stars will be 

7 + «j and 180^- (7 +<)> 

and therefore the difference of N.P,D. of the planet and star, will 
be at the first station (the Cape for example) « — is^ — iV sin », 
and at the second 

0/-«' + iV'sin«'; 

and these must manifestly be equal. 

Hence P= — : — , . \ . 

r sin a + r sin z 

The advantage of this method is that it requires only the 
difference of meridian zenith-distances or polar-distances of the 
star and planet, and therefore there will in all cases be got rid 
of the greater part of the uncertainty of ill-determined refrac- 
tion, since only the difference of refraction for the star and planet 
comes into play. We may also apply the same method and 
avail ourselves of extra-meridional observations, since an equa- 
torial (which is in general not to be trusted for giving accurate 
values of absolute right ascension and declination), will give the 
differences of those quantities for neighbouring objects very 
accurately. 

If however the equatorial be used, and therefore, the observa- 
tion be not made at the meridian passage, the formulas just 
given will require a little modification. 

Thus, let, at the two stations, A and A' be the observed 
N.P.D's of the planet corrected for refraction (page 134), at the 
Greenwich mean solar times t and t^; m the hourly motion in 
seconds of space of the planet in N.P.D., Prf{A) and iVy|[A') 
the parallaxes applicable to observed N.P.D's. 

Then, reducing all to the time ^, the geocentric N.P.D's 
will be 

A - PrM), and A' + iV'y(A') - ^* x m, 
t' ^i being expressed in seconds of time. 
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Again, let the observed N.P.D's of the star be \ and A^', 

.-. difference of geocentric KP.D's of planet and star at 
Greenwich 

and, at the Cape of Good Hope, 
and these must be equal, 

^^-A^-(^-A)^l^^. 

wherey|;A) andy(A') can be calculated by the formulse on page 
189. 

25. Observations of right ascension of Mars when nearest 
to us, made with a good equatorial at only one station, at con- 
siderable distances East and West of the meridian, may also be 
made available for determining the parallax. 

Thus, referring to the figure on page 187, it will be seen 
that, as the planet is depressed by parallax in the vertical circle 
from 8 to 8\ the hour-angle (whether East or West) is increased 

by the angle SP8\ or by its equivalent ^^«^y^7^sinA ^^^^^ ^ 

sm A 
is the hour-angle. 

Let then A be the eastern and h' the western hour-angle 
expressed in time, corresponding to the true values a and a', 
A and A' of E.A. and N.P.D., and to sidereal times t and t' ; 
and let a^ and a/ be in time the observed values of E.A., or 
values resulting from observation, corrected for refraction only. 

Then is ffj = « + A, and cr/ = ^' - A', 

15 sm A ' 



^' *' I' . iV sin 7 sin A' 
^ 15sinA' ' 



13—2 
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if therefore m = motion in R. A. (in time) of the planet in the 
interval t' — f , 

/ 4 /T.' . 7.\ j^ iVsiny /sin Ji , sin h\ 

15 \smA smA/ 

and therefore P= . - i/ ^ iJ ' 

/8m A sm A \ 

r sm 7 -; — T-, + -: — T 1 
' V^m A sm A/ 

If we neglect the planet's motion in N.P.D. in the time i — <, 
which will generally be small, A' = A ; 

p_ 15{y4->^-(^'-0+w}sinA 
~ r sin y (sin h' + sin A) 

_15 (A' + A- (^'~0 + w|8inA 

"■2'^ . A' + A F^TT" 
r sm 7 sin — -— cos — - — 
^ 2 2 

26. At the last opposition of Mars in 1862, great pains 
were taken to secure good co-operation of different observatories 
for the deduction of the parallax of the planet and therefore of 
the Sun*s parallax, and pamphlets were circulated containing 
specific recommendations for conducting the observations, and 
maps in which were laid down the positions of all the stars 
lying very near the track of Mars. 

The observations which were made at various northern and 
southern observatories, in compliance with the recommendations, 
have not all been given to the public, but comparisons have 
been made between the results of observations of two northern 
and two southern observatories, which agree in shewing that the 
received value of the solar parallax, as deduced from the Transit 
of Venus in 1769, namely 8"-57, must be considerably increased. 
In the Astronomtsche Nachrtchten^ No. 1409, for example, 
M. Winnecke, one of the astronomers of the Russian observatory 
at Pulkowa, gives the results of thirteen observations of decli- 
nation of Mars made at that observatory, compared with those 
made at the observatory of Santiago de Chili, by M. Moesta, 
and finds that the resulting solar parallax is 8"'964. Also in 
the Monthly Notices of the Royal Astronomical Society, is a 
paper by Mr Stone, first assistant of the Royal Observatory at 
Greenwich, in which he gives the results of comparison between 
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twenty-two observations of declination of Mars and comparison- 
stars made at Greenwich and at Williamstown, Victoria, in 
Australia ; and the resulting solar parallax is in this case 8''*932« 

The mean of these two results, which are*so nearly identical, 
would therefore deserve considerable weight, even if it was not 
supported by other considerations which render the essential 
correctness of it indisputable, and a brief account of these oth^ 
considerations becomes absolutely necessary. 

M. Le Verrier, the celebrated French astronomer, has re- 
cently made a redetermination of the orbits of Mercury, Venus, 
and Mars, and found that it was impossible to represent the 
motions of the perihelia of Mercury and Mars, and of the nodes 
of Venus, so as to make them agree with observation (assuming 
the received value of the solar parallax), without an inadmissible 
increase of the values of the planetary masses. In his discus- 
sion of his results given in a paper in the Comptes Bendus of 
Jan. 6. 1862, he states that an increase of the mass of the earth 
by about one-tenth part would get rid of nearly all the dis- 
crepancies between theory and observation, but he observes that 
there is a difficulty in the way of this alteration, because this 
would disturb the relation which exists between the force of 
gravity at the surface of the earth, the mass of the earth, and 
the solar parallax, unless the solar parallax were itself increased 
by about one-thirtieth part. In the face of this difficulty he was 
inclined rather to believe that the disturbing influence arises 
from a ring of small planets as yet undiscovered. 

In the meanwhile M. Foucault was engaged in endeavouring 
to determine by experiment the actual velocity of light by means 
of an apparatus consisting of a series of reflecting mirrors, one of 
which was made to revolve uniformly with a very great velocity, 
and the conclusion at which he arrived was that the velocity of 
light was considerably less than its received value as deduced 
originally from the eclipses of Jupiter's satellites. His experi- 
ments were repeated again and again with so much care that no 
reasonable doubt could be entertained about its correctness. 

Now the constant of aberration has been determined (as has 
been seen) by considerations quite independent of the velocity of 
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light, that IB, by the observed apparent displacement of the 
stars, and, assuming Strave's value, or 20"'445, this gives us 
immediately the following equation, 

velocity of the earth ^ ^0.445 x sin 1". 
velocity 01 light 

Hence if it be found necessary to diminish the velocity of 
light, that of the earth must be diminished in the same propor- 
tion, but, in any case, if the velocity of light be known, the 
velocity of the earth is given by the preceding equation. 

Now the velocity of the earth depends on the dimensions of 
the solar orbits or on the solar parallax, and may be expressed 
by the following equation, 

v = -jr, 

where a = radius of earth's orbit supposed circular, 

t? = its velocity, or space described in a second of time, 
and r= the time of revolution, or length of a sidereal year, 

« 

which is accurately known from observation. 

Hence if v be diminished, a or the mean distance of the 

earth from the Sun will be diminished in the same proportion, 

earth s radius 
and therefore the solar parallax, which is equal to , 

will be increased. 

M. Foucault thus found that it would be necessary to in- 
crease the Sun's parallax by about one-thirtieth part, and his 
deduced value was actually 8"*86. 

Now M. Le Verrier, in his planetary researches had been led 
to assume 8"*93, as giving the best agreement between theory 
and observation, and we have seen that two independent results 
derived from observations of Mars give 8"'95. 

There can therefore be little doubt of the essential correctness 
of this value, or of the incorrectness of that which has been 
assumed up to the present time as deduced from the Transit of 
Venus across the Sun's disk, namely, 8"'57. It will be desirable 
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in this place to explain the principle of finding the parallax \>j 
this latter method. 

27. Both the inferior planets, Mercury and Venus, in 
arriving at inferior conjunction (that is, in passing in their orbits 
between the Sun and the earth), occasionally appear to transit 
the disk of the Sun. When this phenomenon occurs for Venus 
it affords very good means for determining the solar parallax, and, 
at the last two transits, which occurred in 1761 and 1769, expedi- 
tions to several northern and southern stations were fitted out 
by the British and other Governments for ensuring observa- 
tions best adapted for the determination of the parallax. 

The problem taken in all its generality is a complicated one, 
and may be referred to the Chapter which treats of the motions 
of the planets, but the general explanation presents no diflSculty. 




It is presumed that the student has sufficient elementary 
knowledge of the motions of the planets to be aware that 
they move all in the same direction, in nearly circular orbits 
round the Sun, in planes inclined at different small angles to 
the plane of the earth's motion, and with greater velocities in 
proportion as they are nearer to the Sun. If then it should 
happen that, when Venus is passing between the earth and the 
Sun, she should be very near the ecliptic, or very nearly in a 
direct line with the Sun as seen from the earth, she would 
appear projected upon the disk of the Sun. Let then E and V 
be simultaneous positions of the Earth and Venus, moving in 
their orbits in the directions Ee and Vv (which are in different 
planes), and imagine two observers, one stationed near the north 
pole of the earth and the other near the south pole. Then, if 
lines be drawn from those stations through F, they will meet 
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the Sun's disk at points EF^ and therefore for this instant the 
observers will see Venus projected on the Sun at those points. 
Thus the planet will appear to describe upon the Sun's disk the 
very nearly straight lines or chords AB^ CD, and, if we could 
by any means measure the angular lengths of these chords, we 
should plainly (knowing the value of the angular diameter of 
the Sun) be able to calculate the angular value of EF, that is, 
the distance between the chords. 

Now the simplest observation by which this can be effected 
is that of the times of apparent ingress and egress of the planet 
on the Sun's disk, since by this means, we shall know the time 
occupied by the planet in traversing the chords, and the angular 
velocities being known from the tables of the motion of Venus, 
the angular spaces described, namely, AB and CD, will be 
known. 

Again, by the laws of planetary motion, the ratio of the dis- 
tances of Venus and the Earth from the Sim is known by their 
periods of revolution, that is, EF : VF :: 95 : , 68 nearly, and 
therefore, VF : EV :: 68 : 27, or as 2 J : 1 nearly, and there- 
fore EF as measured on the Sun's disk will be 2^ times the 
distance between the stations on the earth's surface ; and, if we 
assume that the distance between the stations is equal to the 
earth's diameter or to twice the earth's radius, then is the 
angular measure of EF equal to five times the Sun's parallax, 
and the latter quantity may therefore be determined. 

The sketch given above is exceedingly imperfect, and parti- 
cularly in this respect that it does not take into account the 
rotation of the earth during the progress of the transit of the 
planet across the disk, but it is perhaps sufficient to shew the 
principle of the method, which will be given in detail in a 
following Chapter, 



CHAPTER VII. 



ON PRECESSION AND NUTATION. 



On the corrections to he applied to a star a place, on account of 
the motions of the Equator and Ecliptic, 

1. Hitherto, the planes of the equator and ecliptic, and 
consequently the position of the first point of Aries, have been 
regarded as fixed, and this is approximately true. But, since the 
!Earth is not a sphere, the attractions of the Sun and Moon do 
not in general act through its centre, and the axis of the Earth 
does not retain a fixed direction in space. Since the ellipticity 
of the Earth is small, the motion of the axis, being due to the 
ellipticity, is also small. When this motion is investigated, it 
is found that the mean motion of the pole of the equator is in a 
small circle about the pole of the ecliptic, whose angular radius 
is about 23®. 28'; that is, the distance between the poles will be 
sometimes greater and sometimes less, than that quantity, — ac- 
cording to the positions of the Sun and Moon, and of the node 
of the Moon's orbit : also the motion in this circle is not quite 
uniform, the pole being sometimes before, sometimes behind its 
mean place, but the distance of the pole, from its mean place, is 
always small. 

The mean motion of the pole is called * Precession,' and the 
deviation from the mean place is considered as a correction to be 
applied to the Precession, and is called * Nutation.' 

The efiect of the Precessional motion of the Earth's pole 
will be, that the First Point of Aries will move uniformly in 
the ecliptic (in the contrary direction to the Sun's motion), 
while the obliquity of the ecliptic will remain unchanged. 
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The fonxmls which express this motion of the pole have 
been investigated by Rigid Dynamics, and its amount has been 
computed numericallj. 



2. It is evident from the explanation given above that 
the latitudes of the stars are unaltered by the motion of the 
equator, while the longitudes, as measured from the First Point 
of Aries, are all changed bj the same amount ; and that the 
motion of the equator is completely determined when we know 
for a given time the true value of the obliquity of the ecliptic, 
and the quantity by which the longitudes of the stars are altered. 

Now, from the investigations of Physical Astronomy, it is 
found that, if 0, J, and fi be the longitudes of the Sun, Moon, 
and ascending node of the Moon's orbit at the time (in years) 
1750 + ty then the increase of true longitude of a star for the 
latter epoch, over its m^n longitude for 1750, will be repre- 
sented by the following expression, 

50"-37572« - 0"-000121795^ 

- 16"-78332 sin ft + 0"-20209 sin 2ft 

- l"-33589 sin 20 - 0"-20128 sin 2)), 

while the true value of the obliquity of the ecliptic, for 1750 + ^, 
is 

23'.28M8"-0 + 8"-97707 cos ft - 0"-08773 cos 2ft 

+ 0"-57990 cos 20 + 0"-08738 cos 2 J, 
using BesseVs constants. 

The terms which are non-periodical functions of the time are 
considered under the head Precession ; and the periodical under 
Nutation: thus, there is no precession in obliquity, and the 
precession in longitude varies (nearly) as the time. 

3. As yet, we have considered the motion of the equator 
only ; but, on account of the mutual actions of the planets, the 
ecliptic or plane of the earth's orbit is not fixed, although its 
motion is veiy small. 
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By a motion of the ecliptic on the equator, it is evident 
that the B.A's of all stars will be altered by the same amount, 
while their N.P.D's are unchanged. 

The formulae which express this eflFect of the motion of the 
ecliptic in the interval from 1750 to 1750 + 1 are, 

1st, a diminution a of E.A. of all stars, whose value is 

a = 0"-17926« - 0"-0002660394^. 

And 2ndly, a change in the obliquity of the ecliptic, 
= - 0"-48368< - 0"00000272S0^. 

The motions in these formulae arise from the secular variation 
of ike inclination, and longitude of the node of the Earth's orbit, 
considered with reference to a plane absolutely fixed, due to the 
action of the planets ; they are in reality periodic quantities, but 
their periods are immense, so that for the ordinary purposes of 
Astronomy, for even moderately large intervals of time, we 
may consider the R.A's to be continually increasing, and the 
obliquity continually diminishing according to the formulae 
given above. 

This motion of the ecliptic is called * Planetary Precession;' 
that due to the action of the Sun and Moon on the spheroidal 
Earth being distinguished as ' Lunisolar Precession.' 

4. The Lunisolar Precession, as given in Art. (2), was cal- 
culated on the supposition of the ecliptic being fi:^ed; if the 
motion of the ecliptic be taken into account, there will be found 
to be a small precessional change of the inclination of the equa- 
tor to the fixed ecliptic of 1750, so that at time 1750 + ^ — cor- 
recting for precession only — the equator will be inclined to this 
fixed ecliptic at the angle 

©, = 23'. 28'. 18"-0 + 0"00000984233^. 

We will now proceed to apply the above results of theory 
to determine the corrections to be applied to the place of a star 
due to the motion of its planes of reference. And we will first 
consider 
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Precession. 

5. On inspection of the above formulae, it is seen, that by 
far the most considerable part of precession consists in a imiform 
motion of the Earth's pole about the pole of the ecliptic in a 
circle : and that we may very approximately consider the ecliptic 
as fixed. 

Thus the latitudes of stars are unaltered, but the longitudes 
have a yearly increase of about 50"*2 by the combined effect 
of the Lunisolar and Planetary Precession (called the General 
Precession) ; and we may hence deduce expressions for the 
precession in R.A. and N.P.D. 

6. Let TT, P be the pole of the ecliptic and equator, at a 
given epoch : 8 any given star of which the K. A. = a, decli- 




nation = 8, longitude = Z, and latitude = X : also let obliquity of 
ecliptic s= 0) : then, in triangle ttP/S, 

7rP==a); PSf = 90'-S; ^ ttP/S = 90' + a, 

Since P moves in a circle about tt, ttP is unaltered ; and 
from triangle trPS 

sin S* sin \ cos 6) + cos \ sin© sin?; 

therefore differentiating, — since \ and od are unchanged, 

dB cos 8 = cos \ sin ct) cos I . dt. 

cos I sin P cos a 



And, 



cos S cos \ cos \ ' 
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.*. dZ s cos a sin 0) • dl^ 

or, since -^ = 50"*2 nearly, 

di do dl ^^„ ^ 

which give the rate of change of declination of the star. 

Again, 

sin \ = cos E8 

= sin B cos (0 — cos 8 sin a> sin a, 

therefore differentiating, and remembering that \ and w are un- 
altered, we have 

doL 
cos 8 sin (0 cos ^ j^ = cos 8 cos a> + sin S sin co sin a ; 

^ = 50 '2 cos a sin ©, 

da 
cos S ^ = 50"'2 (cos S cos © + sin 8 sin © sin a) ; 

doL • • ■ 

--J- = 60"'2 (cos 0) + sin 0) sin a tan S) , 



or, smce 



or 



7. The preceding article considers only the principal terms 
in precession. We proceed to the more accurate investigation. 

Let AA^y EEq be the equator and ecliptic for the year 1750: 
and A'A'\ EE their positions for the year 1750 + i (of course 
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neglecting nutation) : then, BD, on the fixed ecliptic EE^ is the 
lunisolar precession in t years; let it =^j. 

Then, from Art. (2), 

^j= + 50"-37572« - 0"-000121795^. 

And BGj being the motion of the ecliptic on the equator 
A A" considered fixed, ^ a, where a is the planetary precession 
in t years ; and is equal to 0"-17926« - 0"-0002660394^. 

Also BCE = inclination of the trtie ecliptic to the equator, 

= 23*. 28'. 18"-0 - 0"-48368< - 0"0000027230<» = ®, say. 
And, ABE (=» o^) = incUAation of the j^fojerf ecliptic 
= 23'. 28'. 18"-0 + 0"'00000984233«», 
thus o> — a>0 is small. 

On EE', take ED'^ED) and let Giy ^p\ p is called the 
'General Precession:' also p^—p^BD— CZ/, and is evidently 
very small. 

Let ir=^ A EJEE* : and 11 = longitude of the ascending node 
of the true on the fixed ecliptic, = 180** — DE^ E being the 
descending node ; 

.-. EB = 180' « n -^, ; 
and, EC^Eiy-^GD'^ED^ CD' 

= 180' - n "-p. 

Now in the triangle EBO, BC=a; z.G^c9; and zB 
= 180' — ©o; which are all known: and hence the remaining 
parts of the triangle, and therefore 11, tr, p^ are known. 

8. The calculation of 11, tr, and p is effected by Napier's 
Analogies, remembering that a> — co^, p^ —p and tt are very 
small. Thus, the equations to determine the required quantities 

are 

p.'-p ft) — 6)« ^ a © + «!)« 

tan -^ — — cos =s tan - cos '' , 



tan ^ sin fn +^U sin^V? tan 
2 V 2 / 2 



6) +», 
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tan |co8 (n+^) == coB^Y^tan^*, 

Hence, since ^-2~^-«o+'^ 2"^*' *^® ^®* equation gives, 
neglecting (© — »<,)*, 

»j —^ = a cos fi)^, — - a (ft) — ©J sin ©^ sin 1" (a). 

Again, dividing the second equation by the third, and using 
the fijnst, 

2 

whence, tan fn+24^1=^^^« + iacos6>,sinl" (J). 

'\ 2/0) — ci)^ 2 ** ^ 

Liastlj, adding the squares of the second and third, 

2 \ 2 2 2/ 2* 

whence, very approximately, 

^= (i>i -P)*tan* (a), + ^^) + (ft) - e)J« 

= (i>i -i>)" tan* «o f 1 + . """"^^ sin 1") + (ft) - o)J« 
\^i ri 0^ Sin ft). COS o)^ / ^ ^ 



= (i>i -i>)' ten' o)^ + a* tan g),, (ft) - oij sin 1" + (o) - ft)^)', by (a) 

= a* sin' fl)^ - a* (o) — g) J sin w^ cos o,, tan* w^ sin 1" 

+ a* tan (o^ (ft) — oj^^ sin 1" + (ft) — fl)^,)* 

a=a*sin'a)jj + a*sinft)^co8ft)o (fi)--ft)o) sinl" + (ft) — 0)^)* (c). 

If we put in (a), (J), (c), the known values of o, a),^, o) — a)<^ 
p^, they give for^, 11, and ir the following values, 

p = 50"-21129< + 0"-0001221483<', 

n==17r.36M0"-5"-21f, 

tr = 0"-48892f - 0" -00000307 19<", 
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where it is to be remembered that 

2)jE:=180'-n, and EC=\^(f -ll-p. 

9. Let F be the ascending node : 8 a star ; 8Lj 8L' per- 




pendicular to the fixed, and true ecliptic; and the points (7, D, 
&c. as in the last figure. 

Then, 

DF=1[1', CF=n+i>. 

We can now easily find for any given interval of time t, the 
precession of 8 in latitude and longitude. 

Let, at the beginning of the interval, i/, A be the longitude 
and latitude referred to the fixed ecliptic : and i, \ to the true ; 
then, since D and G are the positions of the fixed and true First 
Point of Aries, 

and FL^DL'-DF^L'-Xl, 

fiho8L^A; 8r=^\. 

Hence, if we take two systems of rectangular axes, one set 
being in and perpendicular to the plane FDF, and the other in 
and perpendicular to plane ECF^ and if one of the axes of each 
system be at F; the co-ordinates of 8 referred to them are 

cos A cos (i - 11) ] rcos \ cos (Z — 11 — jp) 

cos A sin (Z — n) > and <cos\sin (Z — II — j?) 
sin A ] I sin\. 
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Thus, transforming from the second system to the first, we 
have, as in Chap. III., page 89, putting, for conyenience, x fojr 
i-n, and y for Z— II — j?, 

cos X cos ^ = cos A cos a;, 

cosXsiny = cos A sin a; cos TT + sin AsinTT^ (A). 

sin X = — cos A sin a; sin tr + sin A cos ir 

Now, in an interval of t years, if < be not very large, the 

precession in latitude and longitude will be >^ ^, -jt^ and dif- 
ferentiating the first two equations above, we have, since L 
and A are constants, 

sin X cos ^^X + cos X sin ^ Jy = cos A sin i^cZir, 
and sinX sinydk — cos Xcos^dfy = — cos Acosa; cos irdx — mikiir. 

Eliminate dk^ and for dx write — dll ; 
/. cos Xrfy= sin XcosydTT— cos A (sina; siny + cos x cosy cos tt) rfll. 

And, fi-om the last two equations of (A), 

cos A sina; = cos Xsiny cos tt — sin X sin ir ; 
also cosAcosa;=cosXcosy; 

.'. (sin a? sin y + cos x cos y cos tt) cos A 
= cos X cos TT — sin X sin tr sin y , 

whence, eliminating A firom the expression for cZy, 

rfy=tanXcosyrf7r— (cosTT— sin9rtanXsiny)€?n (a), 

or, since ir is very small, 

rfy=tanXco8y,£?ir— (1 — tt tan X . sin y ) cZII, 
that is, rf(Z--p) =tanXcosy .dW + TrtanXsinyjn, 

or, since. ir = ;^ • ^> nearly, 

-A^ = tanX.-^.cos(y-f-^j W' 

M. A. 14 
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Again, firom the last equation in (A), we have, — ^nsing the 2nd 
to get rid of A, 

cos X . rfX = — cos A cos a? sin TT . da; — cos X sin y • dir ; 

/. rfX=^— cosy sin tr.db — siny.dTT (/3) 

== — trcosy .da; — siny.dir, nearly; 

dX dn . dir 

dir . / dn 



=-^am 



(^-'f) «• 



From (1) and (2), since y (= Z— 11 —p) is known in tenns of 
ty and -^j -J- are known, we get the rate of change of longi- 
tude and latitude, through precession, in time U 

10. To find the precession in right ascension and declina- 
tion, we use two sets of axes, one in and at right angles to the 
ecliptic for 1750, EE^j and the other in and at right angles to 
the equator for 1750 + ^, AA'y the point B corresponding to 
an axis in both systems. 

Since BD—p^, and D is the true equinox for 1750, the 
longitude of a star, reckoned from B on EE^ = L+p^, £ being 
the true longitude for 1750; so C being the true equinox for 
1750 + tf the R.A. reckoned from J? = a + a. 

Thus the co-ordinates of the star referred to EBE^ and 
A'BA" are, 

cos A cos {L +pj 1 f cos S . cos (a + a) 

cos A sin {L +p^) > and < cos S . sin (a + a) 

sin A J I sinS, 
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also, angle at ^= o)^: whence, putting x for L +j>^y and y for 
a + a, we get, 

cos8cos^ = cosAcosa; \ 

cosSsiny = co8 A8ina;cosa>o — sinABUKo^l (B), 

sin S = cos A sin xaiaa>^-\- sin A cos a>J 

which are identical in form with (A), if we put in (A) 5 for X, 
and — (0^ for ir; we thus get, by repeating the process of article 
(9), i.e. hj differentiating, and eliminating A, instead of equa- 
tions (a) and (/3}, the equations 

rf (a + a) = — tan B cos (a + a) cUa^ 

+ {cos 0)^+ sin (o^tan S sin (a + a)] dp^j 

and d!S = co8(a + a) sinco0^^ + 8in(a + a)^c»^; 

1 uOL dd . • M • \ dp^ 

thus ^= — -7- + (cos<»^+sma)^,tan5sina) -^ 

+ [ a sin ®^ -^ -- -^ j tan S cos a, approximately, 



and 3" = cos a sm 
at 



dp^ [ . rfo, dto\ . 



Here a is the circular measure of a very small angle which 
is expressed in seconds in Art. (7)*; hence a will be a very small 

fraction; and -^^ p^, 69„ are given in the same article, from 
which it is seen that -^ is very small, and -^ not large. Thus 

the coefficient a sin o>^ -^ — -^ is very small, and its numerical 

value is easily found to be — 0" • 0000022472^ : we may therefore 
safely reject it. 

Thus -j- = m-\- n tan S sin a, 

cU 



dS 

-T- = n cos a, 



14—2 
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where »>" — ^r+coswa -^. 

at ^ at 

and n ■= sin m^ -^ , 

da dn 

and, patting for «^, ^, -^ their values, we find 

m = 46"'02824 + 0"'0003086450 «, 
n = 20"-06442 - 0"-0000970204 1. 



11. We will now shew how these formalaa are applied to . 
calculate the precession of a star in any interval. 

It is easily seen that we shall get a very accurate result by 

da. d?i 

supposing -J- , -^ constant during the interval and equal to their 

value corresponding to the middle of the interval. For putting 
the interval = 2t ; and f{t) for the change in a or S during time 
t from the middle of the interval: we have, by Stirling's 
theorem, 

/(t)=/(0)+t/(0)+j^/"(O) + 



/(-t)=/(0)-t/,(0) + 3^/"(0)- 

.../(r)-/(_T)=2T/'(0), 

to the 2nd order in t : and /' (0) is the rate of precession at the 
middle of the interval. Of course the same applies to the preces- 
sion in I or X. 

The following method is also very usefril in certain cases 
where greater accuracy is required. 

^^ Pt9 P»i P»^ *^® annual precessions for a star not very 
near the pole, in K.A. or N.P.D. for equidistant epochs, ^i, «,, <,; 
and let the whole interval of time from t^ to ^3 be equal to Tor to 
2t. Then, if P be the whole precessional motion for the inter- 
vaU,-e, or T, 



dp 

dT 
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integrating from r= to r= 2t, we get 



and ^,.=^,.+ (^W-H|(giW (.). 



and similarly, i>,T=^.T + 2 (^^) f'+a (j||)j* (3) ; 

therefore bj eliminating, between the equations (1), (2), and (3) 
the differential coefficients f^j and ( j^j > we get 

P=i(;>. + 4;>, + p^x2T 

=-g(i'i+^p.+i'.)- 

Example. In Bessel's Fundamenta, we find for a Aquilse 
at the epoch 1755, R.A. = 294'. 42'. 24"- 

= 19*'.38".49-60, 



fl 



« 



also », for 1755 =43-410 =2-8941 , . ■„ , , 

^. ... 1800=43-399 = 2-893 '",^r"S to Peters value 

^* ot the precession ; 

j[?3 . . . 1845 = 43-385 = 2-892 I ^ ' 

/. P=!rx 2-893, where, r=90, 

and KA. for 1845 = 19^. 38™. 49'- 60 + 4°^. 20'- 37 

= 19^. 43™. 9*- 97. 

Now from the Greenwich Observations for 1845, we find that 
the observed RA. was 19^. 43™. 13"- 10. 

Hence the proper motion of the star in E. A. for 90 jears is 
+ 3*' 13 ; and the annual proper motion is + O"' 035. 
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We now proceed to 

Nutation, 

12. It Is clear from what has been said of Nutation that, 
if we refer a star to the mean ecliptic and equator at time t^ 
(i. e. to the positions of those planes as determined by pre- 
cession), the nutation in the position of the star will be the 
error which the deviation of the true plane of the equator from 
its mean position causes in the calculated place of the star. 

The ecliptic has no nutation, the periodic terms in the ex- 
pressions for its motion as disturbed by the planets being incon- 
siderable : so that the motion may be considered entirely secular 
or non-periodic: and thus, nutation does not affect a star's 
latitude. 

The nutational motion of the equator is given by \kei periodic 
terms in Art. (2) ; i. e. by a change AZ in the longitude of all 
stars, and a change A© in the obliquity of the ecliptic, where 
AZ, Aa> contain only periodic terms. 

13. To find the nutation in right ascension and declination, 
i. e. to find the change of place of a star in K.A. and N.P.D., due 
to the deviation of the true equator from its mean place A' A' — 
fig. Art. (7), — we may pursue the same method as that by 
which we obtained the precession. The only difference is that 
in the case of precession we referred the star to iAiQ fixed ecliptic 
EE^i and in nutation, we refer it to the mean ecliptic EE'. 
From the figure it is easily seen that this is the same as putting 
in the formulaa of Art. (10), a for a + a, Z for L +/?i, \ for A, 
and tt> for to^ : S being unchanged. 

The formulas so modified are 

cos S cos a = cos \ cos Z, 

cos S sin a = cos X sin Z cos tt> — sin X sin o), 
sin S = cos X sin Z sin 0) + sin X cos a>, 

and are of course easily obtained independently by repeating 
the process of Art. (10), the planes of reference being EE\ 

A'A'\ 
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Thus, if Aa, AS be the nutations in a and S: 

Aa = (cos 0) + sin a> tan 8 sin a) A2 — cos a tan i Ao), 
AS = cos a sin ct) AZ + sin a Ao). 

And cos 6), sin co being multiplied by the small quantities 
A?, Aft), there will be no appreciable error, if we put for <» its 
value for the beginning of the year 1800, or 23®. 27'. 54": 
substituting then for A2, Aa> their values, Aa and AS can be 
found. 

14. If we wish to retain second or higher powers of AZ, A», 
we must use Taylor's Theorem, Thus 

where, by the formulse of Art. (13), 

-^ = COS 0) + sm 0) tan o sm a, 

— - = — cos a tan S, 

whence -7=-, , &c. may be found, and thence Aa ; similarly, we 
can find AS. 

15. If the principal terms only in AZ, Aw be retained, viz. 
the terms in sin XI, cos fl, the motion of the true pole is in an 
ellipse described about the mean place. 
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For, let P, ^ be the mean and true pole at time ty i. e. P the 
place of the pole as determined by applying precession, and 
p its place after again correcting for natation : pq^ perpendicular 
to EP produced ; let Pi — x,pq^y\ 

then x^Eq-EP 

^Ep- EP nearly, 

as A6>; 
also y = sin J^ X ^pEq, 

= sin CD . A7, nearly. 

And /. x = a cos il, 
. y = & sin n, 

where a and b are known constants ; 

hence -5 + 75 = 1, 
a 

and thus the motion of p is in an ellipse about P, whose major- 
axis points to E. 

16. We have now shewn how, supposing the motion of 
the equator on the ecliptic, or Limisolar Precession and Nuta- 
tion, and the motion of the ecliptic on the equator or Planetary 
Precession, to be known, we can, from the latitude and longitude, 
or right-ascension and declination^ at any assumed time, deduce 
the same for any future time. Conversely, if we obtain by 
observation the right-ascension and declination of a star at two 
epochs, separated by a considerable interval, we can, from the dif- 
ference between these observed values, obtain equations to deter- 
mine m and n. It is found that all stars do not give the same 
values : this shews that the changes of place of some stars are 
not wholly due to the motions of the planes of reference, but 
that part of the change must be due to some proper motion (as 
it is called), either of the solar system, or of the stars them- 
selves, or of both. 

If, however, we determine m and n by a large number of 
stars, it is probable that in the mean of the values thus found. 
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the proper motion will be eliminated or nearly so ; those which 
increase m or n being on the whole counterbalanced by those 
which diminish them. And, the positions of stars being calcu- 
lated by these mean values, the errors in their positions (if too 
large to be considered as errors of observation) may be assumed 
as due to proper motion. It is in this way that the proper 
motions of stars are determined. (See page 213.) 

17. The corrections for refraction, aberration, precession, 
and nutation, enable us to deduce from the observed place of 
a star at any given epoch, the place in which it would be 
observed at any subsequent time. 

The observed place of a star cleared of refraction gives the 
R.A. and N.P.D. referred to the equator and First Point of 
Aries at the time of observation, affected with the error of 
aberration. 

Correcting for aberration we get the place of the star re- 
ferred to the true equinox and equator corresponding to the 
time of observation. Next, correcting for nutation, we get the 
mean place, i.e. the place referred to the mean equator and 
mean equinox of the time of observation. 

If then the place be wanted at an interval t from the time 
of observation, we apply the precession for the time t to the 
mean place of the star found as above : we thus have the mean 
place at the time t; whence the. apparent place is found by 
correcting for nutation ; then, applying aberration, we have the 
place in which the star would be observed, allowance being 
made for refraction. 

18. We proceed to shew how, by means of tables, the 
labour of calculating the corrections is abbreviated, and the 
corrections applied to any number of stars with great facility : 
and we will first consider precession and nutation. 

Let a^, S^ be the mean B.A. and declination of a star at the 
year 1750 ; a, S the apparent R.A. and declination at the epoch 
1750 + ^ (neglecting aberration), 

then a- a, = precession for interval t 
+ nutation at time 1750 + ^ 
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Now in the formulaB for precession a and S stand for the 
mean B.A. and declination at time t\ but the error introduced 
bj considering them to be the apparent B.A. and declination 
is inconsiderable; thus &om Arts. (10) and (13), 

a--a^^ (w»+wtanS sin a) t-\r (cos © -h sin © tan S sin a) AZ 

— cos a tan Z Am, 
where 

m + ntanS sina = — -jT+(cosft),, + sin6)^ tanS sin a) -?i, 
in which for <o^ we may put a> without sensible error ; thus 
a— a^=(m+ntanS8ina)^+fm+ntanSsina+-77)T— cosatanSAw, 

/ A7\ 

^{m + n tan S sin 



. . / , Al\ ^ 5, . Al da 

ima)/ *+ T- I'-cosa tano Aa> + -r— .-r-, 

\ dt / dt 



whence, putting for AZ, Aco, -p , -^ and m and w their values, 
a — a^ is known in terms of a, S, 0, )), and fl. 

Now 0, J, and fit are functions of the time only, i. e., are 
determined when the time is given; hence, neglecting the last 
term, which is very small, we have, putting c for w + w tan S sin a, 

d for cos a tan S, G for t + -7— : and D for Aa>, 

dp. 

dt 

a-a^= Cc + Ddj 

where C7, i> are functions of the time, and 0, d of the star's 
place. 

19. Again, taking into account the correction for aberra- 
tion, there will be found (on inspecting the form of the aber- 
ration in B. A.) to be two terms, which we may write Aa + Bb ; 



// 



where u4 = — 20*445 cos a> cos 0, 

5= -20-445 sin©, 
a = cos a sec S, 
i = sin a sec S, 
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A and B being functions of the time^ and a, b of the star's 
place. 

If we denote by Ac the annual proper motion of the star 
in E.A. we have, then, 

apparent K. A. =^a^ + Aa + Bh+Cc'\Dd-\-t Ac. 

Now, in the Nautical Almanac, at page xx. of every month 
are given the logarithms of A, J9, (7, D for mean midnight 
throughout the month : also the British Association Catalogue 
contains the mean K.A. and N.P.D. for January 1, 1850 of 
more than 8000 stars, with their annual precessions and proper 
motions, as well as the logarithms of a, 5, c, d for all of them. 

If then the star in question be one of those in this cata- 
logue, the apparent E.A. at any time can be found by a very 
simple calculation. 

The apparent Declination is found in a precisely similar 
manner. 

20. When the star is not in the catalogue, the logarithms 
of a, J, c, d are not known and must be computed fiom the 
formulae previously given. 



CHAPTER VIII. 



ON THE PLANETS. 



Section I. The Laws op Planetary Motion. 

1. In the preceding portion of this treatise has been given, 
it is hoped, adequate information respecting the methods pursued 
in modem observatories both in the making and reducing of 
observations. The whole of these operations have for their 
object the determination of the positions of the heavenly bodies 
with respect to the equator, that is, to the determination of their 
right-ascensions and declinations measured from the moveable 
equinox and the moveable equator. With regard to the fixed 
stars, which are generally at immeasurable distances from us, 
the processes of reduction to a fixed epoch have necessitated the 
discussion of the theories of refraction, aberration, precession, 
and nutation, and the mode of application of these corrections, 
80 that, from the raw observations, the student has been able to 
trace the successive steps by which the mean pl<ice of a star for 
a given epoch can be found. By this means, catalogues of the 
mean places of all the stars which have been observed at any 
observatory can be made, and these are the representations of 
all the star-work which has been performed at that observatory, 
and the apparent places of all the stars contained in them can 
be found for any time whatever, by the converse application of 
the precession, nutation, and aberration to the mean places. 
For the planets, which are not at an Infinite distance, the dls- 
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cussion of parallax was needed, but this did not require any 
detailed statement of the planetary movements, the only element 
involved in those movements being the distance- from the earth, 
at a given instant, which could be assumed to be known. 

It is now however proper to explain the elementary princi- 
ples of the motions of the planets in their orbits. 

2. The planets all describe orbits round the sun in the same 
direction, that is, in the order of the signs of the zodiac, each 
orbit lying in a separate plane having a determinate inclination 
to the ecliptic or the plane of the earth's motion. 

3. The laws of elliptic motion were first discovered and 
enumerated by Kepler without the help of any physical theory, 
and by means of the study of the motions of the planet Mars. 
They are as follows : 

I. The planets, including the earth, describe ellipses round 
the sun having the sun in one of their foci. 

II. They describe round the sun equal areas in equal times. 

III. The squares of their periodic times are as the cubes 
of the semi-major axes of their orbits, or of their mean distances 
from the sun. 

4. We will now proceed to develop the mathematical theory 
of the motions of the planets from the laws enunciated above. 

Let AB be the major axis of the ellipse described by any 
one of the planets, round the sun in the focus at 8\ and let 
AMB be a semicircle on the same diameter. 
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Then is -4, the point nearest to the sun, called the Perihelion 
of the orbit, and the opposite point B is called the Aphelion. 

At any time t (reckoned from the passage of the Perihelion) 
let P be the position of the planet ; and draw QPN perpendicu- 
lar to AB) and join BP and CQ, {G being the center). 
Imagine also another body moving uniformly with the planet's 
mean motion in the circle AMB, and, setting out from A at the 
same time, to be at -W when the planet is at P so that the ellipse 
and circle are described in the same periodic time. 

If therefore P be the periodic ttmey or time of describing the 
whole orbit measured in some xmit of time (for instance the 
mean solar day), and n the mean motion of the planet, or the 
motion of the fictitious planet in its circular orbit, in this unit 

of time ; then angle A CM =nt= -p- . 
But by the equable description of areas, 

P area of ellipse ttoJ 

area A CQ — area 80 Q 



irc? 



Let now angle ASQ^v, called the trtie anomaly ^ 
and angle A GQ = w, called the excentric anomaly. 

Then area A GQ = - a'w {a being as usual the semi-major 

St 

axis); 

and area 8GQ = - a'6 sin u {ae being equal to 8G) ; 

a 

/. area A GQ — area 8GQ = — (w — e sin w) ; 

.'. n^ = m = w — e sin w (1). 

Again, let 8P=p, 
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Then 8P' = 8N' + FN' 

= {06 — cos uY + (1 — e') a' sin^u ; 
= a' — 2a'e cos u + aVcos' w ; 
= a*(l — e cost*)'; 
or p= a (1 — 6 cos u), 

T ,, fiW oe— acosw 

•^ ' oP a (1 — 6 cos u) 

cos w — e 
or cos V = 



1 — e cos u * 



1 — cos r __ 1 — cos w + e (1 — cos w) 
1 + cos V "" 1 + cos w — e (1 + cos tt) 

_ 1 + e 1 — cos ^ 
1 — e ' 1 + cos w ' 

or tan - v = tan' - u : 

2 1-e 2 ' 



.-. tan-v = >Y/ j^tan-w ^^^' 



5. We have therefore two equations, of which (1) gives the 
relation between the mean and excentric anomaly, and (2) that 
between the true and the excentric anomaly ; and, as the object 
of the problem is to determine the true anomaly in terms of the 
mean, we must in the next place eliminate u between the two 
equations. 

This must be done by Lagrange's Theorem. 



Thus, since tan | = y/YZr *^^ ^ 



= a tan - (suppose). 
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we shall easily find, (see page 171), 

t7srt« + 2 — TT sin tt + ( --T-T sin2w + &c, 
a + 1 Va+1/ 



or V 



1 + jl 8intt + J (1 + o") sin 2m + rr sin 3u + &c., 



(where it must be remembered that, for the sake of present con- 
venience, V and u are still expressed in circular measure, or 
v = v" X sin 1", and m = m" x sin 1"). 

Also «i = u — e sin M. 

Hence^ by Lagrange's Theorem, since v ^^Ju, and 
u^m + eBinUf 

e 



d -» 



.', V =fm + sin m .fm . 6 -f -e- {(sin «i)' . frn\ — 



2 



+ ^.{(sintn)'./m}^^+&c. 



where 



fin = w + (« + jj sin m + f J + — J sin 2m + — sin 3m + &c., 



and therefore 



fm = 1 + f e + jj cos m + f — + jj cos 2m + J cos 3m + &c., 

sinm,/'m = sinm+f- + — j sin 2m 

+ f J + — J (sin 3m — sin m) + &c., 



sin' m .fm = sin' *^ + (l + 7g) (cos m - cos 3m) + &c., 

c?(sin*m./'m) . ^ fe e*\,« . « . x » 

-^^ — j-^ — ^ = sm 2m + f J + — 1 (3 sm 3m - sm m) + &c. 

d. n 1 c?' (sin* m . /'m) 9 . « 3 . 
Similarly, — ^ — 35 — ^ — - s= 7 sm 3m — - sm m. 
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(e'N . e' . e* 

e + J 1 sin m + J sin 2w + — sin 3w + &a. 

+ e sin w + — sin 2w + J (sin 3m - sin m) + &c. 

+ — sin 2m + — (3 sin 3wi — sin m) + &c. 

+ ~ (3 sin 3w — sin w) + &c. 

o 

2e — J J sin w + — sin 2m + — — sin 3m + &c. 



6. We mnst now expand the radius-vector p in terms of 
n^ or m ; that is, we must eliminate u between the two equa- 
tions 

p = a (1 — ccosw), 

and m = w — 6 sin w, 

or, u = m + 6 sin t(« 

Hence, by Lagrange's Theorem, we have as before, 

d ^ 

9 =>* + {sin m ./'m} e + ^ {(sin m^^fm] — 

where ^ = a(l — ecosm), 

and therefore fm = ae sin m, 

sin m ./'m = ae sin* m = - oe (1 — cos 2m), 
(sin m)* . /'m = ae sin* m, 

and -T~ { (sin wi)' . /'m} = 3ae sin* m cos m 

3a<3 . ^ 
ss -— - sm 2m sm m 
2 

= -J" (^s m — cos Zm)<i 

M. A. 15 
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sin* m . fm = oe sin* m, 

-=— (sin'w ./'w) = 4 06 sin' m cos w, 

-T-j(8in*w./'m) =12aesin'mcos'«i — 4a6sin*«i 

= 4a6 (3 cos' m — sin* «i) sin* w 

= o/e {3 (1 + cos 2m) — (1 — cos 2m)} x (1 — cos 2w) 

= 06 (2 + 4 cos 2ot) (1 — cos 2m) 

= 2o6 (1 + cos 2m — 2 cos* 2m) 

= 2o6 {1 + cos 2m — (1 + cos 4m)} 

= 2o6 (cos 2m — cos 4m) ; 

/. p = o ] 1 — e cos m + - (1 — cos 2m) + — (cos m — cos 3m) 



6* 1 i 

+ — (cos 2m — cos 4m) +&c.|- ! 



or 



p = o|l+--6^1-YJcosm-- ^1- -|jco8 2m 



— cos 3m- &c.|- 



7. We may here remark that the difference between the 
true and the mtan anomaly is called the Equatior^ of the Centre, 
this "being the first equation or correction to be applied to the 
mean motion in the calculation of the place of a planet. 

8. To find the greatest equation of the centre in a given 
elliptic orbit. 

Since r — m is a maximum, 

dv _^ dm 

du du ' 

Now m = tt — 6sint/, 

dm 
.'. -y—= 1 —6 cos M, 



GREATEST EQUATION OF THE CENTRE, 227 



and *»^2="VT^e*''''2' 






v 



— sec'- 
e 2 

sec^- 
2 



sec*- 



1 + 6 2 



1 + tan"- 



/l + e 1 

^'2(^ + 1^**'' 2 



2/ 



Vl-e* 



(1 - e) cos'l + (1 + c) sin* | 



1 — e cos u ' 



.'. 1 — e cos u = 



1 — e cos u ' 



or 1 — 6 cos w = y 1 — e' 






e 3e' 
or cos w = r + — + &c. 

Let now w=90*-w'; 

• ' e Se^ .« 
.-. sinw ==4 + 32' + *'^- 



= w - -— + &c., 



whence we should easily find, by assuming 

w' = -4e + Se^ + &c., 

15—2 
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and equating coefficients of the two ex|)ansions« that 

f « . 37e* o 
4 ^ 384 

w e 376* p 
Again, smcep = ^;^:^ = a(l-eco8«) 

/. l + e cosr = (1— e^' 

or co8v = — - e — — 6* — &c., 

or, if t? = v + -, 

nrhence, by the same process as before, 

*" = 4+128+^" 

• 

TT 3« . 21e" « 

or t? = — I h &c. 

2^4 ^128^ 

Finally, ain w = Vl — cos*w 



v^ 



= a/1- jg~&c. 



= l_^>&c.; 



.*. e Bin u = e — 55 — &c. 



J 
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Hence if E be the greatest equation of the centre, 

= v '-'U + e sin u 
IT Ze . 21«' . « 

= — H h &C. 

2^ 4 ^128 

+ 6 — h &C. 

32 

5- 2e H h &c. 

384 

= 2^ + ^ + &c. 

It needs scarcely be mentioned that E is here expressed in 
circular measure. To express it in seconds of angle we must 

multiply by -^-^, . 

Example. For the Earth's orbit, or the apparent solar 

orbit, 

e = 0-01685, 

or 2€ = 0-02370. 

Hence, Log 0-02370 = 8-3747483 
Ar. CO. log sin 1" = 5-3144251 

Sum = log 4888"-49 = 3-6891734 

Again, Log c" = 4-6797997 

Log 11 = 1-0413927 

Ar. CO. log 48 = 8-3187588 

Ar. CO. log sin 1" = 5-3144251 

Sum ^ log 0"-23 = 9-3543763 

Hence JS?=4888"-72 

= 1^ 21'. 28"-72, 
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and the m^an sun can never separate from the true sun farther 
than by this quantity*. 

9. In the preceding investigations the expansions have 
been made according to powers of the excentricity of the orbit, 
and the series will converge rapidly only when the excentricity 
is small, or for planets moving in nearly circular orbits. For 

^cornets, which generally move either in parabolic orbits or orbits 
of very great excentricity, a different method must be employed. 
We will at present confine ourselves to two problems of great 
elegance and simplicity, 

10. To find the radivs-vector and the time corresponding to a 
given value of the true anomaly^ in orbits of very great excentricity. 

Generally we have 



P = 



1 + e cos V 



a(l-e^) 



cos" - + sm'^ - + e f cos'* - - sm'* -1 

(l+e)eos'|+(l-^e)sin''| 
1 a(l-e') 



cos*- 1 + e + (1 -■ e) tan*- 

2 ^ 



a(l-e') 



cos*| l + e + (l + 6)tan'| 
^^® 2 

COS - 

2 

C08- 
COS- 



if P be the perihelion distance. 

• See Price's Infinitesimal CcUciduSj Vol. ill. p. 515. 
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Again, to find the time from perihelion, 

if P be the periodic time, and yx the force of the sun at the unit 
of distance, 

hence, if the year be the unit of time, and the 8un^s mean dis- 
tance the unit of distance. 



— = — , or P^a^. 



But, since the area described round the focus in the time 
dt is ^p^dvj and the areas are proportional to the times, 

^_dt ip*dv 

P a^ "" area of ellipse 

a'(l-OVt; 
27r at (1 + e cos vf 

2^aWl-e^. (1 + e cos vY ' 
dt a» (1 - e')^ 



dv 2'7r ' (1 + e cos vY 

27r ' (1 + e cos v)* 

-/v -1 ^/ (2 - c)» 

Let now « = tan-; /. ^ = 7:^^, 
and l + e cosv = cos - + sm*- + 6fcos'- — sm"-j 

= (1 + 6) cos"| + (1 - e) sin"| 
l+e+(l-e)tan"5 

l + tan*| 
2 — c + cai" 



l + as" 
_. 2-c(l-a^) . 
~ ! + «• ' 
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dt 

dx 


dt dv 

~ dv' dx 










2 £* 


(2- 
27r 


■{2- 


(1 + ^* 
- c (1 - a;')}* 




_p»(2-c)^ 

TT 


1 

r 

•{2- 


l+a:? 
-c(l- 


1 






)' 


l + a;* 




{1 


-|(- 


-^Y 




- P* /'i - 


,3«. 


3A . 


1 J. /r^ 11 a- 



+ ^'(l-a^» + &c.} 



=W20-r+l>^-^^-*-''(^-^*) 



+ ^.(l-ai')'(l+aO + &c.l; 



■••'-<'^;^('-7-i){-f-(«-?) 



3c' 



and, if the time be measured from perihelion, then ^ = when 
v = 0, and therefore when x = 0. 

Hence = 0; • 



A . , / tan - tan - tan*^ - 

^-rrr -^tan - + - tan' - + c I . 



7rV2l23 2\4 4 5 

3c^ 



+ 



-(tan---tan«- + .tan'-j + &cj. 
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Ifc = 0or6 = l, the orbit becomes a parabola, and 

i 



= ^YtanUltan'|), 
7rV2V 2 3 2)' 



also p== ^ . 

cos - 
2 



Note. In the actual use of the preceding formula for the de- 
termination of the true anomaly in cometarj orbits, it is usual to 
construct a table of the values of t corresponding to the values of 
V for orbits in which jp = 1. 

Let now t and t* represent the times from perihelion for which 
the true anomaly is t?, in two orbits whose least distances from 
the centre of force are p and 1. 

Then ^ = -^ftan^ + ltan»|l, 

^V2l 2 3 2y 

and i = = -Itan - + - tan' - 1- : 

7rV2( 2^3 2r 

We must therefore first divide the time from perihelion 

by p^, and then entering the table with the time thus resulting, 
we shall find the required true anomaly v. 

11. To find the time of describing any arc of a parabola in 
terms of its chord and the focal distances of its extremities. 

Let p and p' be the two focal distances ; v and v* the cor- 
responding true anomalies ; c the chord. 

Then; the preceding notation being retained, 

COS - 



234 LAMBERTS THEOREM. 

and the included sectorial area 

=p«/(l+tan«|)rf(tan|) J:^ 

=/(tan| + itan'|), 

= (between the limits v and v") 

=/ (a' - a;) . 1 1 + i (»'»+ aj'x+a;^]- 
=-|- {«' - a;) . (1 + a:" + I + «'« + 1 + a;^. 

Again, in the triangle of which the sides are p, p', and c, and 
the angle included by p and p is v— v, 



1 Is (s ~~ c ) o *4' o "4" c 
we have cos r (v' — v) = a / — ^ — r— where « = ^- — ^ — : 

2 ^ ' V pp 2 

.'. 1 + asa? = 1 + tan - tan - = cos sec - sec ~ 

y pp p p 

also \-^a? = — , 

P 

H-aj" = e^; 

and (x' - xf = x'* — 2xx'+ aj* 

-'l+x"+l + a?-2{l + xx') 

= — (« - 2 V« (« - c) + « - c] ; 
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and sectorial area 

= -y {(V7- Vs - c) . {s + V5 (s- c) + « - c} 

but the area described in the unit of time is A/ ^ > where fi is 

the value of the central force at the unit of distance, therefore the 
time of describing the sectorial area represented above, is 

6 y/Lt 

Note. A slight knowledge of physical astronomy has been 

here assumed in the expression, area in unit of time = a/ -^ , but 
this expression is easily arrived at by the consideration that area 
in unit of time = —p x velocity at vertex of parabola, and that the 



velocity = ^^ . 



P 

12. Elements of the orbit of a Planet, 

We have thus far only treated of the laws regulating the 
motion of a planet or comet in its elliptic orbit. We must now 
shew how by means of these, we are able to represent the position 
of a body in the heavens ; or, in other words, to find its latitude 
or longitude when referred either to the sun or the earth in the 
plane of the ecliptic, and its right ascension or declination when 
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referred to the centre of the earth and the plane of the earth's 
equator. 

Now the orbit of a planet (neglecting perturbations) lies in 
one plane, which has a definite position with respect to the 
ecliptic. .For example, it has a definite angle oi Inclination to 
the ecliptic, and cuts it in two points at the opposite extremities 
of a line passing through the sun's centre. These points are 
called the Ascending and Descending Nodes of the orbit; ascend- 
ing when the planet is passing from the south to the north 
side of the ecliptic, and descending when passing from north to 
south. 

Hence the two elements which determine the position of the 
planet's orbit with respect to the ecliptic are the Inclinatwn and 
the Longitude of the Node, 

Next with regard to the orbit itself, the position of the body 
at any time will depend upon the following quantities : 

(1) Upon the position of the major axis of the orbit, defined 
by the longitvde of the perihelion or aphelion, 

(2) On the magnitude of the orbit, or the value of the 
semi-major axis, or of the periodic time. 

(3) On the excentricity of the orbit. 

(4) On the mean longitude of the body in its orbit at a 
given time, or upon the Epoch of Mean Longitude, 

These six quantities, then, namely: 1. The Inclination; 
2. The Longitude of the Node; 3. The Longitude of the 
Perihelion ; 4. The Semi-major Axis ; 5. The Excentricity ; 
and 6. The Epoch of Mean Longitude, will fully determine 
the position of the planet at a given time. It remains to shew 
how these quantities are introduced into the calculation. 

Let B be the centre of the sun taken as the centre of the 
sphere of the heavens, and the origin of co-ordinates. ^E and 
TjB traces of the ecliptic and equator on the sphere, inter- 
secting in the first point of Aries (T) from which longitudes 
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are measured ; N^Nm the similar trace of the orbit of a planet ; 
m the position of the planet at time t. 




Then is ^the ascending node of the orbit, and its longitude 
is angle ^SN= H ; also angle mNE' is the inclination = L 

The longitude of the planet in its orbit (Z) is the sum of the 
arcs, ^N (measured along the ecliptic to the node) and Nm 
(measured on the orbit). And, if we ^aw an arc of great circle 
mm' perpendicular to ^NE\ Tm' is called the reduced longitude 
(f). Finally, mm' (= jS) is the latitude of the planet. 

All the above-mentioned quantities are of course heliocentric. 

Sm is the radius- vector of the orbit = p ; and we will call 
8m' ^ its projection on the ecliptic, p'. 

We have therefore plainly p = p cos fi, 

13. Tojlnd the reduced longitude. 
In the triangle Nmm'^ we have 

tan Nm' = cos N tan Nm^ 

or tan (F — fl) = cos t tan (Z— li). 

Let Z' - ft = ar, 

and Z-ll = y; 
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toV^i 1 - COS 1 + (1 + COS %) c^^"* 

or e**^ * — ; — ^ ^ — -^== 

l + C0St + (l — C08l)6^'*' * 

therefore, taking the logarithms, 

2a! V^ = ^y V-^+ log. {\ + tan* | e'^f^j 

-log.(l+tan«|e*^') 

= 2y V^ + tan» \ e"*^^' - 1 tan* ^ e"**^ 

+ itan»se-'»^-&c. 

- tan' \- e**^ + 3 tan*^ e**^^ - ^ tan* ^ e*^' + &c. 
Vor aj = y — tan*- sin 2y + r tan* - sin 4y — - tan*^ - sin6y + &c. 

• 1 • 

or ? = i-tan''|8in2 (Z-n) + -tan*| sin 4 (Z- fl) 

- i tan'i sin 6 (Z - O) + &c. 

O A 

or, when expressed in seconds of arc, 

f — Z (ss: redtcction to the ecliptic) 

. . „ ,, „s tan*-8in4{Z— O) 

t^ sm 2(^-0) 2 ^ 

■*- tail _ • • ^TTT 1^ ^ 

2 am 1 sin 2 

tan® I sin 6 (Z - Xi) 
sin 3 
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14. Let now the mean longitude of a planet at the com- 
mencement of the time ^ be 6 ; n the mean daily motion in the 
orbit ; «r the longitude of the perihelion. 

Then is n< + e — w the mean anomaly at the time U And, 
substituting this for m in the expression for the true ano- 
maly (page 225), we have 

True anomaly =:n^+ 6 — -^4" (2« — jj sin(n^ + € — «•) 

5e' 13 

+ — sin2 (n^+€ — 'Br) + — e*sin3 (n^-|-€-^'Br)+&c., 

and true longitude (in orbit)^= I 

= nt'{- €+f2e — -jlsin (n^ + € — w) 4-~ sin 2 {nt+€~"Br) 

13 
+ — e"sin3 (n^-f € — -bt) 4-&c. 

We shall have occasion to return to this equation again, 
for the purpose of explaining the method of determining from 
observation the errors of the assumed elements of a planet's orbit. 
At present it is necessary to determine the relations which exist 
between the geocentric and heliocentric quantities which define 
the position of the planet. 

15. Let S be the centre of the Sun (supposed to be in 
the ecliptic, the sun's latitude being neglected) at a given time. 




I 
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T the earth, and P a planet, projected on the ecliptic by tlie 
perpendicular ij?. /ST the direction of the first point of Aries 
from which the longitudes are measured. 

Join SP, Sp, pT (produced to ^), and draw pm perpendi- 
cular to 8T produced. 

Let angle ^8p = 1' = heliocentric reduced longitude, 
TtT=:L=^ geocentric longitude. 
8P=p &nd 8p = p\ 
8T=B, TP^A and Tp=-A\ 

Angle PSp = 13^ heliocentric latitude, 
PTp = \ = geocentric latitude, 
. . . 'V8T = earth's longitude = © + 180^ 

Then we have immediately the following relations and 
equalities : 

Angle t T8 =p Tm = T< T- 'V8T 

= i-0-l8o^ 

Angle tpS = ^tp — ^Sp 

Angle T8p = "^Sp - T/Sr 

= Z'-©-180^ 
8p = 8P COB /3, 
or p=pcos^; 
and Tp^ TPcos \ 
or A' = A cos \. 

. . ST sin TpS _ sin(Z-/0 
Agam, j^^-^^jfjgp gjj^ (f _ 0-180^) ' 

B_ sin(Z-r ) 
^^ A'~ sin(r-©)' 

or i?sin(r-©) + A'sin(i;-Z')=0 (1). 



f '. (3). 
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Also, Sp = S Tcos T8p + 35? cos TpS, 

or p' = JK cos (r - © -- 180") + A' cos (i - Z') 

= -iZcos(r-0)-Fiycos>(X-r) (2), 

Finally, i5? = 5PsinP;^= ^TPsinPS^, 

or psin/3«AdmX 
or thus, p tan /3 « d' tan X 

Other equatlons^ between geocentric and Heliocentric posi- 
tions may be thus deduced : 

pm = Tp sinp2W = 8p sinp^SW, 

or A' sin {Jj-Q- 180°) = p sin {V - - 180**), 

or A'sin(i-0)=p'sin(r-0) (4), 

Sm = 8T+ Tm^8T+Tp cos pTm, 

or p'cos (? - - 180°) = 54- A' cos (i- 0- 180°), 

or A'cos(L-0)=jB + />'cos(r-0) (5). 

The equations (4) and' (5) serve immediately for determining 
the geocentric quantities A' and L from the heliocentric p and l\ 
or vice versd, while equations (3) will determine the geocentric 
from the heliocentric latitude, or the contrary. 

If we project 8py ST, and Tp upon the fine of the equi- 
noxes iSr, and in the direction perpendicular to it, we shall 
plainly hare 

p cos r^B cos (180° 4- 0) + A' cos i, 

p sin r=:B sin (180° + 0) + A' sin L ; 

or f^ cobT sar A'cosi — JScb^©.,..r r^r,.(6), 

p'sinZ'=:A'sinX-5sin0 (7), 

which eqiiutlions are ftometimes useM* 

16. To Jlnd the relation between the geocentric and the 
heliocentric errors of longitvde, latitude^ dkc. 

To do this conveniently it will be better to investigate first 
the variations of the parts of the plane triangle whose sides are 
a, bf Cf and opposite angles Ay j5, 0. 

M. A. 16 
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Taking the well-known equations, 

c sin ^ = a sin C7, 

and c cos -4 = 6 — a cos Cy 

let c sin -4 =a P, 

' and c cos ^ =3 Q] 

then SPss sin -4 & + c cos -4 SJ[, 

and S^ = cos -4 Sc — c sin -4 8-4, 

from which we get easily 

So = sin ^ SP+ cos AtQ, 
c.tA^ cos A SP— sin -4 S^ ; 
but P=ia sin (7, 
and ^ = 5 — a cos (7; 
.-. SP=sin (7 8a + a cos (7S(7, 
and hQ = ib — COB O ha + a mi O hC \ 

whence by substitution we shall easily find 

8c = cos-4 85 + cos jB Sa + a sin B SG, 



BA 



'\h 



sin -4 8i 4- sin J5 8a — a cos jB 8(7 



}■ 



or, since 80= SC" x sin l"j and 8^ = BA" sin 1", 
Be = 008 ASb + COS BBa + aainBeixi. 1" SC", 

a^" = _ Ji54 8} + JEELS , & _ 122L? 8(7". 

c sm 1 c sin 1 c 



Taking now our triangle SpT, and comparing it side by side 
with the triangle ABO^ 
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that is, patting c » A', and a = p\ 
•vre shall have 



= -(-£-0). 

=r-0-i8o». 



Now generall7 






dt 



^^T^^^'^lu^^'^d^^f'' 



CSomparing the first and second of these equations with the 
expression for iA and he, (remarking that Si = 0, if we assume 
that the Earth's place is correct), we have 



dL 
dV 

dL 
dp 



ocoaB _ p 



^.coB{L-r), 

sin J? _ sin {L — l') 
rsmP"'*" A'sinl" ' 



dA' 
dt 



r Esa sin J7 sin !"<»/>' sin 1" sin (£ — T), 



d^ 
dp' 

also SA^ — 8L; 



cos JS as cos {L — r), 



16—2 
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...si=+-^co3(Z-r)8?-t^^¥ («)• 

5A' = p'8inl"8m {l-t) U' + ca&{L-V) ip (^). 

To find the error of heliocentric latitude, we have 

/»' tan /3 = A' tan \ ; 

,.e:^S/3 + tan/9Sp' = ^^8X + tanXSA'; 

cos p ^^° "■ 

^^ A'cos'jg^ . tan\C08'/3 s>^', sin^cos^ g , 

= ^^2?^ SX + ^552^^.^^ Ip sin 1" sm {£ - f) Sr 
pcosX paml I 



+ 



,_ ,. . ,) sin)8 cos/3 j5 , 
cor(i-7)8pJ-y^-p7-Sp 



= ^S^ S\ + tanX cos»)8 sin {L - V) SI' 
pcosX 

+ .^2i4« {tan \ co«id e0»(i -I') -Bin /3} Sp' 
p Sin 1 

= ^^^ S\ + tan X eo»'/9' din (L - f >Sr 
pcosX 

=, ^i?i^ gX + tan X coa«/9 ste (2i - ^ 
/[> cosX 

5 sin fi cos ^, /y >SA JS ' / Y 

- p'A'sini" ''^^^^ - ®^ ^'' ^"y^- 

It is howevet mote cdnvenient to hare 6/8 expressed in 
terms of error of geocentric longitude (SX), instead of helio- 
centric longitude (Sf) , because this is the quantity deduced from 
observation. 

Since tken 

BL = + P^ cos {L - BV - ''""J^'J^ V> 

we have 

sjF A' s^r , tan {L - V) ^ , ^ 

/?' cos (L - 6 ) /3 sm 1 '^ 
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therefore, sabstitating m.^belaat 8t«ge but one above, 

. tan \ coa*)3 Bm*{L-r)^, 

sin /8 COS /3 5 , 
p fiinl 

^^J5?!^a^^,«in^ €08/3 tw (i ^Z') 8i 

sin/S cos j8 sin* (JS — f) ^ , 
^ A'sinl" • cos(X-0 ^^ 

8in^co8^ _,y ^, 

aT-' — 777^ COS {jL-^l)bp 

A Sin 1 ^ ^ ^ 

sin /3 COS /3 ^ , 



/ _• 



s= ^-22!^ S\ + 8in /9 cos ;3 tan ( J: - ?) 8i 

p COS A 

/ sin ^ COS ^ sin/8 cos)8\ ^ , 

"^ U' sin 1" cos {L - f ) "" p'sinr T^ 

^ Acos^g^_^^j^ cos/S tan (i- Z') BL 

pCOSX r- r- V / 

gin^cos^S f , Ai ^„/r r\i st ' 

p A sin 1 cos (i — ? ) ^'^ ^ '' '^ 

=A£2^8X+ sin)S cos/8 tan (L - H Si 
pcosX ^ f- \ / 

- -7a7 7T 7,, . ,.r X.g COS (r - 0) Sp 

pA cos(ii — Z)sml ^ ' '^ 

^ Acos^^^^ cos/S tan (i- ?) Si 
pcopX ^ f^ \ 7 

— T^ — 7t — r\ ' in cos (Z -0)op 
^ * cos (i — f) sin 1 

r.^L^2!^8X+ sini9cos/Sian<i-n8i 
pcpsX /- f- \ 

^ p«co8(f-0sml" '^ ^ ^' 
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This is the form used at Greenwiclu 

17. We have hitherto neglected the errors of the Earth^s 
place. 

They may easily 1>e taken into account in the following 
way. 

Comparing the same triangles as before, only interchange 
ing a and i, A and B^ and considering the planet's place to be 
correct, that is, making tp s= 0, or Sa =s= o, 

we have 

c sm 1 c 

and SJ5=Si, 8(7= -8©, 86 = 85; 

dL 5 cos -4 R iT ^\ 
^ —=-^,cos{L-Q), 

dL ^ sin A _ sin (X — 0) , 
55"" csmr*" A'sinl" ' 

A 8X = ~cos(i-0)8O-?^^fc#8i2. 
A ^ A sml 

Again, Sc = cos-4 S6 + isin J.8inl"S(7 

or 8A' = JKsinl"sin(i-0)80 + cos(i-0)85, 

With respect to the larger planets. Mercury, Venus, Mars, 
Jupiter, Saturn, Uranus, and Neptune, the inclinations of 
whose orbits to the ecliptic are small, and of which the errors 
of the elements of the orbits are small also, we may in the 
formulas above neglect the latitudes, that is, we may assume 
cos /S and cos \ to be each equal to unity, and sin /8 or tan )S, 
sin\ or tanX, each equal to 0; but we cannot neglect the 
errors of the solar elements as compared with those of the 
planet's orbit. 
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We shall have, therefore, 

«Z = 4cos(i-08Z'-^¥^^V 
A ^ ' Asml '^ 

. -K / r ^\ ^^ sin (i - ©) ^ - 

+ X cos (i-©) S© fT . X ^-S* 

A ^ v-^/ w A sm 1 * 

SA' = p'sinr'8in(i-r)Sr + cos(i-0V 

+ 5 sin l"sin (X-©) S© + cos (i-©) hR, 

P 

For the small recently discovered planets between Mars and 
Jupiter, the inclinations of whose orbits are not generally small, 
and of which the errors of the ephemerides are generally very 
mnch greater than those of the Sun's calculated places, we 
may assume the Sun's places as taken from the Nautical 
Almanac to be correct; but we must use the formulae, (a), {fi) 
and (S) rigorously. 

18. We are now in a condition to explain the whole treat- 
ment of planetary observations, and to shew how they are made 
available for the correction of the elements of the orbits. 

(1) By the observations of the limbs of the planets (both 
limbs being observed whenever it is practicable), the B.A.s. 
and N.P.D.s of the centres are obtained, and these can be cleared 
first of refraction, and secondly of parallax, according to the 
principles explained in Chapter vi. We thus obtain the geo- 
centric R.A. and N.P.D. of the planet for a given mean time of 
observation. 

(2) From the Nautical Almanac, or other similar work, can 
be taken immediately for the meridian of Greenwich, or can be 
deduced by an easy intei'polation for other meridians, the R.A. 
and N.P.D. at the same instant, as calculated from assumed 
elements of the orbit ; and these calculated places can be com- 
pared with the observed places. Thus are obtained the Tabular 
Errors of R.A. and N.P.D. , the Error being equal to Tabular 
Place — Observed Place. 
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(3) The Tabular Errors of E.A. and N.P.D, can lie jcon- 
verted into errors of geocentric longitude and latitude by the 
formulas in No. 7 of Chapter in.; but since this would be ex- 
ceedingly laborious if done for each separate observed position, 
it is usual to ^oup the observations as far as is consistent with 
perfect accuracy, that is, so that for each group the mean of the 
errors of R.A. and N.P.D. may correspond accurately to the 
error for the mean of the days of observation. These mean 
errcre are called normeJ, errors^ end the corresponding errors of 
geocentric longitude and latitude are computed from them. 

(4) From the errors oi geocentric longitude and latitude can 
be derived 1i>e errors of heliocentric longitude and latitude by 
means of the formulee just now given. For the well-known 
planets every group of observations of R.A. and N.P.D. will 
give two eqiiations of >the following form, (neglecting the erroxs 
of the Sun's place or applying eoriections derived fiom .obser- 
vations) : 

tL = aZl' 4- %', 

Taking the first of these equations we must now proceed to 
express iV and tp in terms of the elements of the orbit. This 
is done by means of the formulas at pages 239 and 226. 

We kave, for instance, 

Z' = 7 -f reduction to ecliptic 
= ?+/ 

= r' + n< + € + \^e - j J sin {nt +« — «•) + — sin 2 ^n^ + 6 — -ax) 

13 
+ — e'sin3 (n^+c— 'w) + &c. 

.•. ^e^lecting the error pf r and assuming n to be correct, 
Sr = «€-|-(2-.^sin(n/ + 6-«r)& 

-f \2e - jj cos (w!« + 6 - -or) he 
cos («^ + € — «r) S«r 



-(-9 
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— — CQ8 2 (n^ H- je — w) Sw 

+ &C. 

2 — — 1 Binm + ^ am 2m + -7-" Bin 8 wV oc 
1 + 2e cos m + -7- COB 2w» + &c.) Be 

— (2e cos wi + — cos 12m + &c.) Sw 

(m being the mean anomaly), 

:= ASe H- BBe + CTSw, suppose, 

since tbe yalnes of the coefficients pan be calculated immediatelj 
by the tables of the motions of the planet. 

Similarly, since, from the formula in page 226, 

^ -g- cos 3 {nt^ €^ «r) — .&c. [• 



«p-(l+^ 



€ cosw — - cos2m-&c.j&x 



+ 06 — a f 1 — -j^ j jCOS m Se 

— oesinmSe 
tf.ae«inmS«- 

— oe cos 2m Be 
+ 06^ sin 2m Be 

— {W^8in2m8«' 

+ &C. 
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( 



1+5-— e cos m — — cos 2m- &c. 1 Sa 



+ a ]« — (1 — -^J cos f» — « cos 2m — &c. [ & 

— a(esinm — e*sin2m — &c.) he 
+ a (« sin m — 6^ sin 2m - &c.) S«r 

+ &C. 

= A'ia + B'he + CSe + D'Sjst, suppose, 

and Bp = cos fiSp^ will be of the same form, if we neglect error 
of latitude. 

Hence, bj substituting in the equation, 

BL^aSr -{-bSp, 

we shall have an equation of the form 

hL = A^Sa + B,Be+ C.Se + D^Sw; 

and every group of observations will give a similar equation ; 
and finally the values of Sa, Be, Be, and Btt will be found by the 
method of least squares, or by some similar method. 

19. The preceding investigation will shew how the errors of 
four of the elements of the orbit are to be determined (the 
value of Ba being determined not as serving to correct the 
mean motion n, which is connected with it by the equation 
a^ X 91 » a constant quantity, but as shewing whether the mag- 
nitude of the inatantaneoua ellipse has been properly determined). 

The remaining elements are the inclination to the ecliptic t, 
and the longitude of the node XI. 

These are connected by the equation 

tan ^ = tan t sin (f — 11), 

whence -^ = ^^"^ ^^' 7.^^ Bt + tan % cos (f - fl) 8 (f - fl), 
cos /tf cos*t ^ ' ^ '* 

2S/3 2 



or 



— ~-5=---;r-^*'+cot(r-n)S(Z'-fl). 

am 2 yS sm 2 « ^ ^ ^ ' 
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In general, for the orbits of the well-known planets, the error 
of the node may be tolerably large without producing any 
sensible effect on the calculated latitude of the planet, because the 
inclinations are generally smalU Thus in the equation above 

cos' B 
Si8 = ^^8in(r-n)&-+cos«)8tanicos(r-fl)S(r-n); 

therefore the maximum value of the error of latitude arising 
from an error of the node SQ, will be 

— co8*)8 tant Sfl. 

If then t = the inclination of the orbit of Mercury s= 7<>, 
this error cannot amount to 

100 ' 

and for the greater number of the large planets it will be much 
smaller ; and, as the error of longitude, in general, as computed 
from the best modem elements, amounts only to a few seconds 
we may in the expression above neglect il\ and we shall then 
have 

cos* B 
2^8 = ^^ sin (f -fl) 8t-cos')8 tan t cos (f-ft) Sa 
cos % 

Every observation of E.A. and N.P.D. will furnish one 
such equation, and the whole of the observations made in several 
years may be combined and solved by the method of least 
squares for the determination of the most correct values of hi 
and £n. 

If finally the value of Sfl has been found within limits of 
accuracy comparable to that of il\ we may substitute the value 
of hVj which will have been found in the determination of the 
other elements, and thus obtain a better approximation to the 
values of hi and Sfl. 



20. In the preceding discussion we have assumed that, in 
the value of U\ the error of the reduction to the ecliptic may be 
neglected, or that we may, in expressing the errors of the elements 
haj he^ Be, and Sv in terms of Sf, assume that 81'== BL This is 
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practicallj the ease in arUts of gmnU inclixia^n ; Ibut it \» de- 
sirable to shew how S2' is »^ted for orbits of anj iuclimition 
whatever. 

Let U be 4he position of the ascending node ; m that of the 
planet in its orbit; and ni its place as referred to the^liptic. 




Then, using the same nomenclature as before, we shall have 
the following equations : 

.tan (f-O) = eQp* ten (Z-0) (8), 

cos(?-£l) » 009)8 cos (?r^O).. ^.....,.((0), 



rsin ^ = sin t sin (Z - fl)) , ^ 

|tan)8 = tantsm(r-fl)r"**'*'"'"^^' 



from whiah we Sihall easily deduce 

dV ^ cosi^ 
■5?'~co8')S ' 



■9X 

^=? — tan^S cos (?-ft),, 

dT? __ cos % 
^"~ COSTS' 



* Thtifl, from equation (8), 



= 006> 



oo8»{r-0)""*'"'''x>o^(Z-i^' 



.-. ^ = - tan 1 lin P' - 0) 008^(^-^0) = - Un /5 po8 (? - 0). 
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Hence, cMdidering T to be a function ^l^i^ ftnd 11, vrt shall 
Iiave 

dl cUr ail 

^J^ S -lian/S cos (7-0) St + (l - -^1 Sfl, 

COS'/S '^ \ / ^ COST p J 



and smC6 ^?== ^&» + -j-86+-5-8€+-T-Stj; 

oa oe a€ aTT 

^^ ^9 4 (dl ^ dl ^ . dl^ dt ^ ] 

§ 

Hj means 6f ttii^ fofmnfe wA can easily evalua«6 the errOrs 
produced hj making SI' =: Bl in any particular case; that is, by 

COS t 

the assumptions that "^-To ^ h ^^^ ^^>^ fi cos (? ^ A) =s 0; 
Again, for the node and inclination, we should easily find 

and -^=^(? — Xl). 
Hence, taking €he e()xialioii 

flh4^=^iSiB(f-A>, 



* Thus, by diflferentfatiog. tbe £it^ o£ equatioDS (10) with respect to *, we get 

dS ooai . „ _. 
ai COB/3 ^ ' 

=Biii(r-0), 
«nd, differentiating the same equation with respect to Q, 

,eos(i^-0)' 



sin i 



eobp 
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and considering /3 to be a function of % A, and Z, we have 

= sin (r - fl) Si + sin i cos {V - ft) (SZ - Sft) ; 
which is simpler than the formula given at page 250. 

21. On the Geocentric Motion of the Planets * 

The planets, as has been explained, move all in the same 
direction round the Sun, that is, in the order of the signs of the 
zodiac, or from west to east ; but, to an observer on the Earth's 
surface, the direction of the apparent motion is, on account of 
the Earth's motion, frequently changed, and sometimes they 
appear to be actually stationary. These phenomena of their 
motions may be investigated approximately by a mathematical 
process. 

Referring to page 241 for the equations 

A' cos L^p cos r + J? cos o , 

A' sin £ = p sin f + jB sin O i 

and considering the orbit of the planet under consideration to 
be circular, and to coincide with the ecliptic, we may put 

7=', /D==flf, -B = l, 

Hence A' sin £ ss a sin Z + sin , 

A' cos £ s a cos Z + cos O ; 

r asin? + sin0 

/. tanj& = -TT-^ ^, 

a QoH + cos 

and, differentiating, 
1 dL 



co^L * dt 

(acosZ+cos0)/acosZ^+cos0-J^V(asinZ+sin©)rasinZ^+8in©-^^ 

(acosZ+cos0)" 
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(a cos ^ + cos G)' 

(a«+aco8(?-0)l~ + {l+acos(Z-0)}^ 

(a cos ? + cos 0)" 



but, by Kepler's 3rd law, 



dQ_ , dl 
'di"^^ dt' 



Hence, putting ^—^^-—^ , which is always positive, 
»)8*, we have 

^«i8*{a' + a*+(a + a*)cos(Z-0)}f; 

and, from this expression, we can deduce the circumstances of 
the apparent geocentric motion. 

Thus, if 7 » 0, that is, if a superior planet be in con]unc«> 
tion, or an inferior planet be at conjunction farthest from the 

Earth, -^ is essentially positive, or the apparent motion is 

direct. 

K, on the contrary, ? — = 180*, that is, if a superior planet 
be in opposition, or an inferior planet be at inferior conjunction, 
that is, at conjunction nearest to the Earth, 

= /8*{a(a-l)-al(o-l)}§ 

c 

«i8'a(a-l)(l-V?), 

which is a negative quantity, whether a be greater or less than 
1, or the apparent motion is retrograde. 
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dTj 

If the planet be stationary, —#: *= j 

.*. a* + a* + '(a + a*) cos (Z- 0)=O, 



or 



cos (Z -- 0) *s ^-= J 



_ a 4- a* 

a — a* + 1 
1 

and this equation will always be possible if iS^A^a^-'l be 
always greater than 1. 

Now tfi + a-^-f id>l, 

if a* + a'* is > 2, 

or a-2Va«-hi>0*^ 

or (Vo-l)'>0; 

which is msinifesfly th^ ci£iJ3>d, siifi^e it id^ a dqui^ litimBe^ ; \k€it>^ 
fore both for inferior or superior planets there is alw^ a yalue 
of Z — O, or a point in the orbit, where the planet will appear 
stationary. 

Let or,, and a be the values of 2 -^0 for Ike stalMiaafy ]k)int 
and for any otbm? point; 

then -^ =)8'{a' + a*+ (a + a*)cosa}^, 
and = )8* {a* + a*+ (a + a*)cosa,} j , 

or --^ = )8* (a + a*) (cos a — cos a.) -jr. 

Hence in a synodic revolution, or from a = to a = 360', the 
geocentric apparent ttiio^ou k i^etrogi^lidei dflp ImLg Ai^ « i^ g)MJA<eflr 
than a«, and direct as long' atf ft' iH le^ thafi^ df^. 
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Section II. On the actually known Planetary Bodies. 

1. Before the commencement of the present century, the 
planets actually known, reckoned in the order of their semi- 
major axes or mean distances from the Sun, were Mercury, 
Venus, the Earth, Mars, Jupiter, Saturn, and Uranus, of which 
Uranus alone was discovered with the help of the telescope by 
the elder Herschel in the year 1780. 

At the commencement of the present century however began 
that series of discoveries, which has resulted in the addition, at 
the present time (July, 1863), of 78 additional bodies to the 
planetary system, and which is still proceeding without inter- 
ruption. The bodies here referred to are small planets, for the 
most part requiring powerful telescopes to render them visible, 
revolving at nearly the same mean distance, in orbits lying be- 
tween Mars and Jupiter. Of these, four were discovered very 
near the commencement of this century, namely Ceres, by Piazzi 
on Jan. 1, 1801; Pallas, by Olbers on March 28, 1802; Juno, 
by Harding on September 1, 1804; and Vesta, by Olbers on 
March 29, 1807. There was then a long intermission of dis- 
covery, till, in 1845, on December 8, Hencke discovered Astrsea ; 
and, since that time, the discovery of additional small planets 
has gone on with tolerable uniformity, till their number, as has 
been said, amounts to nearly eighty. 

The motions of these small bodies differ in no respect from 
those of the larger planets, excepting that the excentricities and 
incUnations of their orbits to the ecliptic are generally larger. 
By means of the immense amount of labour (both of observation 
and calculation) which has been bestowed upon them since their 
discovery, the elements of the orbits of the greater number of 
them are known pretty exactly. 

But the greatest and most remarkable planetary disco- 
very of the present century is that of Neptune, almost simul- 
taneously by M. Le Verrier and Professor Adams, by analytical 
M.A. 17 
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investigations of Physical Astronomy based upon the unex- 
plained disturbances which had been observed in the motions 
of Uranus. 



2. In all that follows, we shall confine ourselves to the 
larger planets first mentioned, restricting ourselves to a few pecu- 
liarities of each which admit of mathematical development*. 

It will be desirable in the first place to give a Synoptical 
Table of the Elements of the orbits, and relative magnitudes of 
the large planets. 

The elements which follow have been mainly taken from 
Chambers' Handbooh of Astronomy^ and are abundantly accu- 
rate for our present purpose. They are subject to secular varior 
turn. Those given are for 1800, Jan, 1, 0**. The apparent angu- 
lar diameters at the imit of distance for Mercury, Venus, Mars, 
Jupiter, and Saturn, are deduced from the measures made by 
the author at Greenwich and Oxford ; and, in deducing the dis- 
tances of the planets from the sim, and their diameters in miles, 
the solar parallax 8"'90 has been assumed, as there appears to be 
no reasonable doubt of the accuracy of this value. 

* It would be both neecQesa, and out of place in the present treatise, to dwell 
upon the physioal peculiarities of the separate planets, as there are so many books 
of easy reference. Such are Hind's Solar System; the author's Rudimentary 
Attronomy : Webb's Celestial Objects for Common Telescopes; Chambers' Handbook 
of Descriptive and Practical Astronomy, 
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3. On the Phases of the Planets-, 

The planets are opaque bodies, and are made visible to us 
only by the solar light reflected from their surface. 

The amount of phase, or the proportion of the illuminated 
surface to the whole disk of the inferior planets, including the 
Moon, our own satellite, will therefore depend on two circum- 
stances, namely, 1st, on the position of the body with respect to 
the Sun, which determines the illuminated hemisphere, and, 
2ndly, on the position with respect to the earth, which determines 
the hemisphere visible to us. 

As the planets are all very approximately spherical bodies, 
and the inclinations of their orbits to the ecliptic, including the 
Moon, are all small, we will assume, in all which follows, that 
they are perfectly spherical and that they move in the ecliptic. 




Let then 8, E, and P represent the relative positions of 
centres of the Sun, the Earth, and a planet at any time, all 
lying in the ecliptic, and let ABG be a section of the planet by 
the ecliptic. 

Draw S^ towards the First Point of Aries ; and produce 
EP to meet it in M, 

Draw also A C and BD through the centre P at right angles 
to EP and 8P respectively. 

Then is the hemisphere of which ABG is a section that 
which is visible from the Earth, and that of which BAD is a 
section is the illuminated hemisphere. 
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Hence the arc AB is the section of that part of the snr- 
face of the planet which is illuminated as seen from the Earth ; 
and this is measured by the angle APB or the angle 8PM^ 
which is equal to the difference of the Greocentric and Heliocen- 
tric Longitudes of the planet diminished by 180*. 

In the case of the moon this angle, which we will denote by 
dy is called the Exterior Angle of Elongation. 

Also the arc AB of the section of the planet which represents 
its greatest phase will be seen orthogonally projected on the 
diameter AC, and will therefore be represented by the versed- 
sine of the ara 

Hence the measure of the phase, or of the illuminated part 
of the diameter of the planet transverse to the line joining the 
cusps, will be semi-diameter x versin rf. 

It is plain that the whole of the illuminated portion of the 
disk of the planet, of which the expression above is the measure, 
will be a lune formed by planes passing through AP and BP 
perpendicular to the ecliptic, and that every part of this lime will 
he projected on the plane of which AP is the section, and there- 
fore that the projections of all the points corresponding to ^ on 
this plane will be an ellipse whose major axis is to the minor 
axis as 1 : cos t^. 

4. Fboblem. To find when Venus, on approaching her in- 
fsrior conjunction, is at her greatest brightness, neglecting the 
excentridtg of the orbit 

It is plain that the brightness of Venus will vary directly 
as the breadth of the phase of illumination, and inversely as the 

square of her distance from the earth, or as ^™ . 

Let then SE^ (unit of distance =) 1, 

SP^a, 
EP^x. 



and 
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or 1 «= a* + a? + 2aaj cos (SPif ; 

.-. cos aPM^ - '^■^f-^ . 

1 - COB 8PM 1 / €f+a?-V \ 
UP* ~^V 2ax ) 

^ {a + xy-1 

Hence ^5^±^= maximum, 

2aj' (a + a?) - Sa?" {(a + a?)*- 1} =0, 

2aa? + 2ai*- 3a*- Goaj- Saj* + 3 = 0, 

or aj" + 4aaj + 3(a'-l) =0, 

whence a? = Va'^+S — 2a. 

5. To find the angle which the line joining the cusps of 
the Moon makes with the great circle passing through the poles 
of the earth, or with the declination circle. 

Let be the centre of the planet or of the moon (supposed 
to be homed, or not half illuminated) on a circle of declination 




PO, P being the pole ; 8 the position of the Sun. Draw the 
arcs of a great circle 80 and 8P\ then will 80 be manifestly 
perpendicular to the line of cusps. 

Let P>8^=A„ PO = Ap, 

and angle P08 = 90' ± 6. 



\ 
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Then cot (90** ± ^) = cosec P sin A, cot A, — cot Pcos Ap, 
where Q is plainly the inclination of the line of cnsps to the 
declination circle, and P is the difference of R.A* of the Sun and 
Planet. 

Imagine now that PO is the meridian of the place of obser- 
vation, and that the zenith-distance of the moon is observed, 
when the line of cusps is nearly but not quite coincident with 
the meridian, that is, is nearly vertical. In this case, one limb 
(in the figure the south limb) will be full, but the other will be 
not fully illuminated ; and, by what has preceded, the correction 
required to the observed zenith distance of the north limb will 
be — (angular semi-diameter) x vers 0. 

The same correction will apply to an observation of Venus 
or Mercury, but in this case Q vclbj have any value whatever 
without affecting the accuracy of the observation. 

If the Moon be gibbous we must proceed as follows : 

Draw a great circle through the Moon at right angles to the 
meridian passing through the Moon, and let it meet the meridian 
passing through the Sun. The point where it meets this latter 
• meridian will determine the position of a fictitious sun, which 
would folly illuminate both the north and south limbs of the 
Moon ; and the elevation or depression of the true Sun above or 
below the great circle joining the moon and the fictitious sun, 
measured in the plane of that circle, will represent the angle by 
which the lowest or highest part of the' illuminated hemisphere 
is distant jfrom the limb, and therefore the angle whose versed 
Bine multiplied into the semi-diameter is the correction required 
to observed zenith distance of defective limb. 

Thus (Fig. on page 264), let Pbe the north pole of the hea- 
vens; M the centre of the Moon on the meridian; S the true 
Sun. Draw MS^^ perpendicular to PM, meeting PS produced in 
S^ ; then is 8^^ the place of the fictitious sun. Draw also SO 
perpendicular to MS^, 

Let PS^A, PM=£^, P8,^\. SO^O, SS, = 0,, 
80=0. 

Then cos P = tan PJf cot PS^ 

= tan Am cot A^, 
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or tan A^ = tan A^ secP, 
and /8^/8;=dj = Aj-A, 
/. sin /8f = sin tf = sin 0^ sin PS^M 

ass sm u. —. — T- , 
* sm Aj 

whence is known, and the correction as before is semi-diameter 
X vers 0. 




For an inferior planet the investigation is the same as for the 
Moon, excepting that a correction must be introduced depending 
upon the distance of the planet from the Earth and Sun. 

Thus, 80 or representing the angular distance of the Sun 

from the plane of the great circle MOS, as seen from the Earth, 

the sine of the angular distance as seen from the planet will be 

. , - distance of Earth from Sun . y, . . , x 

evidently jt-- j — = —^ ^ — x sin ^ = sin (suppose) ; 

•^ distance 01 planet from Sun t- \ rr /' 

and <!> represents in this case the angle by which the lowest or 
'highest point of the illuminated hemisphere is distant from the 
limb as viewed by an observer anywhere in the plane of this 
great circle. The correction will therefore be 

planet's semi-diameter x versin <^. 

6. On the Transits op Mercury and Vends across 
THE Disk of the Sun. 

The inclinations of the orbits of these planets being very 
small, namely, for Mercury 7*^.0', and for Venus 3^23', it is 
plain that if the inferior conjunction of either of them with the 
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Earth happeus when the planet is near the node of its orbit, it 
will be very nearly in a direct line between the Earth and the 
centre of the Sun, and will appear to cross or to transit the disk 
of the Sun. 

If, for example, the latitude of the planet at inferior con- 
junction be less than the Sun's semi-diameter, that is, than 16', 
a transit will take place, and since generally 

tan /9 = sin (? — fl) tan «*, 
we shall have (putting /8 = 16') for Mercury, 

Z'-fl = 2M0'; 

and for Venus, 

r- 11 = 4^31'; 

as the limiting values for which a transit is possible, supposing 
the observer to be stationed at the centre of the Earth, 

To find the intervals of recurrence of the transits of Mercury 
or Venus, it must be observed, that since a transit can take place 
only when the planet is very near its node at the time of con- 
junction, each must make a complete number of sidereal revolu- 
tions after one such conjunction, before another will take place. 
Let then between two transits the planet make m complete revo- 
lutions, and the Earth n revolutions, the periods being respec- 
tively Pj and Pj. We shall have then the indeterminate equa- 
tion 

and therefore — = ■» » 

n Pj 

and we must find what integral numbers when substituted for 

Pj and P, will give pretty correctly the value of the fraction 

w P. 
- or -^. 
n Pj 

Now, for Mercury, P^ = 87*969 days, 
and P, = 365-256, 
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P, 87-969 



• • P, 365-256 
1 1 



4+ 6+ 1+ 1+ 2+ 1+5 + &C. 
Hence the series of fractions which approximately represent 



p 

the value of -^ is 



13 33 46 263 



29' 54' 137' 191' 1092' 

or transits of Mercury may take place at the same node after 
intervals of 7, 13, 33, or 46 years. 

Transits in fact have been observed at the descending node 
in the month of May of the years 1661, 1707, 1740, 1753, 1786, 
1799, 1832, and 1845 ; and at the ascending node in the month of 
November of the years 1677, 1697, 1723, 1736, 1743, 1756, 1769, 
1782, 1789> 1802, 1848, and 1861. 

All these transits (excepting that for 1861) have been dis- 
cussed by M. Le Verrier in his determination of the orbit of the 
planet contained in Vol. ii. of the Annales de T Observatoire Im- 
portal de Paris. 

Again, for Venus, 

P^ _ 224-700 
P, "" 365-256 

llllll 111 



1+1+1+1+2+ 29 +3+1+ 19 -f&c. 

Hence the converging fractions are 

^ 235 211 
13 ' 382 ' 1159 ' 

and transits may be expected to occur at the same node after 
intervals of 8, 235, or 713 years. 

The transits of Venus at the ascending node to the end of 
the present millenary period, commencing with 1631, are those 
which occurred in the month of December in the years 1631, 
1639, and which will occur in 1874 and 1882 ; and those at 
the descending node are the celebrated ones of 1761 and 1769, 
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which occurred in the month of June, and that which will 
occur in the same month of 2004. 



7. To find the SurCa horizontal equatorial parallax from 
the difference of the durations of the same transit of Venus 
observed at different places on the EartVs surface. 

The principle on which is founded this method of finding 
the Sun's parallax has been explained in a preceding chapter 
(page 199). We now propose to exhibit the mathematical de- 
tails of the calculations. 

The first thing to be done is to find the times of the first 
and last contact as viewed from the centre of the Earth. 

Let c be the sum or the difference of the angular semi- 
diameters of the Sun and the planet (the sum corresponding to 
the external contact of the limbs and the difference to the inter- 
nal contact) ; 

L and the geocentric longitudes of the centres of the planet 
and the Sun at the time of first or last contact ; 

X and A the geocentric latitudes at the same time. 

Then we have the following equations : 

cose = sin\ sin A + cos\ cos A cos {L — 0), 

or sm' - = sm — h cos\ cos A sxn* — - — . 

Also, since, at the time of the transit, c, \, and L — Q are 
very small arcs, we may in general put the arcs for the sines, 
when we shall have 

c*=(\-A)»+(i-0)>* 

In the Nautical Almanac the values of the Geocentric Longi- 
tudes and Latitudes of the planets are not given, but they can 

* M. Le Yerrier at first retains the tenuB of the fourth order in the expan- 

e X — A 

BiODs of sin' ^ 9 BU^' -a — > ^'9 ^^^ ^^ finaUy neglects them as producing no sen- 
Is 2 

iible effect. {Armdlea de VObHrvaJboire de Paria, Tosm v. page 63.) 
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be calculated from the Heliocentric Longitudes and Latitudes by 
the formulse at page 241, or thej can be taken immediately 
from the Spanish Nautical Almanac {Almanique NatUico calcu- 
lado en el Ohaervatorio de San Fernando). Let these then be 
computed for three times at equal intervals of four hours, this 
being, with respect to the duration of the transit, a convenient 
interval, and let the middle time {T) correspond pretty nearly 
to the time of conjunction in longitude. "We shall then have, for 
the times T— 4**, T, and T-\- 4**, the trvs longitudes and lati- 
tudes of the Sun and Venus. These must then be converted 
into apparent longitudes and latitudes by the application of the 
aberration, unless the apparent places are given in the Ephe- 
meris. 

Then for any time T+t {t being less than four hours, and 
the hour being taken as the unit of time,) we shall be able to 
express the latitudes and longitudes in the form a + bt + c^y and 
consequently we shall have, for \ — A and -£ — O, expressions 
of the form 

\ - A = n + n'^ + n"f, 

and L — Q = m + mt + m't\ 

and, substituting these values in the equation 

we shall have an equation of the form 

c'^=e+Ji + fff + ht\ 

or, puttinff f^ k. 



f^-i-t-k^O, 



from which 



which will give the two epochs for which the distance of the 
centres of the Sun and planet is equal to c. 

The term of k involving f will, of course, be neglected in the 
first approximation, but, when an approximate value of t has 
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been found, it can be easily taken into account, though it haa 
an exceedingly small influence on the result 

Let now t and t be the times calculated in the manner 
explained above, when the first and last contact would be seen 
at the centre of the Earth ; 

T-^-hT and t' + St the times at one of the observing stations, 
8t and St being the efifects of parallax ; 

IT the Sun*s horizontal equatorial parallax, 

IT the horizontal equatorial parallax of Venus, 

n' and m the relative horary motions of the Sun and Venus 
in latitude and longitude respectively. 

Then, knowing the hour-angle and declination of the point 
of contact at the time t + 8^, we can calculate the coeflScients of 
parallax in Br.A. and declination by the formulae on page 188« 
and, by the formulae on page 76, these can be transformed into 
the coefficients of parallax in longitude and latitude. For the 
first contact let these coefficients be a and h ; so that the whole 
variation oi L — Q will be a {ir' — tt) + w'St, and the whole 
variation of \ — A will be J (tt' — tt) + nSr, 

But, differentiating the equation 

considering c as constant, 

(\-A) (8X-SA) + (i-O) (Si-80) =0; 
.-. {a {it' - w) + m'Sr} {L-Q) + {b (tt' -ir)+ n'Sr} (\ - A) = 0, 

'*^^--m'(ii-0) + n'(X-A) (''-'') 

= a (tt' — tt), suppose. 

Similarly for St' we shall obtain an expression of the form 

ST' = /3(7r'-7r). 

Hence, at the station where this observation is made, we 
shall have : 

time of first contact = t + a (tt' — tt) , 

last contact = T + /^ (tt' — tt) ; 
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therefore duration of transit 

= D = T -T + (/3 - a) (tt'- -tt). 

If now U be the duration of transit at another station, and 
^ and CL similarly related quantities, 

2y = T'-T+ 0S'-a')(7r'-7r); 

.-. 2>'-2>=03'-/3-'a'+a)(7r'-7r), 

D-D 



or TT — TT = 



/y-ZS-a' + a* 



«- tt' _ distance of Sun from the Earth 
TT "" distance of Venus from Earth ' 

and, as this ratio is known by the theory of elliptic motion, let 
it be equal to k ; 



• • ————— «* ic "^ X, 



TT 



, IT —IT 

and /. 7r = 



i-1 



This gives the value of the Sun's horizontal equatorial 
parallax for the day of observation. If then the radius-vector 
of the Earth's orbit for this day be r, we shall have at the unit 
of distance, for the constant of solar parallax, irr. 

By Encke*s most carefrd and laborious discussion of all the 
observations of the Transit of Venus in 1769, the constant of 
parallax was found to be 8"*5776, which value however has been 
proved by modem discussions (page 198) to be considerably too 
small. 



CHAPTER IX. 

ON THE ORBIT OF THE MOON; AND ON THE 

SATELLITES OF JUPITER. 



1. In the Chapter on Parallax, the method has been ex- 
plained by which the horizontal parallax of the moon has been 
determined by means of observations of zenith-distance made at 
two observatories having very different latitudes, but differing 
little in longitude. The mean value of the parallax thus found 
is about 57', and the earth's equatorial semi-diameter being 
7926 miles, the mean distance of the moon from the earth is 
about 240,000 miles, or about 60 semi-diameters of the earth. 
Also, the distance of the sun being about 92,000,000 miles from 
the earth, the ratio of the distances of the moon and sun from 

the earth is about -rrrr , These numbers it is desirable for the 

400 

student to retain in the memory. 

2. By observations of the moon's vertical diameter made 
on the meridian with the mural circle or transit circle, it 
appears that the moon's orbit must be nearly circular and 
described round the earth, since these diameters, when properly 
corrected for the difference of refraction and parallax of the 
upper and lower limbs, do not vary greatly during the period of 
a whole lunation. Thus, if we take the numbers in the Nautical 
Almanac to represent the results of observation (which they do 
very accurately), and confine ourselves to the August lunation of 
1863, we find that the semi-diameter was least on August 11, 
at about 12^ being 14'.44"-0, and greatest on August 26, at 12**, 
being at that time 16'.36"-1. 
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These numbers then being reduced to seconds will represent 
the ratio of the greatest and least distances of the moon, and, if 
we assume that the orbit is an ellipse of which the excentricitj 
is e, we shall have 

1 + e ^ 996-1 

l-e" 884-0' 

This then may be considered as an approximate value of 
the excentricity of the orbit, and, if the elements of the orbit 
were unknown, observations of the diameter continued through 
several lunations would determine the mean value with some 
considerable accuracy. The mean value assumed by M. Hansen 
is 0-05490807. 

3. On looking however at the longitudes of the Moon 
which correspond to her greatest and least distances, we shall 
find that when reduced to the longitudes in the orbit, these 
points do not lie at the extremities of a diameter. 

Thus, on August 11, 12^, moon's ecliptic longitude = 110^26'; 
andon August 26, 12^ =306^54'. 

The increase of longitude is therefore 196*^.28', or, neglecting 
the reduction from the ecliptic to the orbit, which does not 
amount to above 6', the apse or perigee appears in half a revolu- 
tion to have progressed by about 16^®. 

If again we compare the moon's longitude at the next return 
to her perigee on Sept. 7, 23**, with the apogee next preceding, 
we shall find that the increase of longitude is only 165®, and 
therefore that in the latter half of the orbit the apse has regressed 
almost as much as it progressed in the preceding half, so that, in 
the whole lunation, the progress is about 2®. Another month 
would shew in the same manner how large and irregular is the 
motion of the line of apsides, and therefore that it is only as a 
matter of convenience that the orbit is considered as an ellipse 
at all, the points of apogee and perigee never lying at the 
extremities of a diameter of the orbit, but deviating from it 
sometimes by 20°. 
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4. But though the motion of the apse is so irregular during 
a single lunation, yet, as its motion is due to the disturbing 
influence of the Sun, and as the Sun in the course of a year is 
in every possible position with respect to the line of apsides, a 
mean or average annual progression is produced amounting to 
about 38° ; so that it makes a complete revolution in about 9^ 
years. 

5. Every other element of the lunar orbit is subject to dis- 
turbances as great as those which affect the line of apsides. 

For eiUmple, the nodes or points of intersection of the orbit 
with the ecliptic are not fixed, but, on account of the disturbing 
action of the Sun, sometimes progress and sometimes regress in 
a very irregular way, so that on the whole they retrograde with 
a mean yearly motion of about 19°. 20', performing a tropical 
revolution in 6793*39 days, or in about 18^ years. 

The inclination of the orbit to the ecliptic is also variable on 
account of the Sun's disturbing action, and the mean value 
assumed by Professor Hansen is 5*.8'.39"'96. 

To find the actual longitude of the Moon's node at any 
time, we must use observations made a little before and a 
little after the crossing of the node. For instance, by the 
tabulated latitudes, we can find the day when she crosses from 
north to south, or from south to north latitude, and find or make 
observations of R.A. and N.P.D. for a day or two before and 
after the passage of the node. These can be converted into 
longitudes and latitudes by the processes of Chapter III. 

Let then I and V be the resulting longitudes, 

fi and /8' the latitudes (the first north, the second 
south), 
and A the longitude of the descending node, 
i the inclination of the orbit. 

Hence we have 

tan/8 
tan % = . ~. — - 

sm (12 — I) 

_ tan ^ 
"" sin (/' - H) ' 

M. A. 18 
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Bin (Q — V) tanfi 
'** Bin (Z' - fi) ~ Sm^ ' 

*^"2" sin iff + /3) 

''t«n(^'-il)''«-(^-^' 

\2 /sm(p+/8) 2' 

r+z 

whidi gives — ^ H, and therefore fl ; and the inclination 

will be determined by the equation 

tan\ 



tan t sfc -r 



sin (II — Z) ' 

This value of i would however be subject to great un- 
certainly^ and the inclination should be found by latitudes 
determined from observations made when the moon is distant 
nearly 90® from the node, in a way analogous to that for finding 
the obliquity of the ecliptic in Chapter III. 

Example. In the Nautical Almanac for 1863, we find the 

following longitudes and latitudes of the moon computed from 

Hansen's Tables, and therefore representing observations very 

accurately. 

\Longitude, Latitude. 

1863, June 14, 0^ 62^48'.54"-3 0^ 22'. 58"-2 N. 
12, 68^51'. 5"-9 00. 10'.25"-4 S. 

Here f - Z = 6^ 2'. ll"-6, /3' + /3 = 33'. 23"-6, 

and I^^ = 3M'. 5"-8, /3'-/3 = -. 12'.32"-8; 

log sin (/3' - /8) = 7-5622535 

Ar. Co. log sin (/3' + /3) = - 2-0126209 

T -I 
log tan ——- = 8-7220386 

2 



'V+l ,.. 

8-2969130 



logtan(i±i-ft)=- 
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and ^^ = eS'.SO'.O"; 

theTefore 12, or the loogitude of the descending node, ig equal 
to 66^58^6", and the loa^tade of the asoending node is 
246'.58'.6^ 

6. The prineipal ineqnalitj of the longitude of the node is 

+ I'.30'.26''sin2(©-fl), 

(the value of the coefficient being only approximate), so tha(t if 
n represent the mean longitude of the ascending node for a 
giren epoeh^ the true longitude is 

n + !•. 30'. 26" sin 2 (O - XI). 

h. ' 

For 1863, June 14, 8 = 83 . 12 

and n « 246 . 58 



therefore © - fl = 196 . 14 
and2(©-0)= 32.28 

And log sin 2 (©-n)« 9-72982 
Log 90'-43 = 1-96631 

Sum = 1-68613 



Number = 48'-54 

Now, in the Nautical Almanac for 1863, page 242, we have 
for O, 246*. 2'-0 ; therefore the true longitude (referred however 
to the mean equinox for 1863, Jan. 1), is 246^50'-54, agreeing 
nearlj with that found by calculation. 

7. The prineipal inequality of the inclination is 

+ 8'. 47" cos 2 (© - fl), 

80 that if « be the mean inclination, the true inclination for 
any time is 

i-f 8'.47"oos2(©-fl). 

18—2 
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8. The MootCs Mean Motion. 

If the moon were without disturbance, and the times of con- 
junction with the Sun could be accurately observed, then the 
time of a synodic period could be very easily and correctly 
determined. This, however, is not the case, as the gravitation 
of the moon towards the Earth is variously affected (and conse- 
quently the time of a revolution in her orbit is different) in dif- 
ferent months of the year, and therefore the intervals of time 
between consecutive conjunctions will be different. 

Thus, taking the Nautical Almanac for 1863, we find the 
following times of new moon : 

InterralL 
h. m. d. b. m. 



January 19, 4 . 1*8 

February 17, 15 . 6*3 

March 19, 2 . 37*2 

April 17, 15. 5-2 

May 17, 4.48-5 

June 15, 19 . 36*3 

July 15, 10 . 53-6 

August 14, 2 . 2-9 

September 12, 16.41-8 

October 12, 6 . 42-2 

November 10, 19 . 59*4 

December 10, 8 . 23-5 



29.11. 4-5 
29 . 11 . 30-9 
29 . 12 . 28-0 
29 . 13 . 43-3 
29 . 14 . 47-8 
29.15.17-3 
29.15. 9-3 
29 . 14 . 38-9 
29.14. 0-4 
29.13.17-2 
29 . 12 . 24-1 



The intervals above increase with tolerable uniformity till 
the middle of the year, shewing a decrease of gravitation to- 
wards the Earth, or an increase of the radial disturbing force of 
the sun directed from the Earth, and then diminish with the 
same uniformity, shewing a decrease of radial disturbing force 
directed from the Earth. 

The mean of the intervals, or the mean synodic periocf for 
the year, is however 

29**. 13^. 29"*-2. 
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K now we were to take the conjunctiona in the year 1862, 
we should find . 

for January, 29**. 14\ 49°»-5, 

and for December, 20^ 17^ 4"-3, 

giving for eleven lunations a period of 

325*. 2^ 14"*-8, 

or for one synodic revolution, 

29^ 13^ 17. -7. 

A result agreeing pretty well with that for 1862; so that, as 
might be expected, we should get a moderately accurate result 
if we could observe the times of conjunction at intervals of 
a few years with moderate accuracy. Eclipses of the sun or 
moon of course offer the best method of doing this, and it for- 
tunately happens that the records of the observations of several 
ancient eclipses of the moon have come down to us, which, 
when compared with observations of recent eclipses, have led to 
a very accurate determination of the synodic period of the moon 
or of the mean motion. 

The most ancient of these eclipses was observed at Babylon, 
B.C. 721, March 19, as related by Ptolemy; and the others 
were, first, that said by Hipparchus to have been observed at 
Babylon in the 366th year of Nabonassar ; and, secondly, that 
observed at Alexandria, B.C. 201, Sept. 22. 

According to Laplace, the mean length of a synodic period 
of the moon, determined in this way, is 

29^ 12\ 44"*. 2*-8032, or 29'*-530588. 

9. To deduce from this the tropioal 'period^ or the time of 
a revolution of the moon with regard to the equinoxes, let this 
be represented by t ; the length of a tropical year or 365'*'24224 
by T\ and the synodic period of the moon by s. 

Then the sun's mean daily motion being -^ , and that of 

the moon — — , their relative daily motion is 



— y--360 



O^rj' 
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and therefore 360». a. (7 - 4) = 360'. 



Hence «» 



or f = 



t T 

tT 

t-T' 



I 

I 



If we now substitute for 8 and T the values given above^ we 
shall find 

10* To find the length of a sidereal revolution* 

Let p (= 50'**224) be the annual precession, and a? the value 

of a sidereal revolution. Then, ^ will be the precessioni4 arc 

correspondiilg to the period a?, and the time of the moon's 
describing it will be 



/. x — t + 



360x60x60'T' 

^x 

360x60x60^' 



or 0? = 



1 ^ 

1296000 r 



^ ^ 1296000^^ V129600027 ^ ^ 
= « {1 + -00000289887 + '000000000008} 
= «x 1-00000289895 
= 27*-32158 + -000079 
= 27^-32166 
==27^7^43Mr•4. 
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11. When the moon's synodic period of revolution is deter- 
mined by comparison of ancient and modem eclipses, it is found 
that the most ancient eclipsed give for the time of revolution a 
longer period than the more recent ones, or that the moon's 
mean motion is accelerated. This was known to Dr Halley, 
and the amount was approximately calculated by the Kev^ 
Richard Dunthome {Phil. Trans, for 1749), and was found 
to be about 10'' in a century. Laplace first assigned the true 
physical cause of this secular acceleration, which arises from 
the diminution of the mean value of the sun's ablatitious dis- 
turbing force, on account of the secular diminution of the excen- 
tricity of the earth's orbit, and the consequent greater distance 
of the sun from the earth and moon on the average. He did 
not carry the approximation far, but he found that, as an approxi- 
mate value of the correction to the moon's place required on 
this account, there should be added to the mean longitude, 
for the year 1800 + ty calculated on the supposition of a uniform 

motion, 

10"-207<' + 0"-00185^. 

A very elaborate investigation of several ancient eclipses by 
Mr Airy and Professor Hansen has shewn that a still larger 
value of the coeflScient of the acceleration is necessary to repre- 
sent them properly, amounting at least to 12". On the other 
hand it was proved by Mr Adams, originally in a paper printed 
in the Phil. Trans, for 1853, and has been established since be- 
yond controversy by several eminent mathematicians, including 
M. Delaunay, i^ofessors Plana, Donkin, Cayley, and Sir John 
Lubbock, that the coefficient of the acceleraiion as derived from 
the theory of gravitation does not amount to more than 5"'7, 
For information on the interesting controversy which arose re- 
specting the disputed value, the reader may consult the Monthly 
Notices of the Boyal Astronomical Society. Here we content our- 
selves with stating, that a difficulty has arisen on account of the 
necessity of accepting Adams's value of the coefficient, because it 
is not large enough to satisfy the ancient eclipses ; and we are 
driven either to the hypothesis of a resisting medium, or (accord- 
ing to Professor Hansen's views) to that of a minute chaiige in 
the length of the sidereal day, which would produce apparent 
acceleration of the same kind, to make up the deficiency. 
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The node and the perigee of the lunar orbit are also affected 
with secular inequalities, connected with that of the mean 
motion; that of the node is negative, and its coefficient is 
about three times that of the mean motion ; that of the peri- 
gee is also negative, and amounts to about three-fourths of 
tliat of the mean motion. 



12. On the equations of the moovLS motion. 

It has been stated that the orbit of the moon is only approxi- 
mately an ellipse, on account of the action of the sun's disturb- 
ing force, and that it is only for convenience of calculation that 
the orbit is assumed to be elliptical. 

The chief disturbances of the orbit, or deviations from the 
longitude calculated on the elliptic theory, are three, namely, the 
evectioHy the variation, and the annual equation. The first and 
largest of these inequalities was discovered by Ptolemy in the 
first century after Christ, and the second by Tycho Brahe in 
the sixteenth century. 

The evection has for its argument 

sin {2 (J - 0) - m}, 

where J and represent the mean longitudes of the moon and 
sun, and m the mean anomaly of the moon. And the value of 
its coefficient is, according to the most recent researches of 
Mr Airy, 4587"-01. 

The correction to be added to the elliptic longitude is 

+ 4587"-01 sin {2 (J - 0) - m}. 

The evection includes the effect of tlie disturbances pro- 
ducing the irregular motion of the lunar perigee before referred 
to, and the change of excentricity of the orbit. The approxi- 
mate position of the perigee at any time may be found by sub- 
tracting from the longitude, calculated on the supposition of its 

15 
uniform progression, -—sin 2 (long, of perigee — long, of sun), 

and the longitude of the moon may then be calculated in an 
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elliptic orbit, with this position of the perigee, and with an 

15 

excentricity = mean excentricity x {1 + — cos 2 (long, of perigee 

-long, of sun)}. See Air/s Tracts ^ Lunar Theory ^ Art. 66. 

The variation has for its argument sin 2 (J — ©), and the cor- 
rect value of its coefficient is 2370"'7. 

The correction to moon's longitude on this account is 

+ 237O"-7xsin2(])-.0).- 

The anntial equation depends of course on the position of the 
sun, and has for its argument sin sun's mean anomaly. The 
value of its coefficient is 669"*0 ; and the correction to the longi- 
tude is 

— 669"*0 X sin sun's mean anomaly. 

Taking account then of these inequalities only, the moon's 
longitude at any time = mean longitude + equation of the centre 
in assumed elliptic orbit (+ 22639"*06 sin m) 

+ 4587''-01 sin {2 (J - ©) - m] 

+ 2370"-7 sin 2 (J - O) 

— 669"'0 sin sun's mean anomaly. 



13. The researches of astronomers have been recently at- 
tended with complete success in developing the theory of the 
lunar inequalities, so that the places of the moon calculated by 
the tables of Professor Hansen, recently published, may at the 
present epoch be considered to represent the true places actually 
better than single observations, and, for the first time, we are 
able to say that, in the application of the method of Lunar Dis- 
tances for finding the longitude at sea, the error of the result 
will not depend at all upon the inaccuracy of the assumed places 
of the moon. The places of the moon given in the Nautical 
Almanac^ commencing with the year 1863, are computed from 
Hansen's tables; while, for all preceding years, commencing 
with 1834, they were computed from the tables of Burckhardt. 
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These latter gave places, frequently in error to the amoimt of 
30", and sometimes to the amomit of 45"*. 

14. Since the same face of the moon is, with very trifling 
exceptions, always turned towards the earth (as proved by the 
fact that a map made at one epoch is found to represent with, 
great accuracy the details of the surface presented to the earth, at 
any other epoch), it is plain that she must rotate on an axis very 
nearly perpendicular to the plane of her orbit in the exact time 
of a mean revolution in her orbit round the earth. 

Since, however, it is almost certain from the analogy of all 
other planets, that the velocity of rotation on her axis is uni- 
form, while the velocity in the orbit is subject to considerable 
variations, it follows that occasionally a little more of the eastern 
limb and of the western limb will be visible than would be 
the case if the velocity in the orbit were uniform. This is called 
the Lihration in Longitude, 

It is observed also, that occasionally rather more is seen of 
the northern limb and of the southern limb than at other times. 
This is called the Lihration in Latitude^ and is assumed to arise 
from the circumstance of the axis of rotation not being exactly 
perpendicular to the plane of the orbit. 

A third lihration, called the Diurnal Lihration, is due to 
parallax, or to the observer's position on the surface of the earth, 
the effect being that at rising and setting, parts near the upper 
limb are seen which would not be seen from the earth's centre, 
and which vary according to the altitude of the moon above the 
horizon. 

On the Satellites of Jupiter. 

16. Of the planets exterior to Mars, Jupiter has four satel- 
lites, Saturn has eight, Uranus several, and Neptune at least one. 
Saturn has also a system of luminous rings all lying in one 
plane* All these objects, excepting the satellites of Jupiter, 
concern speculative rather than practical astronomy, and the 

* For a history of the successive improvements in the Lunar Tables, see the 
address on the presentation of the Gold Medal of the Royal Astronomical Society 
to Professor Hansen, in Vol. XX. of the Monthly Notices. 
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reader may consult more popular books for information respect- 
ing tbem/ 

The satellites of Jupiter, however, are of practical import- 
ance to astronomers, as the observation of their eclipses, at 
different distances from the earth, furnished a good approxima- 
tion to the velocity of light (see page 142), and also affords 
a ready means of obtaining the difference of longitude of distant 
stations on the earth's smface. We may therefore devote a few 
words to them. 

16. The satellites of Jupiter were discovered in 1610, by 
Gralileo; their brightness, when the planet is near opposition, 
being generally equivalent to stars of about the 7th magnitude, 
and therefore rendering them visible by the use of small tele- 
scopes. They are, to their primary planet, what the moon is 
with respect to the earth, revolving round Jupiter in nearly 
circular orbits, casting a shadow on his disk, and disappearing 
on entering his shadow. 

That their disappearances are owing to their eclipse in the 
shadow of Jupiter is proved by the fact of their taking place at 
different distances from his body according to the relative posi- 
tions of Jupiter, the sun, and the earth, but always towards 
those parts, and on that side of the disk, where the shadow 
ought to be by computation. 

That the satellites move directly ^ or according to the order of 
the signs of the zodiac, is proved from the fact that a satellite is 
never eclipsed or occulted except when it appears to move in 
this direction, that is, towards the east, while, on the other hand, 
transits over the disk always occur when the satellite is appa- 
rently moving from east to west. 

The synodical period of each satellite is found by comparing 
the intervals between the times of successive eclipses, and espe- 
cially those which occur near the time of opposition of the planet. 
Thus, the mean of the times of disappearance and reappear- 
ance of a satellite is the time when it is very nearly in the 
direction of the line joining the centres of the sun and Jupiter, 
and therefore, the difference of the times of two successive 
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eclipses will be rery nearly the synodic period, and from this, 
when it has been well determined, the sidereal period can be 
determined by the formula on page 278. If, instead of two 
successive eclipses, two separated by a long interval be chosen, 
which happen, when the earth, Jupiter, and the satellite, are 
nearly in the same relative positions, the difference of observed 
times divided by the number of revolutions of the satellite will 
give the time of a revolution with much greater accuracy. 

17. That the satellites move in nearly circular orbits is 
proved from the fact, that their mean motions do not differ con- 
siderably from their true motions. The excentricities of the 
orbits of the first and second are insensible, those of the third 
and fourth small (that of the fourth being the larger) and. varia- 
ble, on account of their mutual perturbations. 

The inclinations of the orbits to the plane of Jupiter's 
equator are very small, all being included within half a degree. 

Their mean distances from the centre of Jupiter have been 
determined by micrometrical measures, or times of comparative 
transit, near the time of greatest elongation. They are approxi- 
mately, measured in parts of Jupiter's semi-diameter, 6*05, 9*62, 
15*35, and 27"00. Of course, when the periodic times are accu- 
rately known and the distance of one satellite, the distances of 
the others can be determined by Kepler's third law. 

18. The following very curious relation has been found 
between the Jovicentric longitudes of the first three satellites at 
any time. If these be denoted by Z^, Z,, Zj, then 

from which it follows that they cannot all be eclipsed at the 
same time, as this would require that Zj = ?,= Zg. 



CHAPTER X. 

ON THE DETERMINATION OF OEOGRAPHICAL 
LATITUDE AND LONGITUDE. 



1. Geooraphioal Latitude has already been defined (p. 6), 
and it is there stated that it is equal to angular elevation of the 
celestial pole above the horizon of the place of observation, or 
that the colatitude is equal to the arc included between the 
observer's zenith and the pole. This suggests, for a fixed obser- 
vatory furnished with a mural or a transit-circle, a very obvious 
method of finding the value of the colatitude, namely, by ob- 
serving meridian distances of Polaris or some other circumpolar 
star, both above and below the pole, and taking the half sum of 
the results. 

If, for instance, z^ be the zenith-distance (corrected for 
refraction) observed at the transit above the pole, and Zi, at the 
transit below, and 7 the colatitude ; 

then 7= g^^""*"^^^' 

Let, generally, the value of z^ be the mean result of m obser- 
vations, and that of Zi the result of n observations ; then (see 
Airy's Theory of Errors of Observations) the prohahle error of 
z^ will be the probable error of a single observation (e„) divided 
by Vm, and the probable error of z will be the probable error of a 
single observation (ej) divided by Vw ; and therefore the (probable 
error)* of 7 will be 

Am An ' 
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and, if we assume that tlie observations above and below the 
pole-are equally trustworihy, or that e„ = ei = c, 



(Probable error)« of 7« J (-+-), 



or, probable error of 7 = 5 



- e Im + n 
of7-5V- 



fnu 



and rince the weight of a result is inversely proportional to the 
square of its probable error, the weight of tiiis value of 7, when 
brought into combination with values derived from other deter- 

minations, will be . 

2. In the reduction of a long series of observations of 
meridian zenith-distances, it is usual, when the colatitude is 
approximately known, to deduce the North Polar Distances of all 
stars and other objects observed, from the observed zenith-dis- 
tances, by application of an assumed colatitude; and, at the 
end of the year, to collect all the results of observations of cir- 
cumpolar stars, for the correction of the colatitude. 

Thus, using the same notation as before, let 7 be the assumed 
colatitude, and 7 + 87 the correct colatitude ; then, from a series 
of m observations of a star above the pole, giving z^ for the 
resulting north zenith-distance, corrected for all astronomical 
inequalities (such as refraction, aberration, precession, and nuta- 
tion), we obtain for the correct mean N.P.D. 7 + S7-«^i«; ^^^i 
similarly, for the result of n observations below the pole, we 
get for the mean N.P.D. of the same star, 

^1-7-87; 

thus 7 + S7-i?u = «i-7~^» 

or S7 = ~(2, + «u)-7 

= 2(««-7)-2(7-««)- 
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Now, the quantities «« — 7 and 7 — «i are plainly the values 
of the N.P.D. of the star, deduced with the erroneous value (7) 
of the colatitude, and therefore the error of the colatitude is 
half the difference or half the algebraical sum of the seconds of 
N.P.D., as deduced from observations of the same stars above 
and below the pole. 

If several {p) circumpolar stars have been observed for the 
determination of the colatitude, and if, as before, m and n repre- 
sent for one of them the number of observations above and 
below the pole ; then, assuming them to be arranged in the order 
of their distance from the pole, and that the intervals of N.P.D. 
are tolerably equal, weights are given proportional to the 
numbers 

« m« ^ , ^. m'n! ^ , . m'W « 

to make allowance for the additional uncertainty of the observa- 
tions made at successively greater distances from the zenith. 

Example. At Oxford, after reducing all the observations 
of the year 1861, on the assumed colatitude 38^ 14'. 24"*8, the 
stars in the following table, of which the headings of the respec- 
tive columns give all necessary information, were used for the 
determination of the error of the assumption* 
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Stan. 


(NTmnber 

of 

Obaei^ 


N.PJ). on 

aflsamed 

Colatitado. 


Number 

of 

Obtenra- 

ttons. 


Algebraic 
sum of 

Determi- 
nation. 


1 


Piodiiet. 


XUnueMinoris... 
S.P. 


4 
3 


1. 6.26-3 
- 1. 6.23-9 


7 


m 

+ 2-4 


11 


+ 26-4 


Polaris r 


7 
3 


1.26.66-4 
- 1.25.51-8 


10 


+ 3-6 


13 


+46-8 


S.P. 


R.H. 0.897* 


2 
1 


2.26.67-6 
- 2.26.66-4 


3 


+ 2-2 


4 


+ 8-8 


Gephei 61. (Hey.) 
S. P. 


2 

4 


2.46. 9-7 
- 2.46. 8-8 


6 


+ 0-9 


8 


+ 7-2 


24 Unse Minoris. 
... B.P* 


4 
2 


3. 1.13-3 
- 3. 1.12-9 


6 


+0-4 


7 


+ 2-8 


8 Un» Minoris... 
... S. P. 


4 
3 


3.23.63*1 
- 3.23.49-9 


7 


+ 3*2 


9 


+ 28-8 


RacUMe 2738 ... 
8. P. 


1 

1 


3.41.47-2 
- 3.41.44-2 


2 


+ 3-0 


3 


+ 9-0 


Radcliffe2320 ... 
S. P. 


2 
2 


6.32.64-5 
- 5.32.53-4 


4 


+ 1-1 


5 


+ 6-6 


22 Uiw» Majoris. 
B. P. 


1 
1 


17.10.52-3 
-17.10.52-8 


2 


-0-5 


2 


- 10 


B.A.G. 3246 

S.P. 


1 

1 


17.18. 34 
-17.18. 3 


2 


+ 0-4 


2 


+ 0-8 


fl" Gephei 


11 
3 


20. 2.57-8 
-20. 2.68-6 


14 


-0-8 


10 


- 8-0 


B. p. 


B^ Gephei 


3 
3 


20. 3. 1-6 
-20. 3. 2-8 


6 


-1-3 


6 


- 7-8 


f^ v/v^uva ......... 

B. P. 


6UrBffiMajori8... 
S. P. 


2 
3 


24.52. 6-0 
-24.52. 7-0 


6 


-ro 


5 

4 
8 


- 60 


aUrsseMfgoris... 
S. P. 


2 
2 


27.29.58-3 
-27.29.670 


4 


+ 1-3 


+ 5-2 


a Gephei 


9 
3 


28. 0.10-8 
-28. 0. 9-4 


12 


+ 1-4 


+ 11-2 


B. P. 


P Ursae M%joris . . 
••• B. P. 


3 


32.62.24*6 
-32.62.22-7 


4 


+ 1-9 


3 


+ 6-7 



* B.H.O. 897 denotes that the star \b No. 897 in Mr Carrington's Red HiU 
CaJtdlogvjt of Oircumpolar Start: in like manner, Raddiffe 2738, denotes that the 
•tar is No. 2738 in the Jtaddiffe or Oseford Catalogue of Stars, published in 1861. 
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For explanation of the weights attributed to the separate 
results it will be sufficient to compute^ that for X Urs» Minoris. 
Here J? = 16, w = 4, w = 3. Hence the weight 

_ 4 X 3 X 32 ^ 384 _ 
4 + 3 ■" 7 - ' 

and to prevent the use of numbers too large, this, as well as all 
the other weights, has been divided by 5, from which we get the 
number 11 in the table. 

Dividing then the sum of all the products by the sum of all 
the weights, we get the quantity + 1"'36, and, it will be readily 
seen from the formula previously given, that 

2S7 + 1"-36 = 0, 

or 87 = - 0"-68. 

Hence, the true value of the colatitude, as deduced from the 
results of 1861, is 

7 + &y = 38**. 14'. 24"-8 - 0"-68 
= 38'. 14'. 24"-l. 

Still, it would not be prudent to accept this result as un- 
questionable, since the assumed colatitude (undoubtedly subject 
to a small error from some cause) is that which was deduced by 
Mr Johnson by an elaborate discussion of the results of the 
observations of several years. 

3. The method given above is quite independent of any 
assumed positions of the objects observed, and therefore serves 
for the independent determination of the N.P.Ds. of all objects 
observed ; but an astronomer, on fitting up a new observatory, 
might obtain by means of a single evening's observations a tole- 
rably accurate value of the latitude by comparison of the observed 
zenith-distances of a series of standard stars with their declina- 
tions or North Polar Distances, given in the Nautical Almanac. 

Thus, if as usual z be the observed south zenith-distance of 
a star, corrected only for refraction ; A its N.P.D. ; and 7 the 
required colatitude, we have 

« + 7 = A, 

or 7 = A — 2?. 

M. A. 19 
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Example. From the Catalogue of the Places of* Stars 
observed at Oxford in 1858, the following results of observed 
zenith-distances are obtained by subtracting the assumed colati- 
tude 38®. 14'. 24"*8 from the mean North Polar Distances. 



star. 


HeAo South 

Zenith Distance, 

1658»Jan.L 


Mean N.F.D. 
from 

N.A. 


Besulting 
Colatitude. 


a Andromedse... 

cPiscium 

aOeti 


23.27.11-1 
44.38. 6-6 
48.13.47-0 
6.54.41-3 
23.16.35-6 
52.10. 4-8 
29.31.12-6 
19.33.51-4 
23.23.39-9 
23.34.14-2 
33.27.17-8 
39. 6. 0-6 
31.12. 4-8 
41.43.24-7 
40.27.50-3 


61.41.37-2 
82.52.31-1 
86.28.12-4 
44. 9. 5-8 
61.31. 1-4 
90.24.28-7 
67.45.36-8 
57.48.160 
61.38. 4-9 
61.48.40-0 
71.41.42-5 
77.20.25-8 
69.26.30-6 
79.57.50-5 
78.42.16-0 


O ' " 

38.14.26-1 
25-6 
25-4 
24-5 
25-8 
23-9 
24-2 
24-6 
25-0 
25-8 
247 
25-2 
25-8 
25-8 
25-7 


Capella 

)8 Tauri 

8 Ononis 


8 Geminomm ... 

Castor 

Pollux 

6 Canon 


83 Cancri 


Besrulus 


y Leonis 

p Leonis 

/ Leonis 





The mean of the values of the colatitude in the table above 
is 38^ 14'. 25"'2, which agrees moderately well with the assumed 
colatitude 38®. 14'. 24"'8, and shews that for south stars the 
assumption is correct within very trifling limits of error. The 
consistency of the separate results also shews the goodness of 
the observations. 



4. The method of finding the latitude given above is that 
practised in a fixed observatory, furnished with a mural or tran- 
sit-circle, and depends on the observation of meridian zenith- 
distances of stars. The latitude may aFso be found by the use 
of the transit-instrument placed in the prime vertical (as has 
been explained in Chapter ii., pages 33 to 39), ^and this method 
is available for finding the latitudes of stations by travellers or 
surveyors, furnished with a small transit-instrument, and with 
independent means of local time. But in general, both at such 
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stations and at sea, the sextant is employed for the determina- 
tion, by measuring (by the help of a surface of mercury) the 
angular distance between the sun or a star, and their reflected 
images, that is, their double altitudes ; and we will proceed to 
shew how, by a repetition and combination of such observations, 
the determination of latitude is effected. 

5. First Method. 

By observing the zenith-distance or altitude of the sun or a 
known star at any hour-angle A. 

Using the usual notation 

cos« = cosA sinA siny + cosA cosy 

= cot ^ cos A sin 7 + cos A cos 7, 

(by making cot ^ = cos A tan A) 

cos A . ,- , 

= -^-— r- . sm (0 + 7) ; 

sm9 ^^ '^ 

, • / . \ cos z &md> 

whence sm (o + 7) = r— ^ , 

^^ ^ cos A 

which determines ^ + 7 and therefore 7, since (f> is determined 
by the equation 

cot if> = cos h tan A. 

6. Second Method. 

By observed altitudes or zenith-distances of any star observed 
near the meridian. 

Let z be the zenith-distance corresponding to hour-angle A, 
and z^ the meridian zenith-distance. 

m. , cos « — cos A cos 7 

Inen cos h = : — r — ; , 

smA sm7 

A — COS gp— COS A cos 7 ^ 

sm A sin 7 

, cos Zf, — cos z 

.', 1 — C08A= ;— ^r ; , 

sm A sm 7 

19—2 
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, sin — r— Sin — -—2 
. .A 2 2 

or Bin* - = 1 . I . 

2 sm A sm 7 

Let now « — «<> = a? (a small arc), 

then ^F'^^«"*"2' 

Sin - 

. a? . . . 2 

/. sm - = sin A sin 7 



sin («.+!) 



For a first approximation, 



or 



• ^ h 

sm - 
. 05 . . . 2 

sm- = sin A sm 7 i , 
2 ' sm^^j 

X . ^„ 1 sin A sin 7 -, . , . ;, 

- sm 1 ' = -. A' sm' 1 , 

2 4 sm^s^Q 



1 sin A 8in7 ,« . ^,, 
or a; = :t = A sm 1 . 

2 sm 2;. 



'0 



Recurring now to the equation 

sm*- 

X • • 2 

sin - = sin A sin7 



sin(., + |) 

it will become by expansion 

sin A sin 7 sin'- 

.05 '2 

sin- = 



2 •!/ • aZ/ 

sin «„ cos — + cos 5?^ sin- 
® 2 2 

sin A sin 7 sin*- 
sin «,j + 2 cos «o X a? sin 1" 

sin A sin 7 sin'- 



(very nearly) 



sm z^ ^ 2 



{l--cot«-Xa:sinr}, 
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or, substituting for x on the right-hand side of the equation, its 
approximate value, 

x . 1 sinAsinY.A* . ,,„ ,, 1 sinAsin7C0S2;. ,, . , .,, 

-sml =-. ; '- — sm"l x{l-j. r-Y^ -*A"sm'r}, 

2 4 sm2?Q ^4 sm';5^ J' 

1 sinAsiny-, . ^„ 1 8in*7 sin" A cos«. .. . ... 

2 sm0« 8 uvlz, ' 



'0 ^ *'*" "0 



in which expression approximate values of 7 and z^ must be 
used. 

/. z^ = z—x is determined, 

and 7 = A — i2?^j {z^ being the meridian south zenith-distance) is 
known. 

If greater accuracy be required, we can easily deduce the 
more correct expression 

2 sin*- it sin A sin 7 / sin*- A sin A sin 7\ 
^^ sin^^.sinl" \ Sml^ / •^rnl^* 

With a sextant or an altitude and azimuth-instrument, a 
series of zenith-distances, corresponding to diflferent values of A, 
may be observed, and each of the observations will give a value 
oi z^y and therefore of 7. 

In Schumacher's HUlfstafeln (Wamstorff's Edition) will be 

sm - 2sm*- 

found tables of the values of the logs, of . ^j and — «— 777*, to 

° sm 1 sm 1 

facilitate the use of the formula given above. 



7. Third method. 

By observations of zenith-distance of Polaris made at any 
hour-angle. 

In this method the peculiarity is that, the N.P.D. of the star 
being small (about 1®. 25' at the present time), advantage may 
be taken of this circumstance to expand the diflference between 
the colatitude and the zenith-distance, which is always small, 
in terms of the N.P.D. 
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Let this difference be a?, that is, let 7 = « + a? ; 

.". cos = cos A sin {z + x) sin A + cos {z + x) cos A 
= cos Ji sin A {sin z cos x + cos z sin x] 
+ cos A {cos z cos a: — sin « sin a;}, 

and 1 ss cos A sin A {tan cos a; + sin x] 

+ cos A {cos a; — tan 2; sin a;} 

s cos 0? {cos A + cos A tan 2; sinA} 

+ sin X {cos A sin A — tan 2; cos A) 

=sa cosa? — i sina: (1), 

if a = cos A + cos h tan e sin A, 

and h = tan z cos A — cos h sin A. 

Then, developing a and b by powers of A to the third order, 
we have 

a = 1 + cos a tan 2? . A — — — cos A tan js — , 

2 u 

and 6=stan« — cosA.A ^r— A" + cosA — . 

Becurring now to equation (1), or 

1 = a cos a? — J sin a?, 

we must proceed to find the value of x in terms of A bj the 
method of indeterminate coefficients. 

Let then aj = J[A + 5A^+ (7A' (2) 

(since, for a star at the pole, or for A = 0, a; would also be 
equal to 0, and therefore there is no term independent of A). 

a? 
Then cos a? = 1 — — 

= 1 - i ^'A* - ABii?, 

and sina? = a; — — 

6 



= ^A + J5A'' + 



(«'-T>' 
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Substituting then in equation (1) the values given above, 
of a, i, sin a?, and cos a?, we have 



1 = 1 + cos A tan z . A 



-(i^--i 



+ 5tan« — -4cosA 



).. 



1 1 

AB + -^"cosA tan« +- cosA tan^ 



k-f) 



-4'\ A 

tan « — — tan a — 5 cos A 
J* 



hA»; 



». 



and this equation must be identically true. 



Hence 



A = cos h\ 



i?tan« = — r (H--4*)+-4cosA 



= _±(1_C08'A) 



and 



= --sin"A, 



jB = — -sin"A cot«. 



Also, since the tenns in -B of the coeflGicient of A* destroy 
each other, 

(A^\ 1 A 

G— — Jtan« = — gcosA tan « (1 + 3-4*)+ -^tzxiZj 



whence 



(7tan« = - cosA tan« — -cos'A tan«; 



and 



(7= -sin* A cos A; 



1 .:.« 



1 . 



thus 0? = cos A . A — - sin* A cot « . A* + - sin* A cos A . A'. 
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And 7=*« + a? 

= « + cosA.A — - sin* A cot « . A"+ ^ sin* A cos h . A", 

or, since a; and A most be ezpiessed in angle, 

7 = s + COB A • A ~ - sin 1" sin" A cot« . A* 

+ - sin* 1" sin" A cos A . A". 

The coefficient of A* is a fdnction of A only, and may there- 
fore be tabidated, as also the factor -sinl" sin" A of the coeffi- 
cient of A", but the last term is generally exceedingly small. 

In the Nautical Almanac are given tables containing for 
Polaris the values of the second and third terms of the right- 
hand side of the equation above, calculated, with the sidereal 
time of observation as the argument, for the mean values of the 
B.A. and N.P.D., and there is an additional table giving the 
correction required for the true values of K.A. and N.P.D. on 
any given day. (See Some Critical Remarks on the Tables in the 
Nautical Almanac^ hy the late John Biddh^ Esq. in Vol. XX. of the 
Monthly Notices^ page 339.) 

8. The development might also have been effected by Mac- 
laurin's Theorem in the following way. 

Let --. + (S)^A-Hl(g)^A« + &c. 

Then we have seen that x^ = 0. 

And, taking the equation, 

cos « = cos A sin {z + x) sin A + cos [z + x) cos A, 

and differentiating it, x and A being the variables, we get 

UnXi 

= COS A cos {z + a?) sin A -1^ + cos A sin {z + x) cos A 

doR 
— sin {z + x) cos A -i-r — cos (« + x) sin A, 
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and, making a; a 0, and therefore 



<;a 



Q; 



and remembering that sin A = 0, we get, 

cos A sin « — sin « (^ J = 0, 

(g)^=cosA. 
Differentiating again, 
— cos A sin (« + x) sin A [ -7^) + cos h cos {z + x) cos A -=-r^ 

+ cos A COS (5? + x) sin A -tt, 

aA' 



= 



— COS (s + a;) cos A {-nj + sin (;? + x) sin A — 

d^x 

— sin (« + x) cos A -^^ 

/7/ifj 

+ cos A cos (« + a?) cos A ^ — cos A sin (« + x) sin A 
+ sin (« + x) sin A ^ — cos {z + a?) cos A ; 

and .*. cos'' A cos 2? — cos" A cos « — sin « {'T\^ ( — o 

+ cos"A C0SJ5 — cos« 



fd^x\ . a , 

or f^^aj = — sm' A cot«, 

and therefore 



a; = cos A . A — - sin* A cot « . A', 



as before. 



The student will probably not be inclined to pursue the in- 
vestigation to another differentiation, though it is not difficult, 
if the terms which vanish (or which contain sin A) are omitted 
in the writing down. 
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Thus, retaining only the terms which will not vanish when 
a; = and A = 0, we shall find 

— 3 cos A sin (« + a?) cos A ( ^ 1 +2 cos h cos {z + x) cos A -7^ 



(Px\ fdx 



+ sin(^ + a.)cosA(^)-cos(^ + a.)cosA(^)(^) 



0= 



dx 



+ 3 sin {z + aj) cos A -vr 



-co8(« + a;)co8A(^)(^) 

— sin (« + x) cos A {-Trz) — cos h sin {z + a?) cos A. 
and, putting a? = 0, and A = 0, and substituting for 

(-^ j and i^iTi) their values, we get 



— 3 cos'A sin« — 2 sin'A cos A cos« cot« + cos'A sin 5? 

+ sin'A cos A cos« cot« + 3 cos A sin z 

(cPx\ 
^aVo 

— COS h sm z^ 

d'x\ 



= < 



and 



2 cos A sins? — 2cos'A sin^ — sins? (-Tri) =0, 

( ^^ j = 2 sin' A cos A ; 
. 1 /rf"a?\ 1 . , - . 

••OTsldA^Jrs^'''^""'*' 

which is the coefficient of A' as before. 

9. Fourth method. 

B7 two observed altitudes or zenith-distances of the same 
star at dijQferent hour-angles, to find both the local time and the 
colatitude. 
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Let a and A be the E, A. and N.P.D. of the star ; B and 8' 
the positions of- the star at the sidereal times t and t* ; z and z' 
the Zenith-distances ZS and Z8' ; P8 = P8* = A. 




Draw 88' an arc of a great circle. 

Then the angle 8P8' = 15 («' - = ^ suppose. 

A J • 88 , T^ci • ^ • A • ^ 

And sm -«-- = sm F8 sm - = sin A sm r , 

which gives 88\ 

Also cotPfi^/8^' = cosA tan- , which determines the angle 
P88' or P8'8. 

Next, in the triangle Z88' we know the values of the 
three sides Z8, Z8\ and 88\ from which we can determine the 
values of the three angles Z88\ Z8'8, and 8Z8\ 

Then the angle P8Z^ P88' - Z88' is known, 
and .-. cos PZ= cos 8 sin P8 sin ;S^+ cos P5 cos 8Z^ 
is determined, or the value of the colatitude is found. 

Finally, the hour-angle (A) corresponding to the first obser- 
vation can be computed in the triangle P8Z, and the sidereal 

•L 

time t of the observation = a -* -— is therefore determined. 

The problem is but little altered if two known stars be 
observed, or the sun. In the latter case the N.P.D. or P8 will 
not be constant, and the variation of E.A. during the interval 
t' — <; must be allowed for, in determining the angle 8P8\ 
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10. It has been thought better not to complicate the preced- 
ing problems by considerations relating to the mode of observ- 
ing the time, and the correction necessary to be applied for the 
losing or gaining rate of the chronometer. In the preceding 
instance the observed interval of time between the two observa- 
tions must be reduced to the sidereal intervals by application of 
the rate. Let the daily losing rate be r seconds of time, and T 
the observed interval expressed in hours. Then in this time 

T 

the chronometer will have lost (if it is going uniformly) — r ; 

and therefore the true sidereal interval will be 



^+2^'-=^(l + 2l)- 



At sea there will be also a correction to be applied for the 
change of position of the ship on the earth's surface between the 
two observations. (See Francoeur, Astronamte FratiquBf page 
230, edition of 1830. This book is well worthy of the attention 
of the student of Nautical Astronomy.) 

11. Ftjih method^ or that of Douvoea. 

By two observed altitudes of the sun without a knowledge 
of the time of the observation. 

Let z and z be the observed zenith-distances, corrected for 
refraction and parallax. 

A the N.P.D. of the sun's centre at the middle epoch be- 
tween the observations, which is supposed to apply to both 
observations. 

h and K the hour-angles as usual. 

Then cos« = cos7 cosA + sin7 sinA cosA (3), 

and cos«'==cos7 cos A + sin7 sinA cosA' (4); 

.". cos« — cos«' = sin7 sinA (cosA — cosA') 

^. . . .A — A.A+A 
■a 2 sm7 sm A sm — - — sm -— — 

=s 2 sin 7 sin A siny sin d, 
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if we put y = ^ (A' + A) s: the mean of the honr-angles, 

1 15 

and ^ = o (^'-" ^) = ^ ^ known interval of time between 

the observations ; 

_ cos Z — COS z' 

• • sin Cf — ■" • • A • yi • 

^ 2 sm 7 sm A sin 9 

■I . 1 . h ■\- h 

wnicn gives y or — - — ; 

.'. A =y + ^ is known, or the hour-angle at the first observation, 
that is, the time before or after apparent noon. 

Finally, from equation (1) we get 

cos« = cos7COsA + sin7 sin A {I — (1 — cos A)} 



= cos (A — 7) — 2 sin' - sin 7 sin A, 

or cos ( A — 7) = cos « + 2 sin" - sin 7 sin A ; 

and, if the first hour-angle, or A, be small, we may substitute for 
7 on the right-hand side of the equation an approximate value 
deduced from the latitude by account, and we thus obtain the 
value of A — 7, and a corrected value of 7. 

12. Determination of OeograpJiical Longitude. 

If, through the axis of the earth, we suppose a series of 
planes to be drawn intersecting the surface; the great circles 
thus traced on the surface are called Meridians ; and the angular 
distance between any two of these great circles is the difference 
of geographical longitude of any places whatever situated upon 
them. Different zeros of longitude are assumed by different 
nations, each taking for the zero the meridian which passes 
through the chief Observatory of its capilial city. 

The general principle for the investigation of differences of 
longitude will be readily understood from our notions of sidereal 
and mean solar time, as explained in the fifth Chapter. 
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Sidereal time, for example, at anj place is the hour-angle of 
the First Point of Aries for that place, and mean solar time 
is the honr-angle for the mean snn for that place. The differ- 
ence of the hour-angles — ^whether sidereal or mean solar — ^for 
two places at the same instant of absolute time, that is, the dif- 
ference of local times at the same instant, will therefore be the 
difference of the longitudes of the places. If therefore we could 
observe at two stations whose difference of longitude is required, 
the same phenomenon at the same instant, then it is plain that 
the difference of the observed local times at the two stations 
would be the difference required. 

A great many different methods have been employed for the 
purpose of finding the longitude, and every one is aware that 
the finding of the longitude at sea is the most difficult, and, at 
the same time vitally important of the problems which the 
mariner has to solve ; but all the methods are different applica- 
tions of the principle mentioned above. 

We will consider first, the methods which have been in 
use for determining the difference of longitudes of fixed obser- 
vatories, and afterwards those employed for finding longitudes 
at sea. 

13. The principal methods employed are the following : 

(i) By signals previously agreed upon. 

(ii) By transmission of chronometers backwards and 
forwards between the stations. 

(iii) By eclipses of Jupiter's satellites. 

(iv) By meridional transits of the moon and neigh- 
bouring stars — called the Method of the Culmination of the Moon 
and Stars, 

(v) By sextant observations of the moon's greatest 
altitude. 

(vi) By lunar distances. 

(vii) By eclipSes of the moon, 
(viii) By eclipses of the sun. 

(ix) By occultations of the fixed stars and the planets 
by the moon. 
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I. The Method of Signals. 

14- This method was formerly employed only for sta- 
tions within a short distance from, each other, and the signals 
generally employed were either rockets or masses of gunpowder 
fired from the more elevated station. If the stations were too 
far apart, a chain of intermediate stations was selected, and the 
difference of longitude of each successive two was determined by 
the difference of the local times at which the explosion was 
observed. 

The determination of local time with great accuracy at •each 
station was however a very troublesome and expensive part of 
the operation, involving, where great accuracy was required, the 
establishment of a transit-instrument. 

15. Of late years, however, the extension of telegraphic 
communication has, in the case of fixed Observatories, brought 
into use a new method of signals capable of application to any 
two Observatories or stations which are on or near a line of 
railway or a line of telegraphic wires ; and of this some account 
must be given. 

The idea is due entirely to some American astronomers, 
who about fifteen years ago invented a method of registration 
of transits of stars by the aid of galvanism. Several persons 
appear to have arrived almost simultaneously at the same 
leading principle, amongst whom were Dr Lock, Professor O. M. 
Mitchel, Professor Bond, and Mr Walker, though the methods 
of application were rather different. The method which has 
continued in ordinary use in the United States is that of Professor 
Bond, who applied it, so as to supersede the ordinary method 
of observing transits by the eye and ear, at the Observatory of 
Harvard College, Cambridge, Massachusetts. And our Astro- 
nomer Boyal soon after its introduction in America, devised a 
similar apparatus, with some specific differences, for observing 
transits at the Royal Observatory, Greenwich. 

16. The following account of the apparatus used at Green- 
wich is extracted mainly from the Introduction to the Green- 
wich Observations for 1860. 
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** In the ground-floor of the North dome there is mounted a 
clock of a peculiar construction, whose motion is governed by 
the conical rotation of a pendulum. One spindle of the clock 
gives motion to a revolving brass cylinder ; and, as the clock 
with conical pendulum moves without jerks, the cylinder re- 
volves without jerks, and with a motion sensibly uniform. The 
cylinder revolves in two minutes of time ; and its cylindrical 
surface moves through about one-third of an inch in one 
second of time. The barrel is covered with woollen cloth, and 
upon this a sheet of paper is folded, the ends of the sheet being 
cemented together ; and, when the sheet is filled by the register 
about to be described, the cement- is softened, the paper is re- 
moved, and another sheet of paper is substituted in its place. 

" Another spindle of the clock turns two long screws, both 
parallel to the axis of the cylinder, which cause a travelling- 
frame to traverse the whole length of the cylinder. In one 
revolution of the cylinder, the frame moves through 0*1 inch. 
This travelling-frame carries two levers, each lever being armed 
at one end with a pricking point ; the mounting of each lever 
being such that, when the opposite end is pulled away from the 
cylinder the pricking end is impressed upon the cylinder, and 
makes a permanent puncture on the paper. The prickers are 
mounted in such a way that when their points have entered the 
paper, they yield laterally to the motion of the revolving cylinder, 
and do not scratch the paper. Two galvanic magnets are fixed 
on the travelling-frame, so as to attract the lever-ends opposite 
to the pricking points. All that is required therefore to cause 
these points to make punctures upon the paper, is, to send 
galvanic currents through the galvanic magnets. 

" One of the prickers is devoted to the register of seconds of 
time througli the transit-clock. For this purpose, the wires of 
its galvanic magnet (after passing through a galvanic battery) 
are led to the transit-clock, and the circuit is there completed at 
every second of time by the following mechanism. Upon the 
escape-wheel axle, a wheel of 60 teeth is mounted ; and, at every 
second, the start of a tooth of this wheel presses together two 
springs, included in the galvanic circuit, during a very small 
fraction of a second. Thus a series of punctures is made upon 
the revolving cylinder, one at every second of the transit-clock. 
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Proper means are provided for breaking the circuit at pleasure, 
and at the same time stopping the movement of the travelling 
frame, so as to avoid unnecessary consumption of paper upon 
the revolving cylinder. The other pricker is used for the 
register of the times of the transits over the nine wires in the 
transit telescope. The wires of its galvanic magnet, after pass* 
ing through a battery, are led to the pier of the transit-circle, 
and terminate in two large springs, which touch two large 
insulated brass rings upon the conical axis of the transit-circle. 
From these brass rings wires are led within the telescope, to 
a contact-piece near the eye-end, where the observer, by a touch 
of the finger, can complete circuit, and then make a puncture 
on the revolving cylinder." 

17. At Greenwich, the transits of all objects observed are 
recorded by the apparatus described above, and it is easy to see 
how the difference of longitude of two Observatories (Green* 
wich and Paris for example), each furnished with similar means 
of self-registration by means of galvanism, may be determined. 

As the extent of circuit of the galvanic wires used for record- 
ing the times of transit of stars observed with the transit- 
telescope is of no consequence, presuming that the current has 
strength enough to drive the pricker, we may conceive that one 
of them, instead of returning back to the battery, is put in 
connexion with one of the telegraph wires proceeding to Paris 
by means of branch wires proceeding from each Observatory to 
the nearest points of approach of the telegraph wine ; then the 
wires proceeding from the other ends of the batteries being put 
in connexion with the earth, if the circuit is only broken arbi- 
trarily at one point at each Observatory, the observer, by com- 
pleting it at this point, will, by suitable arrangements made 
beforehand, put in action the galvanic magnets driving the 
prickers at both Observatories, so that the stars observed at each 
Observatory will in fact be recorded on the apparatuses for self- 
registration at both. And, supposing this to be done, the times 
of transit of stars observed at Paris will be recorded in terms 
of the Greenwich transit-clock, and the transits of the same 
stars, as they pass the meridian of Greenwich, will be recorded 
in terms of the Greenwich transit-clock. Similarly the transits 
M. A. 20 
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of stars observed at both Observatories will be recorded in 
terms of Paris transit-clock. And thus every star observed at 
both Observatories gives a difference of longitude which is sub- 
ject only to the errors arising from the velocity of transmission 
of the current, and the personal equations of the observers with 
the transit-instruments. The former is eliminated by taking 
the mean of the results as recorded at Greenwich and at Paris, 
and the latter by interchanging the observers during the ope- 
rations. 

18. The best determination of longitude by direct compari- 
son with Greenwich was that made by the Astronomer-Royal 
and M. Le Verrier in the year 1854, for obtaining the difference 
of longitude of the Observatories of Greenwich and Paris, but 
the longitudes of the Observatories of Edinburgh and Brussels 
have been determined in a similar way. Many of the Obser- 
vatories on the continents of Europe and America have also 
been connected by similar means, and the method has been 
extensively used for the large surveys of the United States. 

For further information on this important subject, ^qq Monthly 
Notices of the B.A.S.j Vols, x, xi, XV, and xviii, and for a 
detailed account of the apparatus at Greenwich, see the Gr. Ob. 
for 1856, Appendix* 

a 

II. Method hy Transmission of Chronometers. 

19. The availability of this method depends upon the steadi- 
ness of the rates of the chronometers employed, and, on account 
of the excellence to which this class of instruments has arrived 
in the present century, it has been employed with advantage on 
several occasions. 

One of the most remarkable applications of the method is 
that by which the Astronomer-Royal determined, in the year 
1844, the longitude of a station in the island of Valentia, on the 
south-west coast of Ireland. This island is the most westerly 
point of Europe, and is in very nearly the same latitude as 
Greenwich ; and it offers therefore peculiar advantages for the 
measure of an extensive arc of parallel by time-comparisons with 
the National Observatory. 



V 
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For the greater convenience of carrjring out tlie plan of 
operations, intermediate observing stations were established at 
Liverpool and at Kingstown near Dublin, transit-instruments 
being established at Kingstown and Yalentia; and, omitting 
all details respecting the transmission of the chronometers (30 
in number) bj railway to Liverpool and by mail steamer to 
Kingstown, and of passing them on after comparison with the 
transit-clocks at those places to Yalentia, the general plan of 
operations was as follows. 

Immediately before leaving Greenwich the chronometers 
were compared with the Greenwich transit-clock, and were then 
taken in a carriage to London for transmission to Liverpool by 
railway, where the director of the Liverpool Observatory was in 
waiting to carry them to the mail steamer for conveyance to 
Kingstown. The person in charge of the observing-station at 
Kingstown was in waiting to receive them, and to compare them 
with his transit-clock, and they were then passed back again to 
Greenwich, and compared with the Greenwich transit-clock 
immediately on their arrival at the Observatory. 

The chronometers were thus transmitted backwards and for- 
wards as rapidly as possible, for about a month, making nine 
journeys from Greenwich to Kingstown, and eight journeys from 
Kingstown to Greenwich. 

They then made four journeys each way (occupying about 
eight days) between Liverpool and Kingstown, and afterwards 
made ten journeys each way (occupying considerably more than 
a month) between Kingstown and Valentia, going to Limerick 
and Tralee by mail coach, and then by private carriage and boat 
to Valentia. Finally, they made about four journeys each way, 
between Liverpool and Greenwich, occupying about seven days. 

20. The operation therefore consisted of three distinct por- 
tions, namely, of the determination of the independent differences 
of longitude between Greenwich and Liverpool, Liverpool and 
Kingstown, and Kingstown and Valentia, local time (or the 
error of the transit-clock on sidereal time) being determined 
witk the transit instruments at Greenwich, Liverpool, Kings- 
town, and Valentia. 

20—2 
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21. If the rates of the chiDnometers were eqnaUj steady, 
and, if thej were the same while thev were at rest as while 
travelling, the whole process of redaction for deduction of the 
differences of longitude wonld be much more simple than it 
actually is. But it is found that there is a well-marked differ- 
ence between the rate of a chronometer while travelling and 
while at rest, and, to determine this, it was usual to compare the 
chronometers twice at some of the stations, that is immediately 
after arrival and before sending them away again, and this 
furnished materials for determining immediately the travelling 
as well as the stationary rate. Take, for example, the case of 
transmission between Greenwich and Liverpool. The compari- 
sons taken at Greenwich before departure and after return, give 
the whole loss or gain of the chronomoter for that period, 
while the two comparisons at Liverpool give its loss or gain 
during the stationary period ; the difference is therefore the loss 
or gain during the time it was travelling. 

22. The application of the most probable rates to the 
chronometers so as to determine for each chronometer employed, 
with the greatest possible accuracy, the Greenwich sidereal time 
corresponding to the local sidereal time at the station where 
longitude is to be determined, at the time of the comparison 
of the chronometers, is a very difficult problem, and has been 
treated by Mr Airy with his accustomed clearness and fulness 
in his account of the results of the expedition in the Green- 
wich Observations for 1845. The general problem of the 
determination of longitude by means of chronometers presents 
however no other difficulty, and we need not dwell on it any 
longer, except by saying that the operations were repeated 
during the present summer. 

23. By a rigorous and instructive comparison of the longi- 
tude obtained, with that given by the great Trigonometrical 
Survey, Mr Airy arrived at the satisfactory conclusion, " that no 
improvements can be made in the earth's figure, so far as they 
apply to the circumference of a parallel, or to the measure <tf l" 
on the arc perpendicular to the meridian " And he con- 
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eludes that, in latitude 51".40', the length of l" in an arc perpen- 
dicular to the meridian is 101*6499 feet. 



24. I have gone into some detail with regard to this 
celebrated expedition, because it was impossible otherwise to 
give the student any notion of the difficulties or the large 
amount of work which have to be encountered in such a series 
of operations, though the general aspect of the problem mathe- 
matically considered is so simple. Another very important 
expedition of a similar kind was that undertaken by Professor 
W. Struve in 1844, for the determination of the difference of 
longitudes between Pulkowa and Greenwich. All the details of 
the operations are given in a work published by him, and 
entitled Mx^Mition Chronomitrtque. 
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25. Since the eclipses of Jupiter's satellites happen at the 
same instant of absolute time for all places on the earth's surface, 
they afford occasionally excellent means for determining longi- 
tude, by comparison with the predicted times in the Nautical 
AlmanaCy which are computed by the theory of the motions of 
the satellites. In all cases however the method is rendered less 
certain by the circumstance, that the times of observed diasap- 
pearance and reappearance depend upon the telescope employed, 
larger telescopes giving later times of disappearance and earlier 
times of reappearance than smaller ones. The method has 
been also up to the present time practically useless at sea, on 
account of the impossibility of keeping a telescope steady 
enough for observation on the deck of the vessel in motion. 
A few years ago, however. Professor Piazzi Smyth devised 
an apparatus called by him A Free Revolver Standi which 
afforded a perfectly steady surface for observation, and by 
means of which he actually saw the satellites of Jupiter with 
perfect ease and comfort, while going to Teneriffe on board the 
yacht Titania. (See Notices of the B.A. 8. Vol. xvii. page 36, 
and Vol. xviii. page 65 ; also Smyth's Teneriffey an AstronO' 
mera Facpertment). 
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TV. Method ly Meridumal Transits of the Moon and neigh^ 
hourtng Fixed Stars ; or the Method of the Culmination of the 
Moon and Stars. 

26. The use of the moon's motLon in B.A. for th^ determi- 
nation of longitude has been long known, and lunar transits 
observed over different meridians have been for a long period very 
generally employed for the purpose. In the year 1824, how- 
ever, Mr Baily brought into general use a considerable improve- 
ment in the method by proposing that there should be observed, 
in addition to the moon's transit, the transits of ceirtain stars 
preceding and following her, and lying as nearly as possible in 
the same parallel of declination. In accordance with the sug- 
gestion of Mr Baily, the Royal Astronomical Society undertook 
for some time the preparation and circulation of lists containing 
the places of the moon and the selected moon-culminating stars, 
till, at the reformation of the Nautical Almanac in 1834, the 
lists were incorporated in that work. 

By consulting the Nautical Almanac for any year commenc- 
ing with 1834, it will be seen that there are given the exact 
R.A. of the moon's bright limb (1 L before opposition and 2 L 
after opposition) and of the selected stars ; the variation of B. A. 
in one hour of terrestrial longitude ; and the sidereal time occu- 
pied by the transit of the moon's semi-diameter over the men- 
dian ; all computed for the Greenwich transit. 

27. The object of observing stars in the same parallel (or 
nearly so) with the moon is that the difference of time between 
the transits of the star and the moon, on which the determina- 
tion of the difference of longitude of two stations depends, will 
be essentially free from the errors of adjustment of the transit- 
instrument employed, these errors being simple functions of the 
zenith distances or the polar distances of the objects observed. 
Still it is desirable that the observations, in cases where great 
accuracy is necessary, should be rigorously corrected for instru- 
raentfll errors, because an azimuthal deviation of any consider- 
able ampunt would entail upon the resulting longitude an error 
depending upon the motion of the moon in R.A. while describ- 
ing by the diurnal motion an arc equivalent to that deviation. 
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28. The process for finding the longitude of any station 
relatively to Greenwich, is as follows. 

Suppose the moon's limb and one culminator to be observed 
at both Observatories, the station whose longitude is sought 
"being I degrees east or west of Greenwich. 

Let t^ and t* be the Greenwich sidereal times of observed 
transit of the moon's limb and of the star at Greenwich, 

t^* and t" similar times for the ©ther station, 

8^ the sidereal time of transit of moon's semi-diameter at 
Greenwich, 

8^ the sidereal time of transit at the other station), 

{s^ must be interpolated from the Nautical Almanac with an 
approximate value of the longitude,) 

a the apparent R.A. of the star, 

aj and otj' the E.A. of the centre of the moon at transit of 
centre over the two meridians. 

Then a — aj = tj — (C ± «i) = A> suppose (a known quan- 
tity), 

and a - a„" = /." - (C ± = Z^,, suppose ; 

This quantity yS^ — fi^ is the increase of moon's R.A. in its 
passage over an arc of terrestrial longitude I, and is positive, 
when the second station is west of Greenwich, and negative 
when it is east. 

Let now / be the increase of moon's R.A. in one hour of 
longitude (given in the Nautical Almanac for Greenwich transit 
of the moon). Then, if the longitude I be expressed in seconds 
of time, we have the equation 

3600 ~ / ' ^^ ^vH^ cPZt 

or l^seovx^^. \^'f^ 

\ »*- ■■ ■ -^ • 

^e .... ^ 
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IS the difference of longltnde be small, it will be sufficient to 
take for the valne of I that given in the NaiUical Almanac for 
Oreenwich transit ; but, if it be large, (amounting to several 
hours for example,) it must be interpolated for the middle epoch, 
by the values given for successive lunar transits in the NaiUical 
Almanac. 

29. It will readilj be seen from the process above that it is 
not absolutely necessary that the same star should be observed 
at the two stations ; but in the case of different stars it would 
be necessary that their B.A.'s should be accurately known ; and 
there is therefore liability to another source of inaccuracy. 

Thus, let the E.A.'s of the two stars be a and a". 

The equation (a) will take the shape 

a'-a" + cu"-a,'=:/3,-^., 

or ««"-a«' = /3.-i8.-(a'-a"), 

and the result will be affected by the difference of the errors of 
a' and a", but will still be independent of the assumed equinox 
used in obtaining those Bight Ascensions. 

In Vol. XIX. of the Memoirs of the Royal Astronomical 
Society will be found a paper by Mr Airy on the Weights to he 
given to the separate Results for Terrestrial Longitudes^ which 
is well worthy of the attention of the student. One important 
conclusion arrived at by Mr Airy is that for observations on 
the same evening or for the same transit of the moon, the in- 
crease in the number of comparison-stars adds very little to the 
accuracy of the result ; but that observations of the moon and 
stars on different evenings add to it very greatly. 

That the increase of the number of stars on the same even- 
ing does not add much to the accuracy of the result is easily 
proved as follows : 

Let p^ represent the error of observation of a transit of the 
moon, 

p, represent the error of observation of a transit of a 
star, 

and suppose that n moon-culminating stars have been observed. 
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Then the probable error of (moon-transit — mean of atar- 
transits) ,«.__. 

and, ii Pa^Pfn—py which may be generally assumed, the pro- 
bable error of result 



-p^i+\', 



and therefore very little additional accuracy id gained by increas- 
ing the number of stars beyond three or four. 

Thus, if we make successively w = 1, 2, 3, 4, 5, 10, 20, we 
get for the probable error of the result, 

for n = 1, probable error =p x 1*414 

2, ^x 1-225 

3, pxVU5 

4, ^xl-118 

5, jpx 1-095 

10, ^x 1-049 

20, ^x 1-025 

30. As an example we will deduce the longitude of the 
Observatory of Sydney, New South Wales, by comparison of the 
transits of tj Cancri and the moon's second limb, observed at 
Greenwich and Sydney on Jan. 9, 1860. 

From the volumes of the Greenwich and Sydney observa- 
tions we get the following data : 

Chreenwieh. 



h. m. 



Corrected transit of 17 Cancri 8 . 24 . 29*76 
1)2L 8.46.23-91 



jj^ = - 73*-01 



and (from K A.) 7, = 153''91 

.-. /3, = - 20".4r-14 

/3i-/3,=»-26".13'-90 
« - 1573'-90. 



b. m. a. 

8 . 23 . 44-47 
8 . 19 . 25-74 

5^ = -74-03 
/3,=: + 5^ 32-76 
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Again, to detemiine the yalue of / at the Sidney traxisit of 
the moon, we must interpolate the Talne given in the N. A. for 
the npper and lower Oreenwich transits of the moon, referring 
all the compntations to Grreenwich Mean Solar Time. Thus : 



• 

Orecnwidi 
Mattn SoUr TIdml 


J. 


iBtniffBraieeL 


Sod mflbnnoe. 


Jan 8 . 12 . 30 
9. 1. 
9 . 13 . 30 


163-55 
158-96 
153-91 


-4-59 

-5-06 


-0-46 


-4-82 


-01J3 



Again, E.A. of moon on passing the meridian of Sydney (or 
Sidney Sidereal Time of Transit) = 8^ 19°*. 6' on Jan. 9, and, if 
we assume the longitude of Sydney to be 10^. 5™ east, the Oreen" 
toich Sidereal Time of Sydney Transit is Jan. 8, 22^ 14"*. 6", 
and the Greenwich Mean Solar Time is easily found by compu- 
tation to be Jan. 9, 3\ QT. 35'. 

Hence, by interpolation, the value of I for Sydney transit of 
the moon is 

158-96 -(j|3)x 4-82 -(Ajx 0-23 

« 158'-96 - (y-771 - (y-006, 
or J,= 158'-183, 



and 



/ = 



^^i + ^.- 



2 



= 156'-05. 



Hence 



Z = - 3600 X ^-S^ = - 36309-1 

156-05 

= ltf». 5°*. 9'-l east. 



Note. As the method of interpolation by second differences, 
which is applied without explanation in the text, may not be 
familiar to the student, I subjoin the following explanation 
of it 

Let » be a function capable of being expressed in the form 

a » a + i< + c^. 
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2nddiff. 
2c 



And let a;.^, x^ and x^^ be its values conesponding to values 
of ty - 1, 0, and + 1. 

Then we have 

a'_j=*a — 6 + c, 

a?+i = a + i + c, 
and, differencing, we get, 

1st diff. 

5 + c 

.*. 2 J = sum of 1st differences of x for values 0?.^, oj^, and oj^^, 

and 2c » second difference of x. 

Hence the method in the text is obvious. 

As a second example we will deduce the longitude of the 
Observatory at Washington, U. S., by comparison of the 
observed R. A. of moon's first limb, and -^^ Caucri, on Feb. 14, 
1859, with the corresponding Greenwich observations. The 
Washington observations are given in the Monthly Noticesy 
VoL XX. p. 287. 



Qrunwick, 

B.A. ofDlL 7.28.55-67 



-^^ Cancri 8.1. 59-83 
jj^ = + 76'-79 

/8^ = + 31^47'-37 
J, = 168-02 



WcuHimgUm, 
b. m. a. 

7 . 43 . 14-47 
8. 1.59-90 

5^ =: + 76'-36 

^^ = + 17°». 29*-07 
7 = 166-29 



^^ - ^^ = + 14°». 18-30 

= + 858-30. 

For computation of 8^ and I^ we must proceed as before, 
assuming the longitude of Washington 5*". 8"* west. 

Thus« Washington sidereal time of 
transit of ])*s centre 



I 7.44.31 



Add west longitude 5. 8. 

Qreenwich sidereal time 12 .52 .81 

Andy Qieenwich mean time.., 15«14» 6 
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Andy for interpolation, we have from the N, A. 



Feb. 13, 21 . 21 
H 9.53 
14^ 22 . 23 



f. 


litDUt 


SndDIft 


J. 


IrtDiff. 


77^^66 
76-79 
75-69 


-0 77 
-1-10 


-0-33 


171-11 
168*02 
163-60 


-3-09 
-4-42 


-0-94 


-017 


-3-76 



3ndDiff. 



-1-32 



-0-66 



Hence «, = 76-79 - 



— x0--94-f— Vx0--17 
12-5 U2-5y 

= 76-79 - 0^-40 - 0^-03 

= 76-36, 

and L = 168'-02 -~,x 3-76 - f?Jf Yx 0'-66 
■ 12-5 \12-5/ 

= 168-02 -l*-61-(y-l 2 
= 166-29, 

and /=:^A:= 167-16; 



.\ Z = + 3600x 



858^30 



167-16 
= + 18484-6 

= 5^. 8"*. 4-6 west. 
The longitude given in the N. A, is 

gh gm^ 12-0 west. 

V. Method hy Sextant Observations of the Moon^s Oreatest 
Altitude, 

31. This method was recently proposed by Mr W. Spottis- 
woode as applicable to cases wherein the moon's motion in 
declination is rapid, and there is not time or opportunity to 
apply the more correct method of Lunar Distances. Mr Spottis- 
woode's paper is printed in Vol. xxix. of the Memoirs of the 
R.A.S. 

The method consists in determining the moon's declination 
at the time of her greatest altitude. This being ascertained, if 
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tlie local time be known, we have merely to compare the Green- 
"wich time, deduced from the Nautical Almanac^ at which she 
has that declination, and the difference of times is of coarse the 
longitude expressed in time. If however the local time be not 
known, the hour-angle at the time of the greatest altitude must 
be computed from one of the formulas derived from the investi- 
gation. The process is as follows. 

With the usual notation, we have 

cos£? = cos7Cos A + sin7sin AcosA (1), 

and, if 2; be a minimum (the altitude being a maximum) we 

, dz 

nave jt = 0: 
an 

dz 

,\ = sin « j7 

an 

= cos 7 sin A -77- + sin 7 sin A sin A — sin 7 cos A cos A -rr ; 

ah dh* 

/7A 
or (cot7 — cot AcosA) -^ + sin A = 0, 

or, putting -^ = w, 

m (cot 7— cot A cos A) + sin A = (2). 

Now, since the time of greatest altitude takes place when 
the moon is very near the meridian, A will be very small, and 
« + 7 will differ from A by a small quantity. 

Let therefore « + 7=A + a?, a? being a small quantity. 

Then from equation (1) we have 

, ^ A* cos z — cos 7 cos (i? + 7 — a;) 

cosAs=l- — = -. . . / '-^ — - 

2 8m7Sin(« + 7 — a?) 

__ cos z — cos 7 {cos {z + y)+x sin jz + y)} , 

"" sin 7 {sin («? + 7) — a; cos (« + 7)} * ^ ' 

= (bj reduction) ^^'^^H^^ 

sin z , 

= 1 — a? -5 : — 7 r, nearly; 

sm 7 sm (« + 7) "^ 

, 71 ^ 8in« 

and /. A as 2a; 



sin 7 sin (« + 7) ' 
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Again, in equation (2)| since h is small, we may put sin A = A, 
and oosAsli 

/. fc=B — m(oot7 — cotA) 

_ sin (A -7) 

ea — m . ;. 

Bin7Sin A 

8in(« — a?) 
sin 7 sin A 

8m78m(2;+7) 
-, , sin'« 8in» 

and /.A =s l» -.—5 J^-jfT ; 7 = 2X -T ; ; r- ^ 

sm'7 sm' (2r + 7) sin7 sm (« + 7) 

m* sin z 



or a? = — -. 



2 'sin78in(«4-7)' 

or, in seconds of space, 

w? sin z 

2 8inr''8in78in (^ + 7) ' 

and A = « + 7 — a: 



= « + 7-.- 



7»* sin z 



2 sin 1" * sin 7 sin (« + 7) * 

For the computation of m or of -^ , we must remember that 

this expression reckoned in seconds of space is the value of the 
moon's change of declination in one second of hour-angle. 

dh^ 15' dt' dh * 
and, on account of the moon's motion in R.A. which has a 

tendency to diminish the hour-angle, the average value of — 7^ 
is nearly 1'04. 

But, if we take for rfA the moon's motion in N.P.D. in one 
hour of longitude (given in the Nautical Almanac in the Section 
of Moonr Culminating Stars) ^ dt will be 3600 seconds of longi- 

tude expressed in time, and -w- will be equal to unity; and 



METHOD OF LUNAR DISTANCES. 319 



«i* 



therefore r— : — 777 '^^ tte expression above, will be (if we denote 
2 sm 1 ^ ^ 

bj m' the moon's motion in one hour of longitude) 

^^^3,r^^^rs^, = m-x [5-54862]. 

Cob, If m" be the motion of the moon in N.P.D. in one 

«»' 
minute of longitude, the value of ^ . ., will be 

° 2 sm 1 

2-j3rppf-^, = m"«x [9-10492], 
and this maj be easily tabulated for different values of «i". 

VI. Method of Lunar Distances. 

32. Of all the methods for obtaining the longitude by means 
of sextant observations, this is the most important and useful, 
especially at sea ; and astronomers, from the infancy of nautical 
science to the present time, have used their utmost efforts, by 
tables and other means, to simplify for the use of sailors the 
rather intricate computations which are required. 

The principle of the method is easily explained. 

In the Nautical Almanac are given for every three hours of 
Greenwich mean solar time, the correct Geocentric angular 
distance of the moon from the large planets and certain bright 
stars easily observable with the sextant. These distances are 
computed from the places of the moon given by the best lunar 
tables, and from the most correct places of the stars. At the 
present time, or since the use of Hansen's lunar tables, the 
places of the moon are sensibly accurate, that is, the errors are 
within the limits of the errors incidental to observations made at 
Greenwich or other great Observatories ; and the places of the 
stars are also sensibly without error. Therefore the lunar 
distances are sensibly accurate, and represent those which would 
be observed from the centre of the earth ; and these are to be 
compared with the distances from the bright limb of the moon 
of some of the planets or fixed stars which have been observed 
with the sextant at the place of which the longitude is to be 
determined. 
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These latter, or observed, distances, after the application of 
the augmented semi-diameter of the moon must be cleared from 
the effects of refraction and parallax before they are comparable 
with the geocentric distances, and, since these corrections are 
functions of the altitudes of the objects observed, it is necessary 
to observe with the sextant their altitudes above the horizon of 
the place of observation, in addition to the lunar distance. The 
observation of a lunar distance which can be depended on, in- 
volving as it does a series of altitudes of the moon and stars, so 
as to get by interpolation the altitudes at the time of the obser- 
vation of the distance, is therefore a laborious operation. But, 
supposing this to be done, and the observed distance for a known 
instant of local mean solar time to have been cleared from the 
effects of refraction and parallax; then it is easy to find by 
interpolation in the Nautical Almanac the exact instant of 
Greenwich mean solar time at which the moon has this geo- 
centric distance from the other object which has been observed ; 
and the difference between the Greenwich time and the local 
time will be the required longitude. 

33. We will now proceed to shew how the Clearing of the 
Lunar Distance is effected, by the method proposed by Lieutenant 
Baper {Monthly Notices of JR. A. 8. Vol. xvili. p. 303), though, 
for the deduction of the formula equivalent to Mr Raper's, we 
shall prefer to use simply the methods of Spherical Trigonometry, 
as recommended by Mr J. Biddle {Monthly Notices, Vol. xix* 
No. 3). 
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Let Z be the observer's zenith ; M and if the geocentric 
and apparent positions of the moon depressed b7 paraUax in 
the vertical circle ZMM' ; 8 and 8' the geocentric and apparent 
positions of the planet, refraction not being taken into conside- 
ration, or being supposed to be allowed for independently. 

Let M8y the true distance, = 8, 

M'8\ the apparent distance, = S', 

Z8:=^^(f'-a and Z^'=90^-a', 

^Jf = 90°-/9 and ZM = 90^-/3'. 

rm- nrr^a COS 8 — Sin « siu ^ COS 8' — sin a Sin S' 

Then cobmZS^ 5—^= » ^> ; 

cos a cos p cos a cos fi ' 

.% cos a' cos j8' cos S — cos aoos)8 cos S' =s sin a cos a sin 13 cos y8' 

— sin a cos a sin )8' cos/8 

= (by adding and subtracting sin a cos a' cos fi sin yS* on the right- 
Tiand side of the equation) 

sin a cos a! sin 08 — /8') + cos ^ sin ^' sin (a — a'). 

Let now tt and tt' be the horizontal parallaxes of the moon 
and planet for the place and time of observation ; then, a — a' 
and /3 — yS" being the parallactic effects on the planet and the 
moon in altitude, 

Bin (/3 — fi') = cos /8' sin w, and sin (a— a!) » cos a' sin^' ; 

cos a' cos ^ff cos S = cos a cos )8 cos y + sin a cos a cos /8' sin TT 

+ cos ^ sin ^ cos a sin tt' ; 

, ( • ■ , ■ - • • 

t, cos a cos B M . • • ^ . /v • r 

•, coso = r— ^coBo +s^lasln7^^-cosfltani8^sm1^ 
' cos a cos /8^ r- r- 



or 



cos a cos )9 



cos a cos 



^ cos S' + sina sin -TT + sin^ sin -tt' very nearly. 



Cob. 1. If the object observed with th^ naoon should be a 
fixed star, the last term of the preceding expression of course 
vanishes. 

M. A. 21 



322 DETERMINATION OF GREENWICH TIME. 

Cob. 2. Again, if m and s^ ni and a* represent the dist^ces 
of tlie moon and planet from the centre of the earth and from 
the observer's position^ then it is plain that 

m cos^ J « cos a' 

— ? = — 3-, and -7 = ; 

m cos/8 8 cos a 

and the preceding expression becomes 

COS S = — cosS' + sina sin w + sin flsinTr'. 
am , 

Cob. 3. The correction of the distance for refraction which 
is supposed to have been previously applied, is approximately 
the sum of the resolved parts of the two vertical refractions ; 
that is of the vertical refractions multiplied respectively by the 
cosines of the angles ZM 8' and Z8'M\ which must therefore' be 
calculated. 



34. When the observed lunar distance has been cleared of 
refraction and parallax, or the true value of h has been obtained, 
we must find, by interpolating between the values of 8 given in 
the NaiUical Almanac for intervals of 3^, the exact Greenwich 
mean solar time at which the moon was at this distance from 
the star or planet observed. 

In proceeding to take the first and second differences of the 
distances, we shall, as in the examples of longitude deduced 
from observations of the moon and culminators, have an equa- 
tion of the form 

8=^a + ht + cf (1), 

where a = value of 8 for middle epoch, 

h = half sum of first differences, 

c = half second difference, 

and t = required number of hours from middle 
epoch divided by 3. 

This equation may be solved immediately, and t expanded 
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in powers of the small quantity Z^a{=^x^ suppose) by the 
Binomial Theorem. 

Thus, we have 



2c< + J = ± V6' + 4ca?, 
in which we take the upper sign, so that < = when a? = : 

hence *« = aj — -^+-Ti W"^ "p W- 

Or we may, without solving the equation, proceed at once 
by successive approximation, as follows. The equation may be 
written in the form 

* = f-T • (^)' 

whence ^ ~ a » to 1st power of a?, 

< = T- — T ( r ) , to 2nd power of a?, 



X ,c [X ca;V 



a? ca?* , 2cV . « ■, ^ 

= T — TT + -TT" > to 3ra power of a?, 

and the process may be continued ad Uhitum. 

This method may be applied with advantage in cases where 
3rd or higher diflferences must be used ; thus, in the case of 3rd 
differences we have an equation of the form 

B=^a + ht + c^ + d^; 

, ^ X cf df 

whence ^=--_--_, 

and, proceeding as above, we shall find 

Example. We will take the distances of a Aquilse from 
the moon on June 1, 1863, and require the Grreenwich mean 
solar time at which the distance was 52^30'.33'V {Nautical 
Almanac forU863, page 115.) 

21—2 
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The distances and differences will be thus arranged ; 

Distance, lat. Difference. 
54*.34'.34" -95'. 27" 

52.59. 7 -94.49 

51.24.18 



June 1, 12'' 
15^ 

18** 



• • • . . • 



/ c%ti 



-95'. 8 



6 = - 5708" 



2nd. Differ. 
+ 38" 

c = + l9^ 



T X , CX 

Let now a? = ts . 

Then = 52^.59'. 7" 
8 = 52.30.33 



aj= -28'. 34" 
= -1714" 



c _ 
«' = - 



19 
5708 

19 X 1714 



x^ 1714 
&""■*■ 5708 

= + 0-30028 



Log a/ = - 6-9997964, 
log (2aj'") = 4-3006228, 



(5708)* 

I 

nmnher = - 0-0009995, 
number = 0-0000020. 



Hence 



3 ^ = + 0^-90084 X 1-0010015 
= 0^-90174 



= + 54"*.6"-26, 
and the Greenwich mean solar time will be 

Juno 1, 15\54".6''26. 



35. We will in addition give the method of clearing the 
lunar distance which has been in ordinary use. 

Using the same notation, we have as before 

cos S — sin a sin /8 cos S' — sin a' sin /8' 



cos a cos /3 



cos a' cos /8' 



get 



Adding unity to each side of the equation and ledudng, we 

cos 8 + cos (g + )8) _ cos 8' + cos (a' + P) ^ 
cos a cos /S "" eosa'cos/8' ' 
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cos»i(a+/3)-sm'is co3i(a'+/3'+S').cosi(a'+/3'-S') 
' cos a COS y^ ~ cos a cos fi' 

or, Bin»- = 

co8«i(a+/3)-^J^co8l(«'+/3'+8').cos|(a'+/9'-S0...(4). 

where a — a' = combined effect of vertical refraction and par&llax 
for the moon ; 

and /8—/8' = combined effect of vertical refraction and parallax 
for the planet. 

To adapt this to logarithmic computation, let 

. «6 cos a cos /8 1 / r . o' . ^'\ ^ f t , at 5"\ /ir\ 

sin'^=^ -, -'o;Cos-(a+/8+S).cos-(a' + /3-S) (5), 

2 cos a cos p^ 2^ 2 ^ ' ^ '' 

.-. sin' - = cos' - (a + /S) - sin* I 

= i{l + cQs(a + /3)}-i(l-cos<^) 

= - (cos (a + ^) + COS ^} 

= COS - (a + /3 + <^) . COS- (a + /3- ^), 

or sin- = ^cos- (a + ^ + <^).cos(a + /S-<^) (6)» 

36. We may also deduce another expression for the cleared 
distance involving only versed sines of angles, which has been 
much used. 

Thus, recurring to the fundamental equation, 

cos S — sin a sin ^ ^ cos S' — sin a! sin ^' 
cos a cos P cos ol cos ^' ' 

we have, by subtracting unity from each side and reducing, 

cos S -- cos (g — ^) _ cos y — cos (a' — ^) 
cos a cos )8 "^ cos a cos ^ * 
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^ / r>\ . cos a cos /9 f w , , a,\^ 

or cos = cos (a — p) H ; ^ fcoso —cos (a — fl)} 

^ ' cos a 008)0 ^ ^ '^ 

/.- >, 1 cosacosiSN 

= if COS^=-. 7 9?) 

V 2 cos a cosp/ 

cos (a - /8) + 2 cos ^ {cos S' - cos (a' - /3')} 

= cos (a - /8) + cos (^ + S') + cos {6 - S') 

-.cos(^ + a'-/8')-cos(^-a' + iS')> 
or, since cosine = 1 — versine, 

1 — versin S = 1 — versin (a — /8) 

+ 1 - versin (^ + S') + 1 - versin (0 - S') 

-1 + versin (^ + a'-^')-l+ versin (^-a' + iS^, 

or versin h = versin (a — /8) + versin {6 + S') + versin {6 — S') 

- versin (^ + a' - /3') - versin {d^a' + p). 

37. Method hy observations of Eclipses of the Sun and Moon^ 
and of Occultations of stars by the Moon. 

Since the inclination of the orbit of the moon to that of 
the earth is small, its mean value being about 5**. 9', it is plain 
that if, at a conjunction, the moon should be very near the node 
of her orbit, she will be interposed wholly or in part between 
the Sim and the earth, or an eclipse of the sun will take place ; 
if, on the contrary, she be near her node at opposition, the earth 
will be interposed between her and the sun, and, the sun's light 
being prevented from falling on her, her surface presented to 
the earth will be unilluminated wholly or in part, and an eclipse 
of the moon will take place. 

Since this latter obscuration of the moon by the earth's 
shadow takes place for inhabitants of every part of the earth's 
surface at the same instant of absolute time, eclipses of the 
moon would afford good means of determining the longitude by 
observations of the beginning and the ending of the eclipse in 
different places, but the entrance of the earth's shadow on the 
surface of the moon is a phenomenon too vague and indistinct 
to be capable of being observed with much accuracy, and, in 
addition, eclipses occur so seldom that practically this method is 
not of much use. 
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38. On the contrary, the times of the beginning and end 
of a solar eclipse, and of an occultation of a s^r by the moon, 
are capable of being observed with great accuracy, and though, 
on account of the moon's parallax, the computations of both 
these phenomena are intricate and troublesome, yet every ad- 
vantage is taken of them whenever they occur, both for deter- 
mination of longitude, and for the correction of the relative places 
of the sun and moon. The whole theory is therefore of so much 
importance, and enters so much into the operations of fixed 
Observatories, that it is desirable to devote a chapter to the 
subjects 



CHAPTER XL 



ON ECLIPSES OF THE SUN AND MOON; AND ON 
OGCULTATIONS OF STARS OR PLANETS BY TEE 
MOON. 



1. If the moon moved In the ecliptic, then at every con- 
junction with the sun she would be interposed in a direct line 
between that body and the earth, or an eclipse of the sun would 
take place; and, at every opposition or time of full moon, the 
earth would be interposed in a straight line between her and the 
sun, or an eclipse of the moon would take place. The same 
effects will manifestly take place, if, at the times of conjunction 
and opposition, the moon be in one of the nodes of her orbit, 
that is, if at that time she be crossing the plane of the ecliptic. 
Eclipses of the sun and moon depend therefore on the distance 
of the moon from the node at conjunctions and oppositions, both 
for the possibility of their occurrence, and for their magnitude 
and duration when they do occur. 

2. On Eclipses of the Moon. 

Let aJ, cd be tangents to the sun and earth {S and T) in 
any plane passing through their centres and on the same sides 
of them ; ad, cb, tangents on opposite sides of them in the 
same plane. Then, if this plane be supposed to revolve round 
8T as an axis, and the tangents be produced beyond T, two sets 
of oonical surfaces will be generated representing the shadow 
cast by the earth, and, if the moon while passing opposition in 
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her orbit M^M^M^M^^ be so near the ecliptic as to come within 
either of these cones, an eclipse will take place. 




Let now a5, cd be produced till they meet the axis 8T 
produced in A* Then it is evident that within the cone aAc^ 
no light whatever can fall, and if the moon in passing from M^ 
to M^ should be altogether within it, the, eclipse will be total, 
while on the contrary if only part of her surface should be within 
it, the eclipse will be partial. 

It is equally plain that within the portions of the conical 
surfaces formed by ad and cd produced on the one side of STA, 
and by cb and ah produced on the other side, that is, within the 
spaces M^dM^ and MpM^ a portion of the sun's light can enter, 
continually decreasing from JHfj, where the whole disk of the sun 
is visible, to M^ where no portion of it is visible. These spaces 
are called the jpenwwiJroB in contradistinction to the space in- 
cluded withiu the cone a Ac which is called the umhra ; and while 
the moon is in the former her surface as viewed from the earth 
is only obscured, but not rendered invisible ; while, during her 
progress through the umbrhf a portion or the whole of her surface 
is rendered invisible, as far as the direct incidence of the sun's 
rays is concerned. 

3. The magnitude and duration of an eclipse of the moon 
wiU therefore be seen to depend, first, on the distance of the moon 
from the ecliptic while passing through the shadow; and, second- 
ly, on the angular breadth of the shadow at the distance of the 
moon, as seen from the earth. To determine the latter, let S 
and a be the angular semi-diameters of the sun and moon, and 11 
and P their horizontal parallaxes for the time of observation. 
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Then the angular radius of the shadow as seen firom the earth 
= Z MJM^ TMfi^TAb 

^TMJ>'-STa-\-Tab 

And the angular radius of the penumbra 

^TMfi-\-8Ta-\-BaT 

The length of the shadow, or 214, 

_ earth's radius 
■" sini^r 

earth's radius 



Bm{aT8-Tab) 

_ earth's radius 
" 6in(>8-n) • 

4. The least values of P, 8^ and 11 are about 
53'.56"-0, 15'.46"-0, and 8"-8. 

The greatest values are about 

61'.22"-0, 16M8"-2, and 9"-l. 

And the mean values are about 

57', 14"-0, 16'. 2"-0, and 8"-9. 

Hence the least value of the radius of the shadow at the dis- 
tance of the moon is 37'. 46"'6, the greatest value is 45'. 45"*1, and 
the mean value is 4l'.20"'9. 

And the corresponding values of the radius of the penumbra 
are 69'. 50"-8, 77'.49"-3, and 73'.24"-9. 
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The mean length of the shadow beyond the earth is 

earth's radius 
sin 15'. 53"-l 

earth's radius 
"" 953-1 X sin 1" 

= 216*4 X earth's radius 

= 3*6 X mean distance of the moon from the earth, 

nearly. 

6. On the Lunar Ecliptic Limit For the purpose of pre- 
dicting future eclipses, it is desirable, by inspection, of the 
positions and motions of the sun and moon, to be assured 
whether an eclipse is possible, so as to avoid the trouble of 
unnecessary calculations. Now an eclipse cannot take place 
except the moon be near her node at the time of opposition in 
longitude or right ascension, and therefore the chief point of 
inquiry is, what is the limiting distance from the node, within 
which an eclipse must under all circumstances take place. 

Imagine then that at the time when the moon is passing 
through her node at j^, the centre of the shadow is at 8' on the 




ecliptic N8. Let Nm be a small portion of her orbit considered 
as a Straight line, and, on overtaking the shadow, let her limb 
just touch its circumference at a, the centre of the shadow being 
at S. Then if we take for 8a and ma their greatest values, 
namely, 45'.45"-l and 16'.45"-0, /Sm = 62'.30"'l =3750"-l; and, 
the angle at N being the mean inclination, whose value is 5^.9', 
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8N^ 



3750"-l 



sin 5^9' 
= 41777" 
= 11^36M7". 

And this is the limiting value of the distance of her node 
from her position at opposition which will allow an eclipse to be 
possible, and is usually called the Lunar Ecliptic Limit. 

Coil In the time in which the centre of the moon has gone 
from Ntom, and in which therefore her longitude has increased 
by N8 very nearly, the shadow has advanced from 8' to 8y 
and these spaces are proportional to the horary mean motions of 
the moon and sun, or as 32'.56"'5 to 2'.27'''9. Hence we 
should find 88'^b2\^'\ and N8' ^ 10^44Mr. 

Therefore to determine at any opposition of the moon, when 
she is near her node, whether an eclipse is possible, we may take 
the longitude of the node and the longitude of the sun for the 
time when the moon has this longitude. The diflFerence, neg- 
lecting 180*^, must not be so great as 10^44Ml", if an eclipse be 
possible. Of course all the suppositions which have been made 
are only approximately true, for the moon's appulse at a is not 
the true opposition in longitude, nor is 8 the position of the 
moon referred to the ecliptic, but a more correct investigation is 
quite unnecessary. 

6. To find the time, magnitude, and duration of a lunar 
eclipse. 

Let Nn be a small portion of the ecliptic and MN of the 
lunar orbit, considered as straight lines ; t and m the positions 
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of the centres of the earth's shadow and of the moon at opposi- 
tion ; t. and M the positions at time t before opposition (the 
moon moving towards the node at -N^ ; 

X the moon's latitude at opposition, and g the horary 
motion in latitude ; 

m and n the horary motions of the moon and the cen« 
tre of the earth's shadow (or of the sun) in longitude ; 

c the distance of the centres of the sun and shadow at 
time t before opposition. 

Then tT^^nr, and <» = wit; 

5rn=(w — w)t, and Mn^X+gr; 

.-. (X ^gry + (m - nY r^^d"; 

or, if we put m — n =3 m' =» relative horary motion in longitude of 
sun and moon, 

(X + 5'T)" + mV=c», 

which will become, if we put tan ^ = -^ , 

m 

gV + "ZKg sin' 0.t^{c^'' X*) sin' 6, 

6 being evidently the inclination of the relative orbit of the 
moon to the ecliptic. 

Solving this equation, we get 

T«-(-Xsin»^ + Vc"-X»cos»^.sin^), 
9 

in which expression the double sign denotes the times of 

entering upon and passing out of corresponding phases; and 

the times of the different phases of the eclipse will be determined 

by assigning proper values to c. 

Let T and t" be the two values of t given by the quadratic ; 
so that 

.T' = -(-Xsin»^-Vc*-X'cos»^.sin^), 

and T" = i(-Xsin"^ + Vc»-X*cos»ff.sin^). 
9^ 

These values can be equal only if c*— X" cos"^=s 0, or if c=Xcos 6. 
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This corresponds to the least distance of the centres of the moon 
and centre of the shadow, or to the middle of the eclipse. 

If c = radins of penumbra + moon's semidiameter 

we get the times from opposition of the first and last contacts 
with the penumbra, and the first and last instants of total 
immersion in it. 

Finally, if c = P— i8^+ 11 ± «, we get the times of the cor- 
responding phases of immersion in the shadow. 

The magnitude of the eclipse will be determined by the 
portion of the moon's diameter which is rendered invisible at the 
middle of the eclipse, and this will manifestly be (since X cos 
is equal to the distance of the centres of the moon and the 
shadow at the middle of the eclipse), 

moon's semi-diameter — (\ cos — semi-diameter of shadow) 

= «-/S+P + n-\cos^; 

or, if as usual, the diameter be supposed to be divided into 
12 equal parts or digits^ the number of digits eclipsed will be 

-(5-/ff+P+n-\cos^). 

Cor. All that has been said above with respect to the 
motions of the sun and moon in longitude and latitude will 
apply to right-ascensions and declinations, excepting that the 
motion in R.A. must be multiplied by the cosine of half the 
sum of the declinations of the centres of the moon and shadow, 
and that the motion of the shadow in declination (or that of the 
sun) must be taken iuto the account, that is, 5^ will be the rela- 
tive motion of the moon and shadow in declination. 

7. Example. We will take the Lunar Eclipse which hap- 
pened on June 1, 1863. 

The elements given in the Nautical Almanac (which can be 
easily calculated from the data in pages I., III., and V. of the 
month of June) are the following: 
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Greenwich mean time of opposition in II.A., June 1, 
11^24".22••8, 

))E.A. 16^37M7"•74 

Heel. -21^43'.47"•6 

Odecl. + 22^ 5'.41"-3 

/. decl. of shadow - 22^ 5'.41"-3; 

and therefore difference of declinations (=X) 

= + 0^2l^53"•7 (moon north of shadow), 
J hourly motion in E.A. (w) 40'. 8"'4 

O (w) 2'.33"-3 

/, w = (m — n) . cos decl. = 34'. 52"'4 
]) hourly motion in decl. — l'.49"*6 
© + 20"-2 

/.shadow — 20"'2; 

and therefore g = — 1'.29"'4 (motion southwards), 

)) equat. hor. parallax 60'.41"-0 = P 

© 8"-8 = n 

)) true semi-diameter 16'.33"'8 = a 
© 15'.48"-1 = /Sf. 

Then tan^=^ = -.-^ 

m 2092*4 

= - -04273, 
and ^=357^33', 

cos 6 = 0-99909, 
X= + 21'.53"-7, 

.*. \cos^ = + 21'.52"-5. 

Semi-diameter of shadow = P— /ff + H 

. «45'.l"-7 (nearly the maximum value). 
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Semi-diameter of pennmbra =s P+ /S+ 11 

= 76'.37"-9, 
X sin* ^ = + 2"-4. 

* 

We will, for the sake of economy, of space, content ourselves 
with determining the times of first and last contact with the 
shadow. 

For this we shall have 

, c = P-/g + n + « 

= 45'.r-7H-16'.33"-8 

» 61'. 35"-5. 



And, to compute the value of Vc' -- X* cos* ^, we must use a 
subsidiary angle ^, such that 

— cos ^ = cos Ai 
c ^' 

and .*. Vc* — X' cos' ^ = c sin ^. 

Thus, Log(Xcos^)= 3-11810 

Ar. CO. log c = 6*43233 

Sum == log cos ^ = 9*55043 

Logsin<^= 9*97072 

Log c = 3*56767 

Log sin ^ = -8*63091 

Sum = Log {Vc*-X»cos»^.. sin ^} = - 2*16930 

Vc«-X'*cos'^.sin5 = - 147"-7 
and -Xsin'^ = - 2*4; 

; , 145*3 145*3 ,h,^e« 
/. t' = + — — = - ----- = - 1'»-6253 

g 89*4 

=:-l\37~ 3r*l, 

and ," = _1501= + lg!;^ = + lH790 

g 89*4 

= 1\ 40"*. 44"*4. 
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Hence, the time of first contact with shadow 

== ll^ 24°*. 22*-8 - 1\ 37°*. 31"-1 
= 9\ 46°*. 5r-7, 

and the time of last contact with shadow 

= 1 1^. 24°*. 22«-8 + 1**. 40"*. 44''-4 
== 13\ 5°*. 7"-2, 

agreeing within a minute with the times given in the Nautical 
Almanac. 

The magnitude of the eclipse is (in digits) 

- {« - 5+ p+ n - \ cos e\, 

8 

'''-^ = 14.3814 



16-563 
= (in diameters of the moon) ri985. 

For the middle of the. eclipse 



,_ „_ Xsin*^ 



= + 1". 36''5. 

Therefore the time of the middle of the eclipse was 

11\ 24°*. 22''-8 + 1°*. 36''-5 
= 11\ 25°*. 59^-3. 

8. Before leaving the subject of lunar eclipses, it is neces- 
sary to remark that the diameter of the shadow, as determined 
by observations of various instances, is always larger than that 
deteriAined from theory. The theory supposes that the cones of 
the umbra and the penumbra are formed by rays drawn from the 
sun's surface, accurately touching the earth's surface. This pro- 
bably is not the case, as it is likely that many of the rays which 
graze the surface will be stopped or absorbed by the earth's 

M. A. 22 
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atmosphere. This would "be equivalent to increasing the earth's 
diameter or the moon's horizontal parallax, and it is found in 
fact necessary, for the purpose of reconciling the observations 
with the theory, to increase the parallax by about one-sixtieth 
part. If this be done in the preceding example, the magnitude 
of the eclipse will be found to be r231. 

Another effect, probably due to our atmosphere, is the dull 
red coloured light visible on the surface of the moon, while she 
is totally immersed in the shadow and should therefore be invi- 
sible. The solar rays, in passing through the atmosphere, are 
bent inwards, so as to form a cone of faint light interior to the 
cone which forms the mathematical shadow, and, in some cases, 
the effect observed is much more striking than in others. It 
was particularly observable during the eclipse of June 1, 1863, 
which has been chosen as an example of calculation, the moon 
being distinctly visible during the whole of the eclipse, though 
she was for more than an hour totally immersed in the shadow. 

9. On Eclipses of the Sun. 

An eclipse of the sim is a phenomenon perfectly analogous 
to an eclipse of the moon, and if we interchange, in the figure 
on page 329, the positions of the earth and moon, many of the 
formulae already derived may be rendered applicable. 

A different mode of treatment is however necessary, because 
it is required to determine, not only the general circumstances 
of the eclipse, but the parts of the earth's surface at which an 
eclipse will take place, and to furnish the data for its calculation 
at each particular place, the apparent positions of the sun and 
moon being different at each on account of the effects of parallax. 
We will first give one or two general propositions. 

10. Let, M before, ahdc be a section of the cone envelop* 
ing the surfa(»8 of the son and earth, and let M be the position 
of the moon as it is about to enter within the cone, when a 
portion of the light of the sun will be hindered from reaching 
the earth. This determines what is called the beginning of the 
ecltpae gemrally m the earth. 
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Draw tangents Tc, Te^ to the stin and moon, and join TM. 

Xten, the angular distance of the sun and moon as seen 
from the centre of the earth at commencement 

= 8Tc + cTe + eTM 

= 8Tc+Ted''Tce^eTM 

(using the same notation as before). 

And the angular semidiameter of the section of the conical 
surface at the distance of the moon 

^8Tc + cTe 

11. To find the length of the moon's shadow. 

Let 8, M, and T, in the same straight line, be the centres of 
the sun, moon, and earth ; a Ac, a section of the conical surface 
enveloping the sun and moon, A being either within the earth's 
surface, or at a yerj small distance from it, as is plain from the 
fact that the angular diameters of the sun and moon, as seen 
from the earth, are very nearly equal. 
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Then length of shadow MA 

Me moon's semid' 



sin MAa sin {SMa — Mae) 

_ earth's semid', x*2729 
" sin {SMa — Mcie) ' 

the fraction •2729 being the value of , , t^ according 

to the best modem determinations ; it is in fact the value of 
moon's angular semid', 
moon's mean hor'. parallax * 

Aa 
Now z SMa = ^ z SAa nearly 

= j^ X z SAa very nearly . 
ST ^. 

and z Mae = -^^ 

Ma 

_ earth's semid'. x '2729 
Mi 

SA earth's semid'. x '2729 , 

" MS' SA ^^^ ""^^y 

ST 
= ^a X n X '2729 nearly ; 

.-. z MAa = -^ {>8^- n X -2729} 

ST 

^stztmt^^^^'''^'^^^^ 

= — ~.{S^-nx'2729j 

p 

= -p3U{/8f-nx'2729} 
= 0y suppose. 



ANNULAR AND TOTAL ECLIPSES. 341 

Hence, length of shadow 

earth's semid', x '2729 

Cob. Since ^ is a very small angle, we may put for sin 0^ 
6 X sin 1". Then the length of shadow will be 

earth's sem i d'. x (P— 11) x ' 2729 
FjK^U X -2729) X sin l" 

Earth's semid'. x ( 1 - -p j x '2729 
^ (S - n X -2729) X sin 1" 

^ earth's semid'. x *2729 ( 11 11 x '2729 [ 
^xsinl" X P"^ & j 

very nearly. 

Taking then the greatest value of & and the least value of 
P, namely 978" and 3236", and, for the value of 11, 9"*0, we 
sliall find, 

least length of shadow =: earth's semid'. x 57*54. 

Similarly, taking the least value of 8 and the greatest value 
of P, namely 946" and 3682", we shall find, 

grtot^st length of shadow = earth's semid'. x 59'60. 

Now the moon's distance firom the earth varies from about 
64 semidiameters of the earth at extreme apogee to 56 semi- 
diameters at nearest perigee. It will therefore sometimes happen 
that the apex of the conical shadow will not reach the earth, and 
that sometimes it will pass beyond it. In the former case, if we 
produce the sheets of the cone to intersect the earth's surface, 
they will cut off a circular space, at the centre of which the 
observer, being in the moon's penumbra, will see only an annu- 
lus or narrow ring of the surface of the sun. This is called 
an annular eclipse. If, on the contrary, the apex of the cone lie 
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bejond the earth it will, in its passage across the earth^s surface, 
intersect it and cut off circular portions within which no light 
from the sun can come to the observer. This is a total eclipse. 

12. Calculati(m of a Solar Eclipse for a particular place*. 

The first thing to be done is to find, for any given time, the 
moon's apparent hour-angle or right ascension, and apparent 
declination, in tenAs of her geocentric hour-angle and geocentric 
declination. 

Let ^' = the geocentric latitude of the place, 

a =s geocentric II.A. of moon's centre at sidereal time ty 

m 

h = geocentric hour-angle west, so that A = < — a, 

A ss moon's geocentric N.P.D. 

r =s distance of centres of earth and moon in terms of 
earth's equatorial radius, 

p = the earth's radius for the observer's position. 

Then refer the moon to rectangular axes of co-ordinates, the 
equator being the plane of xy\ the axis of x in the intersec- 
tion of the meridian and equator, positive towards the south ; 
that of y at right angles to it, positive towards the west ; and 
that of » parallel to the earth's axis, positive towards the Korth 
pole. 

Take also another set of rectangular axes, x\ p\ z\ parallel 
to these and passing through the observer's position. 

Then it is plain that if V and A' be the moon's apparent 
hour-angle and N.P.D.^ and / the distance of the observer from 
the centre of the moon, we shall have the following equations : 

a; = rsinA cosA, «' = /sinA'cosA', « — a/ = /> coa<pi\ 

y = rsinA sin A, y' = r' sin A' sin A', y — ^ = 0, 

i5 = rcosA, «' = r'cosA', «— jB'=«^sin^'; 

* See Woolhooae's Artiole on Eclipses^ in Ajp^pendix to N, A. for 1836. 
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/. r sin A' cos A' = r sin A cos A *- p cos ^', 
r sin A' sin K » r sin A sin h 
r cosA' =rcoBA — psin^'. 

Also r = -; — p (P being the moon's hori«Oiital eqUAtorial 
parallax) ; 

/. cotrA'=^cotA — -A-T — : — 7 cot 6', 

Sin A sm h ^ 

cos A . ., 

and cot A' » sin A' <— ^— r— f— r- 

gin A gin A 

sinP 



(^ p sin P sin 6 \ sm A , . 

= 11-^- A— ^l«-»*-x cot A, 

\ cosA y smA 



or 



and 



J.T Ai» pSinPcosA ,,. 

cotA-cotA =^ *— . — . . i •••••(!)> 

sinA smA ^ '' 

cot A cot A' _ psinPsin^' , . 

sinA sinA' ~ sinA sinA ^ '' 



which equations serve for determining immediately the apparent 
from the geocentric hotir-angle and N.P.D. 

The calculations would however be rather troublesome, 
requiring seven-figure logarithms, and it is better to find expres- 
sions for SA = A' — A, and SA = A' — A. 

Multiply (I) by sin Ti sin A, 

• /Tt 7\ • c^T psinPcosA' . ,, ,^. 

/. sin(A'-A)=sm8A = i- . , ^ smA (3) 

^ ^ smA ^ ' 

p sin P cos A'/ . 7 ?.7 . z • ^11 
- c : — - — r {smh cosoA + cos A sm oAl ; 

sm A ^ ' 

/. tan SA = £-i5-_-_-^ (sin A + cos A tan SA}, 

smA * ' 
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psInPcos^' . , 

^ r—-r-^ sin A 

or tan8A=s i p ,i (4). 



sin A 



COS& 



A • ii^ /ft\ cot A cot A 

Again from (2), . , r-rr 

^ ^ '' sinA sinA 



cot A — cot A' 



sin A 



■l-f-r-^- -T-^)cotA' 
\sm A sin A / 



• /A' A\ 2sm— COS A + — ) 

sm (A — A) 2 V 2 / . . , 

- I ' A ' A> + ^ i ' V >cotA 

sinAsinAsmA sinAsinA 



__p sinPsin^' ^ 
"" sin A sin A ' 



-t . • Bh sin SA p sin P cos 6' sin A' - ,_. 

2 COS— 2cos — 

sin SA 



* ' sin A sin A sin A' 

cosrA+-'\ 
_ p sin P sin ^^ p sin P cos 0' cot A' y 2/ 

"" sin A sin A sin A sin A * Sh ' 

C08- 

/. sinSAsspsinPjsin 0' sin A' — cos ^' cos A\ k, ('"(«)f 

I cos— J 

= p sin P sin ^' (sin A cos SA + cos A sin SA) 

cos (* + y) 
— p sin P cos 0' M (cos A cosSA — sin A sinSA) ; 

COS — 

2 
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f. . ■ 

p sin P^ sin ^' sin A — 



•*• tanSA = 



cos Ih + —] 
COS <f> COS A . ^1^ 

cos— - 
2 



7 



cos(a+-] 
1 — p sin P-^ sin ^' cos A + cos ^' sin A . ^ .i k 






cos 



2 



psinPsin0'sinA-< 



1- 



cot A 
tan^ 



cos(a+|)] 

! ST"' 

cos-— 



1 — p sin P sin ^'cos A 



f 7i ^ 

. . cos A + •— 
tanA V 2j 

■^tan6" ^h 

^ cos-:- 



(5) 



p sin P sin ^' sin A ^ 


1 


h' + h] 
. . cos — - — 
cot A 2 




tan 6' * A' — A 




1 — p sin P sin ^' cos A - 


f h' + h\ 

J. A COS — - — 

, , tanA 2 




[ 

; 



To prepare (5) for easy calculation, let 



cot^' 



^cos(a+-) 



8A 

COS-TT- 

2 



tan '^j and ^ r^ 

^ cos '^ 



= «. 



TK SA — ^ sin A cos^ (1 — cot A tan^^) 



1 — Csinl"cos A cos'^(l+tanA tan^^) 



Qsin (A - '^) 



l-Csinrcos(A-'f) 



i^y 
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pP cos 6' . ^ 

^-— T— r-i- sin A 

and, from (4), ofe« i ' "yj ' * ■ .; ■ ' ' ' *.#«•# (7) ; 

^' ^ psinPcos^ , ^'' ' 

1 — ^ : T ^ COS h 

sin A 
^, . - p sin P cos d! 

or thus, if *- r— r ^ as It, 

' sm A '^' 

SA = /A sin A + - /x* sin 2A + &c. 



Note. We have, for tan Zh and tan SA, put 8A idn 1" and SA 
sin 1 ", and for sin P we have put P sin 1". More correctly we might 

nae 8A (^) , SA (^) . and P («^ . (See page 183.) 

But, if five-figure logarithms be used, it will be sufficient to 
subtract 2 from the last figure of the logarithm of SA, and 1 from 
the last figure of the logarithm of £A, when the computations 
are completed, 

13. We can also express SA in terms of K and A'. 

Thus gA=(2'?^, 

sinA ' 

where Q'=pPcos0', 

^, ^ sin K 
or oh = Q — — T-T-T — k-rr 
sin (A — o A) 

n' sin h' «^«^w 

= ^ sinA-(l-cotA-.gA) ^^^ ^^^^7' 

^ sinA' 1 

sin A' ' 1— cot A' xp sinP {sin ^' sin A — cos <!>' cos A' cosA'} 

with sufficient accuracy, 
_^sinA' 1 



sin A'* 1- Q^'cos A' (1-cot^'cot A'cos A') ' 
where Q" = p sin P. sin <f}'. 
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Example. For the reappearance of S Cancri at the limb 
of the moon, observed at Greenwich, 1860, March 4, we find the 
following data: 



K 
A' 
P 

Logp: 



22\ 30'. 34"-3 
71^ 20'. 7" 

3636"-37 
51^ 17'. 26" 

9-99911 



•\ Logp:^ 9-99911 

LogP = 3-56066 

Log cos ^'=9-79614 

Sum = Log ^=3-35591 



9*99911 

3-56066 

Log sin 0^=9-89227 

Log sin 1" = 4-68557 
Sum = Log C" = 8-13761 



Log cot A' = 9-52865 
Log cot 0' = 9-90386 
Log cos A' =9-96557 

Sum (loga) = 9-39808 



a = 0-250082 
I -a = 0-749918 

Log =s 9-87501 

Log Q' = 8*13761 

Log cos A' = 9-50519 

Sum = logi8 = 7-51781 

^ = 0-003295 



1-/3 = 0-996705 
Log =9-99856 



Ar. CO. = 0-00144 

Log sinA'= 9-58301 

Log cosec A' = 0-02347 

I^og q = 3-35591 

Sum « log (8A) = 2-96383 

Zh = 920"-O8 
« 15'.20"-08 

^'= 7'.40"-04 



2 



A+y = 22°.22'.54"'3 



We have also 



sin SA = p sin P< sin 0' sin A' — cos ^ cos A 



cos I A + -- 1 1 



cos — 
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or 
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SA = pP8in^' 



COS'^ 



co8(a+-2-) 
where tan '^ = cot ^' ^i 



COB-— 

2 



Then 



Log cos (a + y) = 9'96598 



A 1 ^^ 

Ar. CO. log cos — 



0-00000 
9-90386 



Log cot ^' 
Sum=Logtan'^= 9*86984 



/ // 

36.32.23 



A' = 71.20. 7 



A' -i|r = 34.47.44 



Log sin (A' - '^) = 9-75638 

Log sec -1^ = 0-09505 

Log (p Psin f ) = 3-45204 

Sraa = Log SA = 3-30347 

SA = 2011"-3 
=33'.3l"-3 



Using now the geocentric values 

h = 22^ 15'. 14"-2, 
and A = 70'. 46'. 36", 

we will, for a test of the degree of accuracy of the formulae, 
find, by means of (4) and (5), the values of h' and A'. 



The formulae are 



hh^ 



and 



SA = 



smA 
p sin P cos 6' , ' 

*- J — T — ^COS^ 

sin A 

Q sin (A — '^) 
1 - Q sin 1" cos (A - '^) ' 



1- 



w^jere '^ has been already computed, and == 36*!. 32'. 23" ; and 
.•.A-^ = 34M4M3"; and (2 = £^^^\ 

^ ' ^ COS'^ 



AUGMENTATION OF MOONS SEMIDIAMETER. 349 



We have then, 

Log (pPco8 0') = 3-35591 

Log cosec A = 0-02492 

Log cos A = 9-96639 

Log sin 1" = 4-68557 

Sum = log a' = 8-03279 



a' =0-010784 
1 - a' = 0-989216 



Log(^ 



Log (1 - a ) = 9-99529 

Ar. CO. 

p P cos 0' 



■)= 



0-00471 
3-38083 
9-57831 



sin A 
Log sin A 

Sum = Log Zh = 2-96385 



Log (/o sin P sin 0') 

Log sec '^ 

Log cos (A — '^) 

Sum = Log P' 

1-/3' 

Log (1 - P) 

Ar, CO. 
Log (2 

Log sin (A — '^) 

Sum = Log SA 

SA 



= 8-13761 
= 0-09505 
= 9-91736 

= 8-15002 

= 0-014126 

= 0-985874 

= 9-99382 

= 0-00618 

= 3-54709 
= 9-75021 

= 3-30348 

= ^2011-3 
= 33'. 3l"-3 



= 920"-12 
=15'.20''12 



The values of Sh and SA, as calculated in the Qreemoich 
Observations, are 

15'. 20" -08 and 33'.31"19. 

If six-figure logarithms were used, we could secure accuracy 
to the hundredth of a second. 

14. To find the value of the augmented semtdiameter of the 
moon. 

The angular semidiameter of the moon will be larger at the 
observer's position than at the centre of the earth in the propor- 
tion of r to /, or rather the sines of the semidiameters will 
be in that proportion. If then s' and s be the apparent and 
geocentric semidiameters, 

sin s' r 



sm^ 



Let, in the accompanying figure, P2^ be as usual the geocen- 
tric colatitude, and M and M* the geocentric and apparent posi- 
tions of the moon ; z and z' the corresponding zenith-distances. 
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Now, if we imagine a perpendicular to be drawn from the 
moon to the earth's radius at the observer's position (produced), 
its length will evidently be expressed both by r' sin z and by 



r&mz) 



or 



.-. r Bmz =rsm;5, 

sin «' __ r 
sin« " r 

sinks' 



Now 



or 



and 



sin z' _^ sin {z + iz) 
sin^f "* sin 2 

= cos Zz + cot z sin hz 

= (since Zz is the parallax in Z.D.) 

cos iz + psinPcot^ sin (« + S^i) ; 

. , -, . smz cos hz 
,\ sm [z + oz) = ; -^ p ^^, ^ ? 

sin «' cos hz 

sin* "" X — psiuPcos;? ' 

cos Si; 



sm« =sin5 X 



1 — psmPcoB^* 

This expression is rigorously correct, but we may, without 
sensible error, put cos hz = 1, 

and then 



sm^ 



smfi = 



1 — psinPcos« ' 

s 

1 — psinPcos^ ' 

with scarcely sensible error. 



or 



8 = 
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Cor. It ia also evident that 

sins' sin a' sin A' sin A' 
sins sin 2; sin A sin^. 

Note, A table of corrections for Augmentation of MoorCs 
Semidiameter is given in Loomis's Astronomy (Table xill. page 
378). 

15. From the preceding formulae we are now enabled to 
deduce from the geocentric R.A., N.P.D., and semi-diameters of 
the moon (interpolated from the Nautical Almanac for a series 
of equidistant times at short intervals) the corresponding appa- 
rent R.A., N.P.D., and semi-diameters. We might also, by appli- 
cation of the effect of the sun's parallax in R.A. and N.P.D., deduce 
the apparent R.A. and N.P.D. of the sun. But, as the relative 
motions of the sun and moon are all which are required, it will 
be sufficient to use the difference of the horizontal parallaxes of 
the sun and moon instead of the moon's horizontal parallax in 
the preceding expressions, and afterwards to disregard the solar 
parallax, the hour-angles and declinations of the two bodies 
being of course nearly equal. Thus, if 

P' = psin(P~n), 

we must use sin P' instead of p sin P in the formulae. 

Having then calculated at short intervals a series of appa- 
rent positions of the sun and moon (at intervals of half an hour 
for example, and then by interpolation for every five minutes), 
the apparent relative orbit of the moon will be traced out, and 
the contact of limbs will take place when the apparent distance 
of the centres of the sun and moon is equal to the sum or differ- 
ence of their apparent semi-diameters. For a distance equal to 
the sum of their semi-diameters we shall have the commence- 
ment or the ending of the eclipse ; and, for a distance equal to 
their difference, we shall have (for places where the eclipse is 
total or annular) a total beginning or ending, if s' be greater 
than ;S^, and an annular beginning or ending if s' be less than 8, 

Let now T be the time nearest to the first or last contact of 
limbs for which the series of apparent R.A. and N.P.D. has 
been computed, and let the time of contact he T-\-t, t being a 



352 POINTS OF FIRST AND LAST CONTACT. 

small fraction of the intervals nsed for computation ; at the time 
T-k-t^ let the difference of R.A. of centres of sun and moon be 
a, and the difference of N.P.D. be d. Then, if c be the sum of 
semi-diameters, it can be easily shewn, as ^t page 267, that 
c* = cP+ sin A sin 2) . a*, with sufficient accuracy, A and D being 
the approximate N.P.D.'s of the centres of the sun and moon 
for time T+t. 

Now by differencing the series of computed values of a and 
dy these quantities can be expressed (as in the case of the 
transit of Venus, page 269) in the forms 

a = m + mt + m"fy 

and c?=n + »'< + nV, 

and therefore we shall have an equation of the form 

c^ = e'\-ft'\-gf-\-hey 
and, as before. 



'-fg^s/{ih' W' 



(? e h 



where h = 

9 9 9 

and the term involving f will be neglected in the first approxi- 
mation. 

If c represent the difference of the semi-diameters, the two 
values of t will give the times of beginning and ending of the 
total or annular eclipse for places on the central line of the 
shadow, and, if c represent the sum of the semi-diameters, the 
two values will give the times of first and last contact of the 
limbs of the sun and moon. But it is safe to use only that 
value which is very near to the middle epoch of the interpolation, 
and to deduce another value for the other phase of the eclipse. 

16. To find the positions of the points of first and last con* 
tact on the suvls limb. 

For the two values of t deduced from the solution of the 
quadratic, we can calculate the values of A and D ; and then, if 



COS 
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^ be the angle made in each case with D, or with the declina- 
tion-circle passing through the t^entre of the sun, and 

2{r = c + A + i), we shall have 

« 

'^^ / sin a sin {a — A) 
2 "" ^ sin i> sin c 

/c + D — i^ /sin a , 

17. During the progress of a solar eclipse an opportunity is 
offered for determining the difference of the errors of the tabular 
places of the sun and moon, and the errors of their assumed 
semi-diameters, by observations made with an equatorial. The 
classes of observations which can be made are the following : 

(1) Transits of the limbs of the sun and moon observed 
with an unchanged position of the polar axis, giving the correct 
difference of the K.A.'s of the limbs, to be compared with the 
tabular differences, involving the errors of tabular semi-diameters 
and errors of tabular E.A, of the centres of the sun and moon. 

(2) Differences of N.P.D. of the limbs, giving similar com- 
parisons for N.P.D. 

(3) Differences of N.P.D. of cusps. 

(4) Differences of K.A. of cusps. 

We will take these cases in their order. 
(1) Differences of B.A. of limbs of the sun and moon. 

Let a (in arc) and A be the tabular apparent R. A. and N.P.D. 
of the centre of the moon at time of transit of limb over mean 
of wires ; A and D those of the centre of the sun at time of transit 
of sun's limb. 

s* S 

Then a + -r--r- and A + -^— ^ will be the R. A.'s of the first 
smA BinD 

or second limb of the moon and sun. The sidereal interval of 

transit will therefore be 

sm jD sin A 
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find the variation of this expression will be 



sin i? sin A 

. flfcosD 7n-«'cosA ,. ,_. 

^ sin*i? sin' A ^ ' 

The observed difference of R.A. of limbs mnst then be 
equated to the tabular difference plus the errors of elements as 
given above. 

(2) Difference of N.P.D. of limbs. 

In this case the observed difference must be equated to the 
tabular difference plus 

dD--dA±d8+ ds' • (8). 

(3) Difference of N.P.D. of cusps. 

Let a be the excess of the R. A. of the moon above that of 
the sun; a^ and a\ the difference of R.A. of a cusp and of 
each centre, so that a^ + a'<. = a. 

Then, if A« be the N.P.D. of a cusp, we shall have, ^s at 
page 267, the following equations : 

^,_ 8'-{D^\Y 
^ sini^sinA^ 



sin A sin A^ 
and ae+ac = (i, 

which are easily solved by a tentative method, which can be 
readily applied, because, in the course of the observations, the 
difference of N.P.D. of the cusps and limbs can be observed at 
short intervals if necessary, and approximate values of A^ will 
therefore be known. 

Thus, assuming a value of A^, we can compute, for a given 
time, the values of a<. and a'<., and the sum of these ought to be 
equal to a. The difference will shew how great is the error of 
the assumption, and we must then repeat the process with a new 
value. A skilful computer will get^the correct value in three 
or four approximations. 
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The values of A^ and a^ may however be found, without 
much trouble, by a durect computation. 

Thus, the same notation remaining, 
let 2>-A = <?, andi)-A, = Z; 

/. A-A, = Z-<?, 

axid we have the two equations 

/S* = Z» + sInDsinA^,», 

J^=^ {Z- (?)» + sin A sin A, {or- a,)\ 

Subtracting these equations, and neglecting the small term 
(sin D — sin A) sin A« . 05^', we have 

2^ — <?+2sinA sinA^a.a^ — sInA sinA^* = ;8^— «", 

or, if a sin A sin Ae » a\ 

and r (^-«'* + (? + aa') = «, 

Zd + cla^ = a ; 

a " ' a a a 



«.«=5(S'-^=^I-^.z+i;.ir«; 



„, 2a.d „_ aa'8* — a* 



i • 



Let now --^ = tan*5; 

/. Z^ - -^ cos*5 . Z= — ^j — . cos'^, 

and Z= ^cos^5 + —/ Vaa'5«- a'* sin- e 

a a 

=^Bcos{0Ti>)y 
acosd 



where cos ^ = 

Also . 4 = n — t Z 

a a 



Sd 



^Sa sin {0 + ^) 
"" d ' tan 5 



23—2 
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The omitted quantity (sin D — sin A) sin A^ . a/ maj then be 
calculated with the value of a^, and substituted in the equation, 
and the operations may be repeated, a corrected value of A« being 
used in the computation of a\ 

To obtain the errors of the elements, we must differentiate 
the equations on page 354; thus we shall have, (considering A«, A, 
and U in the denominators to be constant, as their variations 
will not sensibly affect the result,) 

da ss da^ + da\ 

d/^^^dD ^ d8 

, da^ JD — ^ ^ 

Where -jj- s= — ; — ^. . = Q suppose 

tf Ae a, sm Z^ sin A« ^'^ 



da'e_ A-A, 
dAg a'eSinAsinA^ 

da, i)-A, 



= -G 



dD a^ sin i? sin A 

da\_ A-A, 

rfA a'eSinA sin A "" ^ 

d8 acSinjDsinA^ 

da\ 8 

da' a\ sin A sin A/ 

Hence, we shall have 

a,sini> sin A,^*^ ^ a\ sin A sin A ' 

_.J a' 

g+j'o'.sinABinA. W' 

And the quantities Q and $> admit of eagj calculation. 
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(4) Difference of R. A. of ctiapa. 

Let a and A be the !B.A/s of the centres of the moon and 
snn, and Oo that of the cusp. 

Then we have 

dac=dac-dA--QdD+ QdA^ 

a^aiaJJ Bin Ac 
and dac= da'-dae=''^g[dA + qdA^ 

+ -7—» — A^'^ — x-^'f 
a^smAsmAe ' 

therefore, eliminating (?A«, we get 

{Q + q^da^-qdA-- Qd(X:= Qq{dA'^dD) 



qS 



a, sin 2> sin A, 
Qs' 



a'^sinA sin A 



.dS 



. ds'y 



or 



da,= -^^—dA+jr^da + j^{dA^dD) 

v + 2 Q + q Q + q 



qS 



acSiaD smAc{Q + q) 
Qs' 



a'^sinA QmAc{Q + q) 



.dS 



.da (10). 



18* For an example of the calculation of an eclipse during 
which observations of all the classes here discussed were made, 
the reader may consult the Greenwich Observations of 1860 for 
a very instructive example. 

In this instance, however, the apparent places of the moon 
have been deduced in a different way from that which has been 
given at page 342, namely, by a method, which has been in use 
at Greenwich for the reduction of observations made with the 
altazimuth during several years, called the method of normal" 
centric co-ordinated. The object is to avoid the change from 
the astronomical to the geocentric zenith in the calculation 
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parallax, and this is effected \>j taking, as the (mgin of co- 
ordinates, not the centre of the earth, but the point where the 
earth's normal at the place of observation meets the polar axis. 
Of course the moon is rather more distant from this point than 
from the earth's centre, and therefore a small correction is 
necessary to the horizontal parallax, and the geocentric semi- 
diameter; as also to the geocentric N.P.D., the correction to 
the latter being the angle made by lines drawn from the moon 
to the centre and to the foot of the normal. 

Without going into details we may state the value of the 
quantities concerned and the corrections required; 7 being as 
usual the astronomical colatitude. 

Distance of centre from foot of normal 

"" /t t^^ « '' = " (suppose). 
Vl— e' + tan"7 

Correction to N.P.D. (subtractive) 

— > J' X X « sin N.P.D. 

moon s distance 

« a sin P sin N.P.D. 

Correction*factor to hor. equat. parallax 

normal-centric radius distance from centre 

X 



earth's semi-major axis dist. from foot of normal 

_ 1 — g sin P cos N.P.D. 
a/i — e*cos*7 

Correction-factor for semi-diameter 

= 1 - a sin P cos N.P.D. 

The student will hare no difficulty in investigating the 
expressions here given. The normal-centric correction having 
been applied to N.P.D., the normal-centric zenith-distance and 
azimuth can be computed, and the normal-centrio parallax having 
been added to the zenith-distance, these can again be converted 
into apparent B.A. and N.P.D. referred to the observer's posi- 
tion. 
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This method was used at Greenwich for deducing the appa- 
rent R.A. and N.P.D. of the moon for the solar eclipse of 1860, 
July 18, before referred to. 

19. Variation of Moon! 8 Parallax in Hour-angle and N.P.D. 

Since the amount of the parallax depends on the zenith-dis- 
tance, it is plain that it will vary very rapidly with change of 
hour-angle, and, in certain cases, expressions for its rate of 
change at any distance from the meridian are very useful and 
necessary. 

Expanding SA, we get 

tan 8A = Sh" sin 1" (very nearly) = P^^^ ^ 9 ^^ ^ 

1 p^ sin^P cos"<^' - oz . ^ 
+ o ^~7a — ^ sm 2h + &c. 

And, differentiating with respect to A, 

d (Bh) p sin P cos 4> , dh 

T. =- r— -r — ^ cos A 3- 

at Bin A dt 

, p' sin' P cos* A' «T^A . p 

+ i-a^r — 21 COS 2A :7r + &c., 

sm'A dt 

if one second^ be taken as the unit of time, then j- will be 

at 

the change of moon's hour-angle in 1*, and will be equal to 

(15" — m) sin 1", where m = motion in R. A. in one second ; 

••. d {Sh) = (15" - m) Bt k^^^^ cos h 

, p'sin'P cos* A' «7 . ^ 1 1 

+ r-TT — ^ cos 2A + &C.)- very nearly. 

Again, taking equation (5) and expanding, we get (if we put 
psinP = JJ'), 

tan SA = SA sin 1" 

ss-B* sin A sin ^' {1 —7 — r? (cos A - - sinA . 8A)} 

X {1 + jB* sin ^' cos A (14- 7— T7 cos A)} 



360 



VARIATION OF MOOJTS FARALLAX. 



« (subfltituting for %\ its approximate value . . ^ sin A), 



sin A 



TV • A • j^'f^ <^*^ 1 . ^ cos A COB*<^ . ,,, 

J^sinA sinA {1 — r-— i7CosA + — . ^ . . . T; sin' A} 
^ ^ tan 9 2 sin' A sin0 ' 

X {1 + U' sin <^' cos A + jB' sin A cos ^' cos A} 



' cot A T J2 cos A cos* . 2 7 ^ 
tan 9 2 sin' A sm^ 



= B'sinAsin^'x- 



.„,.., . ^;Cos*Acos6' , 
+ jB sm ^ cos A - K . . ^ cos A 



sin A 



+ jB'sin A cos 6'cos A — S : — 77-^ cos*A 

^ sm 9 



andy differentiating with respect to A, and collecting terms, 
we have 

■ \- ^ sml 
oA 

„,...., dA f /cot A , ^ cos* A cos 6'\ . , 

s=jBsmAsm0 ^ri 7 — ,, + J» . . ^ smA 

^ a^ [Vtan^ smA / 

, jy cos A cos*6' / , 1 *\ . «i.l 
sm^ V 2sm*A/ j 

s= -7- {(/:> sin P COS ^' cos A + p" sin*P sin ^ cos ^'cos 2A) sin A 

+ p" sin'P cos* ^ cot A ( - + sin* A j sin 2A}, 

* 

and, if we take, as before, one second as the unit of time^ 

d (SA) = (15" - m) X {(/o sin P cos ^ cos A 

+ p*sin*P sin^' cos 0' cos2A) sin A 

+ p* sin*P cos*<^' cot A f- + sin* A J sin 2A}. 
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20. On Occultationa of Stars hy the Moon* 

An occultation of a star may be treated as a particular case 
of an eclipse of the sun, the only difference being that the 
star has neither proper motion, parallax, nor sensible diameter. 
Since however the position of the star, when the immersion 
or emersion takes place, may be considered as a point of the 
limb of the moon, the application of the parallax in hour-angle 
and N.P.D. (properly corrected) to the hour-angle and N.P.D. 
of the star will give the geocentric position of the point of the 
limb which was in contact, and the equation (6) on page 352 
will determine the time of immersion or emersion, if we make 
c equal to the geocentric semi-diameter of the moon, as inter- 
polated from the Nautical Almanac for a time tolerably close 
to that of immersion. 

For this idea, which simplifies greatly the calculation of 
occultations, we are indebted to Carlini, who first proposed his 
method in the Milan Ephemeris for 1809. 



21. The geocentric position of the point on the moon's 
limb, of which the apparent position is defined by the E.A. and 
N.P.D. of the star, can be found by the use of formulae (7) 
and (a) (pages 346 and 344), of which an example has been 
already given, and no other method can excel this in simplicity 
or accuracy. Since however many students may have occasion 
to study the indirect method of finding the .position of tte 
" Corresponding Point," which has been so long in use at 
Greenwich, it is desirable to give a short explanation of this 
method. 

In the first place, the horizontal equatorial parallax which 
has been computed for the moon's centre must be corrected for 
the point of the limb at which the occultation takes place. For 
the investigation of this correction which, at the maximum, 
amounts only to 0"'16, the student may consult any of the 
volumes of the Greenwich Observations from 1843 to 1845, 
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where he will find also the correction tabulated We will call 
the corrected parallax P to distinguish it from P. 

Then from equation (3), page 343, we get 

• /!» r\ p sin P* cos A' . ,, 

sm Ih — A) = ^ ; — T — ^ sm A, 

^ ' sin A * 

where h represents the geocentric west hour-angle of the cor- 
responding point, and A the geocentric N.P.D. 

This is put into the shape, seconds of - — - — - 



h --h cos <6 sm A' p sm P , - „, 

= -r—TTT — n X —^, — T— .^—iv — X seconds of P. 
sm (A — h) 2 sm A P 

Again, formula (2), page 343, gives 

cot A cot A' _ psinPsin^' 
sin A sin A' ~~ sin A sin A ' 

or cos A sin A' sin A' — cos A' sin A sin A 

= p sinP sin ^' sin A' sin A', 

which may be put under the form 

- {sin (A' — A) (sin A' + sin A) + sin (A' + A) (sin A' — sin A)} 

= p sin P' sin ^' sin A' sin A', 

, • / A f AN 2p sin P' sin 4> sin A' sin A' 

whence sm(A-A) = -^^^ ^ 

sm fi H- sm ti 

sin (A' 4- A) (sin A' — sin A) 
sin A' + sin A 

p sin P sin <!> sin A' si n h' j./h'+h\^ /h'-h\ . ,a» . an 
sm — ^— cos — — - \ '^ \ ^ 

Putting P= ^ p cos ^' sin A' x seconds of P', 
and G^ = p sin ^' sin A' sin K x seconds of P'. 
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Seconds of — Il~ = ircosecA . ,,7 — tv •^-^r-....(ll), 

2 sin (A —A) F ^ '' 

and seconds of A' — A 

^ h'-h A' + A sinP' A'- A 

= 6^ sec — — - cosec 



2 • F •sin(A'~A) 

• /A' , AN .*'+* 2 A'-A 

— sm (A + A) cot 



2 • h'-'h 'sin (A' -A) 
2 

X seconds in — ^— , (12). 

FormulsB (11) and (12) are then put into a logarithmic form 
and solved by successive approximation, the convergence being 
very rapid. 

22. Taking now the known equation 

<? = {? + sin A sin i> . a*, 

where c = geocentric distance between moon's centre and cor- 
responding point, 

a = difference of R.A. of point and centre, 

and c? = difference of N.P.D., D and A being the absolute 
N.P.D.'s ; we solve it by assuming 

tan* '^ =?: -« sin jD sin A, 

and therefore c = e? sec '^. 

Now, c being the computed value of the distance of the cor- 
responding point from the moon's centre, and a the tabular 
geocentric semi-diameter, let c-^hc and « + & be their true 
values. Then we shall have to satisfy the equation 

5 4- 85 = c + Sc, 

or 8'-'C'\-hs^hc^ 

but, since c* « (?' + sin A sin D . a*, 
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we get, hj differentiating all the quantities, 

& = - W + J (sin A co8i)Si) + cos A siniJSA) +>in A Bini). -&» 

= ^ (SA - ZD) + ^ (sin A cos DhD + cos A sin i>SA) 

+ sinAsIn2).-Sa 

c 

= (without sensible error, since a* is a very small qoantily, and 
A and 2) are so nearly equal), 

-(SA^8i?) + ^8in(A+i))(SA + Si)) + sinAsini).^Sa 
= {^gsin(A4-i>)}sA + {f-gsin(A + i>)}si? 



+ sinA sini). - 8a: 

c 



or, if D be greater than A, 



= |^+gsin(A + i))}8i? + |-^sin(A + 2))}sA 

+ sin A sin J9 . - Sa 

c 

= aSZ) + /8SA + 7Sa suppose (13). 

We shall now have to substitute in this equation the values 
of hD, SA, and of hai^Za-^ZA), where A is the E.A. and D 
the N.P.D. of the corresponding point. 

Thus, commencing with the star, if the R.A. and N.P.D.^be 
increased by e and/, the R.A. and N.P.D. of the corresponding 
point will be increased sensibly by the same quantities. 

Also, if the horizontal parallax be increased by — th part, 

the effect of parallax on the R. A. and N.P.D. of the correspond- 
ing point will be increased in the same proportion, that is, the 

R. A. will be increased or lessened by accordingly za the 
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hour-angle is west or east, and tlie N.P.D. will be lessened hj 

n 

Again, if Zt be the error of the observed time of immersion 
or emersion, or of the time for which the position and parallax 
of the moon has been calculated from the ephemeris, then, hj 
the change of hour-angle of corresponding point in this time, the 
parallax, and therefore the position of corresponding point, will 
be altered by the quantities formulated in page 359, and at the 
same time the variation of R.A. and N.P.D. of the moon's centre 
in ht will be + m'ht and ± n'&, where m and n represent the 
motions in a second of time. 

From these considerations it will be easily seen, x and y 

being the tabular errors of R.A. and N.P.D. of the moon's cen- 
tre, that 

moon's corrected R. A. = a + a; + m'htj 

N.P.D. = A4-y+«'&; 

geocentric R. A. of corresponding point = A + e + correction for 
change of parallax in ht ± correction for increase of parallax ; 

and geocentric N.P.D. of corresponding point = i>+/+ paral- 
lax-corrections ; 

S-4 = e + parallax-corrections, 
iD =f+ parallax-corrections, 

and the student will find no difficulty in forming equation (13) 
on page 363, in any particular case, remembering that a is 
always to be esteemed positive in taking the difierence between 
a and A, 

23. On the application of observations of Solar Eclipses or of 
Occultations of Stars hy the Moon^ to the correction of Geo- 
graphical Longitvdes approanmafely known. 

An intelligent traveller furnished with a portable-transit, a 
chronometer, and a sextant, will never find any difficulty in 
finding an approximate longitude of the station he is visiting, 
either by the method of moon-culminating stars, or of lunar 
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distances, or of the time of moon's greatest altitude. If in addition 
to this he be fortunate enough, in an unknown region, to observe 
the local time of the beginning or ending of a solar eclipse, or 
of the immersion or emersion of some star occulted by the 
moon, he will, if he have also got a tolerably correct value of 
the latitude by some of the processes explained in the last 
chapter, be able, as soon as he has time to make the requisite 
calculations, to obtain a much closer approximation to the true 
longitude. 

The method of doing this is almost obvious from the investi- 
gation of Article 21. Thus, having assumed a longitude, he 
will compute the Greenwich mean time of the observation 
(which we will suppose to be that of an occultation of a star) 
and will, by interpolation from the data of the Nautical Almanac^ 
find the values of geocentric R. A. and N.P.D. of moon's centre 
and of the equatorial horizontal parallax and semi-diameter; 
and will also take out from the Nautical Almanac {Elements of 
Occultations) the E.A. and N.P.D. of the star, or of the apparent 
point of the moon's limb where the occultation took place. 

The difference between the sidereal local time of the obser- 
vation (reduced to arc and called the B,A, of the zenith) and the 
K.A. of the star will give the value of h\ and he will then 
proceed to calculate the values of A' — A and D' — i>, and thus 
obtain the value of A, and therefore of A (= sidereal time of 
observation — western hour-angle) and i), that is, of the geo- 
centric R.A. and N.P.D. of the point corresponding to that at 
which the contact with the limb took place. The difference of 
R.A. (a) and N.P.D. {d) of the moon's centre and this point 
are connected by the equation 

c*= fi*+ sin A sin D . a", 

and c must be calculated by the formula 

c = c? sec '^, 

where tan* '«^ = ^ sin i) sin A. 

The coefficients of SA, Si), (which may be assumed to be equal, 
the term multiplied by a' being omitted) and ha must then be 
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calculated, and the equation (13) formed, or the expression for 
ho in terms of the errors of A, i>, and a. 

This value of Sc must then be equated to 

« — c + 8*, 

and the final equation must be formed, by substituting for Sa, 
5a «- S^ ; and finding the values of 8a, hA^ 8A, and 8i), accord- 
ing to the precepts of Article 22. 

We shall thus arrive at an equation of the form 

a-c-^-hs^Ee + Ef" Ox- Hy ±Rt±ESP. 

Now, the places of the stars are so well known at present, 
at least such as are usually occulted by the moon, that we are 
always sure of finding a place for a star so correct as to enable 
us to put e = and /= ; Hansen's Tables are also so correct 
that we may jfut a; = 0, y = 0, and 8P=0. 

Hence our equation becomes 

« — <; + & = iS^, 
or, if we put also ha = 0, 

Now, if the observation of the time of immersion or emersion 
be supposed correct, ht will arise simply from error of assumed 
longitude, and its magnitude will be proportional to the dif- 
ference of s and c. If then, on a first assumption of longitude, 
the calculated value of c result greatly larger or smaller than 
that of 5, a new assumption must be made, by the use of the 

s ~~ c 
approximate correction ht = — y— , and the calculations must be 

repeated two or three times, if necessary, with the successively 
corrected values. 

24. If the time of first or last contact in a solar eclipse be 
the basis of calculation, then the relative parallax and the 
relative motion of the sun and moon must be used, and the 
parallax must be applied to the moon. The augmentation of 
moon's semi-diameter must also be applied. In this case c will 
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be equal to the sum or difference of the semi-diameters of the son 
and moon. For the details of the process See a paper by Pro- 
fessor ChaUis in the Supplement to the Nauitcdl Ahnanac for 
1854. 

25. BesseTs method of treating Occultattons. 

Though the method previously given leaves very little to be 
desired in the combination of perfect accuracy with simplicity 
of calculation, yet the subject would not be complete without 
some explanation of Bessel's theory, which is superior to all 
others in symmetry and elegance, and can be applied better to 
finding the longitude of an unknown station. 

If we conceive a cylinder to envelope the moon, of which the 
axis is the line joining the centre of the moon and the star, 
then when the occultation of the star is observed at any point 
of the earth's surface, that point must be in the surface of the 
cylinder produced to meet the earth, and, as the star is at an 
infinite distance, all observers situated in the curve in which the 
cylinder intersects the earth's surface will see the occultation at 
the same moment of absolute time. 

Using Bessel's notation, let now tt be the horizontal equa- 
torial parallax of the moon ; a and S the R A. and declination of 
her centre ; a and d those of the star ; /m the R.A. of the 
zenith (sidereal time of observation multiplied by 15) ; and for 
the system of co-ordinates let the earth's centre be the origin ; 
the axis of z parallel to the line joining the centre of the moon 
and the star, that of x in the equator, and having the R.A. 90*+ a ; 
and that of y having R.A. a and declination dO^+d. 

Let now f and rj be the co-ordinates of the observer's posi- 
tion (or of one of the points where the cylinder intersects the 
earth's surface), and x and y of the centre of the moon; then 
the distance of the centre of the moon from the origin will be 

-; , if the earth's equatorial radius be taken as the unit of 

Sm TT ^ 

linear measure, and it can be easily shewn that 

f = pcos^'sin(/A — a) (14), 
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and 17 — p {sin ^' cose?— cos if> sin d cos {fi -^ a)} (15). 

Also 

X — - (cosS sin(a — d)} * (16), 

and y =^ — {sin S cos <? — cos S sin <? cos (a — a)}.. ..(17) : 

•^ sin TT ^ \ /J \ / > 

and, since the plane of oey is perpendicular to the axis of the 
cylinder which envelopes the moon, it is plain that if we call 
the moon's semi-diameter h (in Bessel's notation Z), 

*'=(^-fr+(y-^)' (18). 

Since a — a is a vety small angle, and S is nearly equal to rf, 
it will be more convenient to write equation (17) in the form 

y ^ '^^'^^^'^^''^ ^^^^ i^^--^)^^^"^^ 

Also for Ic we may put the v^^lue previously used, namely 0*2729, 
which is that assumed by Hansen as derived from the Green- 
wich Observations [Tahle de la Lune, page 39). 

In the use of these equations for the determination of longi- 
tude, /JL is known from the sidereal time of observation, and 
therefore the values of f and 17 can be immediately calculated. 

For the calculation of x and y, let t be the local mean solar 
time of the observation, and t — o) the corresponding mean 
time on the first meridian (Greenwich for example) for which 
the places of the moon are calculated in the Ephemeris which 
is used. Thus eo is the eciat longitude of the place of observa- 
tion. Let also t be a time arbitrarily chosen, yet differing so 
little from t^eo^ that, during the interval ^— © — t, the moon's 
motion may be supposed uniform, and x and y may be repre- 
sented with sufficient accuracy by the expressions 

x = Xq^ n {t — (o — t) sin N -\- dx, 
y ^ ^0 + n {t -- <o " r) cos N+ dy, 

M* A. 24 
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where n sin JV and n cos ^ represent the changes of x and y for 
the nnit of time in which f , lo, r are expressed, and are obtained 
by differencing three or four valaes of x and y calculated at 
short intervals on each side of the time ^ — co — t ; and dx and 
dy are the tabidar errors of x and y, depending on da^ dS^ da^ 
d{d)f and dir. 

Substituting these values in equation (18), and attributing 
an error di to k, we get 

(i + rfi)"={aJo-f + w(^-G)-T)siniV+da;}" 
+ {^0 " ^ + ^ (* — ® — "J") cos -Ar+ dy}*. 

And, putting for x^—^ and ^o "" ^> ^ ^^^ ^ *^^ ^ ^^^ -^> 
and developing, (neglecting i*) 

*•+ 2A; . cCfe = n" (^- ft) - t)"+ 2nm («- a> - t) cos (if- -^ 

+ 2w (^ — a> — t) (sin-ATdaj + cos^Jy) 
+ (m sin M+ dx)* + [m cos M-\- dy)* 
= « (« — » — t) + wi cos (JIf— 37) + (sin -&?"(& + cos -AT" t?y)* 
+ m" sin" (if--N') + 2m {sin Jf- cos {M-'N)^mN]dx 

+ 2m {cos Jf — cos (Jl/— -N) cos N] dy^ 

and, if we put X for sin Ndx + cos Ndy^ 

and X' for — cos -^cfe + sin Ndy^ 
we shall have very approximately 

A:*+ 2i(?A; = {n (^-©-t) +X + WCOS (Jf- JV^}» 

+ {msin(if-JVO-X'}«. 

Lastly, let sin'^ = -=-sin(Jf-^; 

2dk ' ^'^» 



••• 1 + 



\dk ( , , KX (n , V X m 1" 
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OT I (^_fi,-T) + ^ + ^ COS {M^N) 



= ± a/ cos"-^ + 2 -jT sin -^ + -T- 

X' dk 

= ± {cos ylr-\- r- tan -^ + -r sec -^j ; 

971 /,, «-r\ X 

+ -cosyH — tanyH secifrV , 

from which co, or the longitude, can be found immediately. 

[For a method essentially the same as that of Bessel the 
reader may consult a paper by Captain A. R. Clarke, R.E., in 
Vol. XXIX. of the Memoirs of the jB. A. S]. 
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APPENDIX. 



ON THE ANNUAL PARALLAX OF THE FIXED STARS. 

1. By inadvertence this subject was not treated of in its 
proper place, which would have been either at the end of the 
Chapter on Parallax, or of that on Aberration. 

The stars are all situated at distances from the earth so 
immense that the angle which the earth's radius subtends at any 
one of them is immeasurably small, but it is not so certain that 
the radius of the earth's orbit does not subtend a measurable 
angle at some of them, and indeed it is certain by the measures 
of Bessel and other Astronomers, that this angle is measurable 
in the case of 61 Cygni. This displacement in the star's posi- 
tion is called Annual Parallax, and we will proceed to investi- 
gate its laws. 

2. The maximum parallax or constant of parallax is analo- 
gous to the horizontal parallax of the sun, moon, and planets ; 
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that is, it is the angle which would be subtended at the star by 
the radius of the earth's orbit, supposing the star to be situated 
in the pole of the ecliptic. We will denote this by ^. Let 
TZE be the ecliptic and E the position of the earth, the sun 
being the centre of the circle. Then, just as in the case of 
planetary parallax, if 8 be the true position of a star, and 8* 
its apparent position as affected by parallax {8'8E being the arc 
of a great circle), 

88'^4>An8E, 

and, if be the centre of the circle, or the projection of the 
pole of the ecliptic, and great circles 08'L and 0>83f be drawn, 
the angle LOM is the parallax in longitude. Draw now 8'm 
perpendicular to OM. 

Then parallax in longitude « angle lOM 

8'm ^ sin ISE sin 8E , 
^=* — :;:;7W nearly 



-4> 



COS 8'L ^ cos 8L 
ain IE 



cos 8L 



, sin (earth's longitude — star's longitude + 180**) 
= 9 «^«.er 



-<f> 



COS 8L 

sin (0 ~ Q 
cos \ ' 



if I and X be the longitude and latitude of the star, and the 
sun's longitude as usual. 

Again the parallax in latitude 

= 8m = ^88'coBl8E 

^ -- ^ain 8E cos I8E 

= - <^ sin 8E cos 8EI cos IE 

= — <^ smI8 cos IE 

= - <^ sin (180**-^ X) cos (0 -Q 

= — <^ sin X cos (O — I). 



874 FORMULA FOR y DRACONIS. 

Now aberration in longitude 

CQ0X 

and aberration in latitude 

« - 20"-45 Bin X sin (© - Z). 

If then we denote by a and p the aberrations taken out for 
the value 90® + ©, we shall have 

aberration in longitude, a = + 20"'45 ^Ar — - , 



latitude, /9 = - 20"-45 sin \ cos (0 - Z) ; 



that is, parallax in longitude = ,;^ , 

and parallax in ktitude =r|^. 

In the same way it can be shewn that we may find the 
parallax in B.A. and N.P.D. by substituting in the correspond- 
ing aberration formulsB 90° + © for ©• 

Example. Find the parallax-factor in N.P.D. for 7 Draco- 
nis, for which the mean R.A. for 1863, Jan. 1 is 17\ 53"^. 25'-53, 
and the N.P.D. is 38°. 29'. 37"-64. 

The aberration-factor in N.P.D. is 
cos o) cos © (tan o) sin A — sin a cos A) + sin © cos a cos A 
= + cos © (sino) sin A — cos a> sin a cos A) 
+ sin © cos a cos A, 
where a> = 23°. 27'-3. 

Hence Log sin o) = 9*59993 

Log sin A = 9'79409 

Sum = 9-39402 



1st Number + 0*24775 
2nd Number + 0-71772 

+ 0-96547 
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— Log cos ft) = - 9*96255 Log cos a = — 8*45765 

Log sin a = - 9-99982 Log cos A = 9*89358 

LogcosA= 9*89358 Sum = - 8*35123 

Sum+ 9*85595 Number = - 0*02246 

2nd Number + 0*71772 

therefore aberration-factor 

= 0*96547 cos © - 0*02245 sin 0. 

Let now -4 sin ^ = 0*96547, 

and -4 cos <^ = - 002245 ; 

/.. A = V(0-9655)'+ (0*0225)' 
= -9658, 

0*02245 
and cot A = - = - 0*02325 ; 

^ 0*96547 ' 

.*.<^ = 91^20'. 

Hence aberration-factor = + 0*9658 sin (© + 91°. 20'), 
and, if we increase O by 90°, 
parallax-factor for N.P.D. 

= -0*9658 sin (0 + 1^20'), 
and parallax-factor for N.Z.D. 

= + 0*9658 sin (© + r.20'). 

(See Mem. B. A. 8., Vol. xxix., page 185). 

3. Several attempts have been made to determine the 
parallax of some of the brightest fixed stars by means of meri- 
dian observations of N.P.D., but with very questionable success. 
The observations require to be of first-rate excellence to give 
any chance of success, and the uncertainty of refraction, imless 
(as in the case of 7 Draconis observed at Greenwich) the zenith- 
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distanoe be veiy small, will produce tmcertamty enough to pie- 
Tent the detection of so small a quantity as the parallax. The 
obserrations of a Centauri made bj Professor Henderson and 
Sir T. ]^Iaclear at the Cape of Good Hope, seem however to 
prove a parallax of about 1" for that star, and JUT. Peters of Altona, 
in a most valuable paper on annual parallax, printed in the 
Astronamtsche Ndchrichten, has discussed his meridian obser- 
vations of five other stars, Groombridge, 1830, i Ursae Majoris, 
Arcturus, Polaris, and Capella, to which he assigns veiy small 
parallaxes, varying from one-fifth of a second of space to half 
a tenth of a second. The only positive result however which 
is deducible from such very small quantities is the proof of the 
almost immeasurable distances of the stars in question, and the 
necessity of seeking for the parallaxes by some other more effec- 
tual method. 

4. Now such a method was applied by Bessel in the case 
of 61 Cygni, by the use of the celebrated Heliometer at 
Konigsberg. 

A heliometer differs in nothing from an equatorially mounted 
telescope, excepting in having a divided object-glass. The glass 
is cut through its centre, each half glass being fastened into a 
separate cell, and the cell is made capable of moving laterally 
by being attached to a sliding-plate moved by screws acted 
upon by rods which are within reach of the observer. Each 
half glass produces a separate image of the object which is 
viewed, (excepting in the case when the optical centres of the 
two coincide, or at the zero of measurement,) and the angular 
distance of the two images is proportional to the distance by 
which the centre of one half glass has been moved past the 
centre of the other. This distance is read off in parts of a 
scale attached to the sliding-plate, and the value of the scale 
can be determined in angular measure by taking transits of the 
two images corresponding to different readings of the scale, over 
a system of wires in the eye-piece, or by some other equivalent 
method. 

5. It will be readily seen that a heliometer enables an 
astronomer to measure with great accuracy moderate angular 
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distances, such as the distance between the components of a 
double star, or the diameter of a planet, and it is by this means 
that it is so useful in the investigation of annual parallax. It 
can be easily proved as in the case of the aberration-curve (page 
151) that, if a star has sensible parallax, it will appear to 
describe in the course of a year an ellipse about its mean place, 
and that therefore if it be in the neighbourhood of a star of 
which the parallax is insensible, it will alternately approach to 
and recede from this latter star. Now 61 Cygni is a double star of 
which the components are of about the 5th and 6th magnitudes, 
and 18" apart, and Bessel, using for his point of reference the 
middle point of the space between the two stars, measured the 
distances of two small stars (a) and (i), one of which lay nearly 
in the direction of the line joining the stars, and the other at 
right angles to this direction, the distances being about 462" and 
706" from the principal star. 

It would be easy to prove that the maxima and minima of 
parallax in distance in the direction of these stars would be 
separated by an interval of about half a year, and in fact the 
formulae expressing the parallactic effects are the following : 

Parallax in distance of (a) from 61 Cygni is 

<^x 0-909 sin (0-9". 7'), 
Parallax in distance of (J) from 61 Cygni is 

if) X 0-894 cos (0 - 24'. 45'), 

that is, they involve, the one the sine, and the other the cosine 
of nearly the same arcs. (See Mem. of B. A. 8., Vol. xii., 
page 46.) 

If then the screw by which the measures were made should 
be differently affected by temperature at different seasons of the 
year, so that, on this account, an effect might be produced on 
the measures having an annual period and therefore similar to 
parallax, it would be impossible that the fluctuations in the 
measures with reference to both the stars should be confounded 
with parallax, if they had their origin in temperature ; and if, 
on the contrary, the fluctuations should have their maxima and 
minima in both cases in conformity with the formulae represent- 
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ing the parallax, and should agree in giving nearly the same 
value of the constant, there would remain very little doubt of the 
certainty of the result. Now this severe test was perfectly well 
answered, and the parallax assigned to 61 Cygni by Bessel was 
0"*369. Mr Johnson, with the still more excellent heliometer of 
Oxford, has verified this value, the mean of his results being 
0"-402. 

We are then confident that we know within tolerable limits 
of accuracy the distance from the sun of one star in the hea- 
vens, but with regard to all other stars to which a measurable 
parallax has been assigned, we may still reserve our opinion. 
Even with regard to a Centauri, it is most desirable that the 
parallax of 1" attributed to it by Mr Henderson and Sir T. 
Maclear should be substantiated by differential measures of its 
position with regard to some neighbouring star. 



On Third Differences of Functions^ and Differences of a still 

higher order. 

6. The method of interpolation by second differences has 
been explained at page 315, but, in many cases which occur in 
Astronomy, third differences, or even fourth differences, would 
be necessary to give results with the required degree of accu- 
racy. 

We will proceed to explain the method to be pursued when 
third differences are required. 

Let S = a + J^ + c^ + £?^, 

and let S_„ S,^, S^, S^^, S^ be the values of S corresponding to 
the values of ^, - 2, - 1, 0, + 1, and + 2 ; then, as before, 



8^ = a - 2J + 4c - 8c? 



_i = a~J4-c — rf 



S 

So =a 

S^, = a + 26 + 4c + 8(Z 



istDiff. 


2ndDiff. 


SrdDiff. 


J - 3c + 7i 

J- c + rf 
h+ c + d 

J + 3c + 7c? 


+ 2c - 6(? 

+ 2c 

+ 2c + 6rf 


+ 6c? 
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And, if Si, S,, and S3 be the sums of the 1st, 2nd, and 3rd 
differences respectivelj, it is plain that 

d = — X. • c == — 2. • 6 = — 2. — 4a. 

7, The student will have no difficulty in finding by fourth 
differences the values of &, c, d^ and e, in the equation 

S = o + i^ + cf + di^+efy 
if a higher order than the third is necessary. 

It would be found for example that, if seven consecutive 
values of the function were taken, corresponding to the values 
oity — 3, - 2, — 1, 0, + 1, + 2, and + 3, and the differences be taken 
to the fourth order (S^ being their sum), 

« = — S., c? = — 2-, c= — 2«— 136, and J = — 2. — 9t?, 

If only five consecutive values of the function be taken, and 
A4 be the 4th difference, 

and J = J 2i — 4c?. 



Cob. By a process of approximation similar to that used at 
page 323, it may be shewn that 

_x c a? /2c" d\3^ /5c' 5cd e\ x^ 
^"b^yb^'^KV'b) h'^[b' b' ^bjb' 

f Uc^ 2l<?d ece 3(A of 
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1. What is meant by the mean of the wires of a Transit- 
instrument? The intervals in time between the transits of a 
star across five successive wires being 10", 11", 9", 10"; find the 
time of transit across the mean of the wires : the time of transit 
across the 1st wire being 9**. 20°. 

2. If the western pivot of a transit-instrument be a" higher 
and ^' more to the north than the eastern, a star is unaffected 
whose N.P.D. is 



= co-latitude + tan * f ^^ — 75 ) • 

Vtan/^/ 



3. Prove that in the interval between the sun's transit and 
culmination, his centre describes an hour-angle whose sine 

equals r" ^ very nearly; I being the latitude of the 

^ cos/ cos o •' "^ ° 

place, S the declination of sun's centre, and m the ratio of the 

apparent motion of the sim's centre in declination and right 

ascension. 

4. If t be the interval (in arc) of the passage of a star 
whose N.P.D. A is small, between the middle wire of a transit 
telescope, supposed in the meridian, and any other wire, and if 
a be the equatorial interval between the wires, shew that it will 
be determined by 

sin A sin t 



tana== 



1 — 2sin'^Asin*- 

A 
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5. A transit instrument being fixed so that its plane of 
motion coincides with the prime vertical, the time of transit of a 
known star is noted as it passes this line on each side of the 
meridian ; calculate the latitude of the place of observation. 

6. Shew that in the course of any day the highest point of 
the ecliptic describes in the sky about the highest point of the 
equator an oval which may be defined by the intersection with 
a sphere of a cone of the 4th order. 

7. Find when the inclination of the ecliptic to the horizon 
increases fastest. 

8. Express the latitude and longitude of a star in terms of 
its observed altitude and azimuth, the observations being made 
at a given place, when the first point of Aries was on the 
meridian. 

9. The number of seconds occupied by the sun in rising on 
a given day and at a given place, may nearly be represented by 

132 

Vco8(Z+S)cos(Z-8)' 
I being the latitude, and h the sun's declination. 

10. At a place in latitude Z, a wall of height h has an 
azimuth of ck to the east of south ; shew that at the time of the 
equinox, the wall casts no shadow at a time denoted by 

— tan"* (sin I tan a) hours before noon : and thc^t at noon the 

-i-O 

breadth of the shadow is = A tan I sin a. 

11. At a place in the arctic zone the sun will remain above 

the horizon at the summer solstice for cos~M— — ) days, 

TT Vsmo)/ ^ 

neglecting the excentricity of the earth's orbit, I and o) bei^g the 

latitude of the place and the obliquity of the ecliptic. 

12. Three stars -4, B, (7, are very nearly in a great circle, 

the angle ABC being ISO® — /8, where fi is small : if ^ be the 

time which elapses between the great circles AB and BG being 

vertical, 7 the co-latitude ; then 

sin z 8 
I ss ; ^n. 

cos -4 sin 7 * 15 ' 
where z is the zenith distance and A the azimuth of B, 
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13. Shew that when the sun rises in the N.E., at a place in 
latitude ?, the time of sunrise is — cos"* (— sin' Z). 

14. Shew that the time at which the snn is south-east may 
. be determined bj means of the expression 

— {^ - sin"* (tan S cos I cos ^)}, 

where S is the sun's north declination, I is the latitude of the 
place, and tan ^ == sin I. 

15. Given the latitude of a place, find the time of the jear 
when a given star rises at a given hour. 

16. On a given day, in a given latitude, the sun being in 
the meridian, determine geometrically the angle at which a rod 
of given length must be inclined to the horizon, that its shadow 
may be the greatest possible. 

* 17. The altitudes of two stars as they pass the prime 
vertical are observed, and the difference of their B.A's. is 
known ; find the latitude of the place. 

18. In a given latitude, find the altitude of the sun on the 
day of the equinox, at 9 in the morning. 

19. If P Ije the pole of the heavens, Z the zenith, and S a 
given star, find when the angle ZSP increases fastest. 

20. At what hour, in a given latitude, will the vertical 
circle passing through a known star cut the equator at a given 
angle ? 

21. In any latitude find when the time of rising of the 
sun's disk bears the greatest ratio to the time of its crossing the 
meridian. 

22. Determine when the sum of the zenith distances of two 
known stars in a given latitude is a maximum. 

23. The times of the sun's rising and setting being calcu- 
lated for a given place, what correction is necessary to make 
them serve for another place not far distant from it ? 
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24. Supposing the sun to remain above the horizon a given 
number of days, find the latitude. 

25. Find the azimuth of two known stars which are seen at 
the same instant in one vertical plane. 

26. If a body fall to the earth in the time <", the deviation 

to the east of the point from which it fell will be - gojt cos I ; 

where I is the latitude, and a the angle described by the earth 
inl». 

27. In a given latitude a vertical rod is placed at a given 
distance from an east and west wall, so as to cast a portion of its 
shadow upon it; find the equation to the extremity of the 
shadow traced upon the wall on a given day. 

28. If D be the apparent diameter of the sun, the alti- 
tude of its centre, and 5^, and s^ the respective lengths of the 
pure shadow and penumbra, cast by a vertical rod upon a 
horizontal plane, prove that 



£j ^ 1 / sin 2g _ A 
5jj "" 2 Vsin i> / 



29. Determine the position of the place nearest to the 
north pole, at which the sun rises on a given day at the same 
instant as at Greenwich. If y, «, be the zeniths of the place 
and of Greenwich, and yzx a quadrant of a great circle on the 
celestial sphere, the projection of the locus of x on the horizon , 
of z is an arc of an ellipse, whose excentricity = cosine of lati- 
tude of Greenwich. 

30. The altitudes of a star when it crosses the meridian of a 
place and the prime vertical are a, a' ; shew that, if S be the 
declination of the star and I the latitude of the place, 

cot S = sec a cosec a' — tan a, 

cot I = tan a — sec a sin a'. 

31. Shew that the time of sunset is earliest some days 
before, and the time of sunrise latest ^ome days after, the 
shortest day. 
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32. If Z, S be a star's latitude and decimation, its distance 
{d) from the sun, at the moment of his crossing the equator^ 
may be found from the equation 

sin' d sin' a> = sin' Z— 2 cos a> sin ?sin 8 + sin' S. 

33. At a place on the equator the lengths of the shadows 
at noon of a vertical rod are h and h\ towards the north and 
south respectively, on successive days : determine approximately 
the time of the vernal equinox. 

34. What is the latitude of a place at which, at the time of 
an equinox, a star is on the horizon when the sun rises, and on 
the prime vertical when it sets ? Shew that when the sun and 
this star are on the meridian of any place at the same time, the 
declination of the sun and star being 8', S respectively, 

tan S' = tan h tan q>, 

(ft) being the obliquity). 

35. Explain the reason why a ship in sailing round the 
world counts one day too much ot too little accordingly as she 
starts eastward or westward. 

Supposing that the ship in sailing touches successively at 
various places, where will the loss or gain of a day first begin to 
appear? 

36. On January 1st, 1856, the eqtlation of time was 
+3™.36''04 at apparent noon, and on January 2nd, 1856, the 
equation of time was +4™.48''*0 at apparent noon. What was 
the apparent time at mean noon on January 1st? 

37. If a? be the time (expressed in angle) that the clock is 
before the sun when the sun's mean longitude is I — due to the 

^ obliquity of the ecliptic [to] alone — ^shew that 

sm — sm 21 
tan a; = — — 



cos" ~ H- sm* - cos 21 
« 2 
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38. If the obliquity were small and =n°, the inaximum 

value of the equation of time would be very nearly — r? seconds / 

3 

of time. 

39. A style projects from the vertex of an upright cone ; 
trace the hour-lines on the surface of the cone: and find the 
time of day during which the dial will serve. 

40. Shew that if the hour-angle of a body at any instant, 
and the mean time, be known, its R.A. may be determined. 

41. The time of the sun's rising and setting on Nov. 1st 
are found from the tables to be 6^56", and 4''. 32": find ap- 
proximately the equation of time. 

42. If the sun's distance below the horizon when twilight 
ends be 18**, its duration at the equator is 



. Sm 7-r 

12 . ,( 10 

— sm \ rrr^ 

'jT \ COS 



hours. 



43. Why is the mean duration of twilight shorter at the 
equator than elsewhere, and when is its duration there shortest? 

44. Assuming that the angular displacement of a star, due 
to refraction, may be expressed in a series, ascending by odd 
powers of the tangent of the star's apparent zenith-distance, 
explain how the coefficients of such a series may be determined. 

45. Prove that if c be the sun's depression below the 
horizon when twilight ceases at a place whose latitude is \, and 
the angle at the sun made by great circles through the zenith 
and the pole be S at that time, and 8' at sunset, the duration T /, 
of twilight is given by the equation 

. a r_ 1- cose cos ( /g^-yg) 

Bin "TT — ^ a ^ . 

2 2 cos^ \ 

46. From the observed altitudes and azimuths of two stars 
near the zenith their distance from one another is found. Find 
the correction to be applied to this distance in consequence of 
refraction* 

M. A. 25 



/ 
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47. At what time of the year will the aberration in declina- 
tion of a star whose right ascension is 90®, vanish ? 

What was Bradley's object in observing 7 Draconis, when 
he discovered aberration ; and why did he select that particular 
star for observation? 

48. In consequence of the aberration of light, every star 
appears to describe an ellipse in the heavens, of which the true 
place of the star is the centre. Prove this, and find the axes of 
the ellipse. 

49. State how the sun, planets, and fixed stars are afiected 

by aberration ; and shew that the part of the aberration arising 

cos 8PT 
from the motion of the planet varies as _ — , 8 being the 

sun, T the earth, and P the planet. 

50. If, at a place between the tropics, e be the zenith 
distance of a known star, when the ecliptic comes upon the 
zenith of the place of observation, and the longitude of the 
earth, when the corresponding aberration in zenith distance 
vanishes, prove that is determined by the equation, 

cot(fl-X)^ , sin-ffcos. 

^ ' Vsin(«+/3)sin(2f-)8) 

when X and fi are the longitude and latitude of the star. 

51. Determine the positions of all stars such that when the 
aberration either in right-ascension or declination vanishes, the 
other shall be a maximum. 

52. If «? = true zenith distance of a planet, ^ = its actual 
parallax in zenith distance, and P= horizontal parallax ; then 

tang+^)=tan|tan^J + -). 

53. If )S= surface of a portion of the earth ABGD, AB 
being an arc of the equator, and A (7, BD two arcs of circles of 
latitude ; also if AB = 0, AG = a, BD = 5, then will 

. a + h 
sm-— - 

taa - » 1 tan -. 

2 a — b 2 

cos ' ^ 
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64. Having given the latitudes of two places on the earth's 
surface, one of which is N.E. of the other, find the difference of 
their longitudes and their distance from each other, considering 
the earth a sphere. 

55. If \, V be the latitudes of two stations on the same 
meridian, prove that the length of the arc included between 
them is VT 

, a— h 

where e = — 



a 



56. The angle of depression of the sun's upper limb at 
setting is observed, from a certain position upon the mast of a 
ship, to be S ; the same observation is made soon afterwards from 
a position upon the mast h feet higher, when the depression is 
found to be 8' ; the ship is supposed stationary : prove that the 

earth's radius = ^7 — ^ . -: — ^ , approximately. 

57. Given the precession in R.A. of a star, find the cor- 
responding change in the angle of position. 

58. Explain the method by which the accurate values of 
the elements of a planet's orbit may be found, wlien approximate 
values of those elements are known. 

69* Shew that the time occupied by the sun in passing 
through the rth sign of the zodiac, reckoning Aries the 1st, is 
approximately. 



M\ 



24e sin 16" y t^ . .0 «^nv] 

1+ cos(5+15''-rx30°)K 



where M is the twelfth part of the year, B the angular distance 
of the solar perigee from the autumnal equinox, and e the excen- 
tricity of the earth's orbit. 

60. If u be the excentric anomaly of a planet's orbit, and 
a;, y, z the co-ordinates of its place at a given time, refenred to 
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any rectangular planes passing through the sun's centre, then 
the co-ordinates maj be expressed as follows : 

a? = u4 sin (tt + a) + J?, y=^A' sin [u + a') + B^ 

« = J"sin(u + a') + ^", 
where A, a, Bj &c. are constants. 

61. If a be the angle of elongation of an inferior planet, 
when observed to be stationary, from another planet, shew that 

cot a = Vn* + n ; where n is the ratio of the distance of the 
superior planet from the sun to that of the inferior; the orbits of 
the planets being supposed circular, and in the same plane. 

62. Assuming the sun's motion in longitude to be uniform, 
shew that if a, )8, be the horary increments in right ascension 

\ and declination (expressed in solar measure), and a', ^ the 
horary variations of a and ^3, then 

a' = 2a)8tanS, /3' = -^sin28. 

63. When a planet is stationary shew that its elongation 
from the sun is tan"* . , where n is the ratio of the radius 

Vl + Tl 

of its orbit to that of the earth. 

64. If the longitudes of a planet in three different points of 
its orbit be a, b^ c; and its latitudes a, )8, 7 ; then will 

tan )8 sin {c—a)= tan a sin (c — J) + tan 7 sin (J — a). 

65. If the sun's longitude =c, and the obliquity of the 
ecliptic = 0), then will the equation of time arising from the 
obliquity of the ecliptic 

= tan" ^ sin 2c — - tan* 2 gin 4c + - tan* ^ sin 6c — .. . 

66. Find the perihelion distance of the comet, moving in 
the plane of the ecliptic, that remains the longest time within 
the earth's orbit. 
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67. What must* be the relation of the distances from the 
sun of a superior and inferior planet, that their synodic revolu- 
tions may be equal? 

68. Compare the portion of the surface of the earth illumi* 
nated by the sun in perigee, with that illuminated in apogee, 
taking into account the magnitude of the sun. 

69. Given three distances of a planet from the sun, and the 
corresponding arguments of latitude, to find the place of the 
perihelion, and the true anomaly at the first observation. 

70. Two planets, P^, P,, revolve in circular orbits at the dis- 
tances r,, r, from the sun, and when they appear stationary to one 

another, the cotangent of P's elongation seen from Pj = « tan ; 
shew that A 

-i = - tan K tan 0. 
r, 2 2 

71. If Z be the latitude of a place between the tropics, a 
and S the sun's right ascension and declination ; the times when 
the ecliptic is vertical are determined by the equation 

A = a + sin"* (sin a tan I cot h) . 

72. When that part {E) of the equation of time, which 
arises from the obliquity of the ecliptic (a>), is a maximum, 

sin E = tan* - . 
2 

73. When Venus was very near conjunction it was ob- 
served that the bright visible crescent, instead of being a semi- 
circle, was 240^ of a circle ; hence calculate the horizontal re- 
fraction produced by the planet's atmosphere. 

74. Given the position of the moon's nodes and the inclina- 
tion of her orbit to the ecliptic, to find when her latitude and 
declination are equal. 

75. At a given hour on a given night the moon is observed 
to rise in the east point ; determine the longitude of the node of 
lier orbit, supposing its inclination to the ecliptic known. 
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• 76. A ship leaves London at noon on a certain daj, and 
arrivefl at New Orleans (90^ west longitude) at noon local time 
on the 30tli day afterwards — what is the actual time of passage? 

77. If two survey-stations upon the earth are mutually 
visible, their difference of longitude may be determined by 
reciprocal observations of azimuth. 

78. If the latitude of a place be determined by observing 
the altitude of the sun at 6 o'clock, and the tabtdated declina- 
tion be affected by a small error, find the corresponding error in 
the latitude. 

79. Given the time of sunrise and the altitude of the sun 
when due east on the same day, to find the latitude of the place, 
and the declination of the sun. 

80. Having given the contemporaneous altitudes of the sun 
and a known star, on a given day, and also the angular distance 
between them ; find the latitude of the place and the hour of 
day. 

81. A known circumpolar star reaches its maximum 
azimuth at two different places at the same instant: having 
given the values of the maximum azimuth at the two places, 
find their latitudes, and the difference of longitude. 

82. Determine the latitude of the place of observation from 
the times of the rising of two known stars. 

83. Given the latitudes of two places, and their difference 
of longitude; determine the inclination of their horizons, and 
the day of the year on which the sun sets to both places at the 
same instant. 

84. Find the latitude from observing the angular distance 
of the extreme points of the horizon in which the sun appears at 
rising in the course of a year ; and, if a, fi denote the distances 
of those points from the point in which the sun rises when the 
declination is S, prove that sine of tlie obliquity 

sin^^(a + ^) 
= sin S ■ , 

sin-(a-/9) 



EXAMPLES AND PROBLEMS. 891 

85. The zenith distances of a star (a, )9) in the same vertical 
plane are observed ; the interval between the two observations 
expressed in angle being h. Shew that the latitude I of the 
place and the declination S of the star are given hj the equa- 
tions 

cos sm " = sin — — - , 



sin I cos = sin c cos ^— - — . 

J* Jt 

86. The earth is touched by two equal conical surfaces, the 
planes of whose bases coincide with that of the equator ; and its 
surface appears projected upon them, to an eye placed in its 
centre. Shew that by a proper assumption of the form of the 
cones, the earth's surface may be thus projected on a plane 
circle. 

87. Assuming 13° and 1° as the diurnal angular motions of the 

moon and sun about the earth, — - as the sine of moon's horizon- 

60 

tal parallax, shew that the duration of a central solar eclipse very 

nearly = - — ^^ — , ; ;. hours : and the duration of totality or 
•^ 2 — cos Z sin ^ ^ 

annularity (as the case may be) = - — - — , ; ^ hours : where a 
■^ ^ '' ' 2 — cos e sm ^ 

and )8 are the angular diameters of the sun and moon in parts of 
a degree, I the latitude of the place of observation, the inclina- 
tion of the central line at that place to the meridian. 

88. Is it possible for a central eclipse to be total at one 
place and annular at another? 

89. If € and e' be the semi-vertical angles of the earth's 
umbra and penumbra, S the sun's apparent diameter, then 

2 tan S = tan € + tan c'. 

90. Investigate an equation for determining the times of 
the year most advantageous for determining the parallax of a 
given fixed star by observations of its distance firom a neigh- 



•7 
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Louring star. If at one of these times u be the difference of the 
longitudes of the sun and star, X the latitude of the latter, S the 
angular distance between the two stars, and a the change of 
position of the line joining them in the course of half a year, 
shew that the parallax of the greater star 

= a sin S Vl + cos*wcot*X. 

91. In what positions has a star (1) no aberration; (2) none 
in longitude ; (3) a negative aberration in longitude only ? 
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Mechanics and Hydrostatics. Demonstrated after the manner of the Elements 
of Geometry, containing Remarks on Mathematical Reasoning. By W. 
WHEWELL, D.D. Fifth JEdition. ds. 

Elementary Statics. Or a Treatise on the 

Equilibrium of Forces in one Plane, with numerous Examples. By C. J. 
ELLICOTT, B.A. 8vo. 4». 6rf. 

Elementary Statics. By the Very Rev. H. 

GOODWIN, D.D., Dean of Ely. Fcap. 8va 3«. doth. 

Elementary Dynamics. By H. Goodwin, d.d. 

Fcap. 8yo. Ss. cloth. 



Treatise on Statics : containing the Theory 

of the Equilihrium of Forces; and numerous Examples lUustratiye of the 
General Principles of the Science. By the Rev. S. EARNSHAW, M.A. Fourth 
Edition. Svo. 10«. 

Dynamics, or, a Treatise on Motion. To which 

is added a Short Treatise on Attraction. By the Rev. S. EARNSHAW, M.A. 
Third Edition. Svo. 14». 
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MECHANICS AND HYDROSTATICS— (w»^mt^^. 

A Treatise on the Dynamics of a Rigid Body. 

By the Key. W. N. GRIFFIN, M.A. 8yo. 6». 6d, 

*»* SOLUTIONS OF THE EXAMPLES. 8vo. 6*. 

Problems in illustration of the Principles of 

Theoretical Mechanics. By W. WALTON, M.A. Second Edition. 8yo* IS*. 

Treatise on the Motion of a Single Particle and 

of two Particles acting on one another. By A. SANDEMAN. Svo. 8«. M. 

Of Motion. An Elementary Treatise. By the 

Key. J. R. LUNN, M.A., Fellow and Lady Sadleir's Lecturer of St. John's 
College. 8yo. 7*. 6^. 

This Book is adapted to those who huve not a knowledge of the Differential 
Calculus, as well as to those who, haying a knowledge of it, wish to 
confine themselyes to the Elementary portions of the Science of Motion. 
An Appendix contains certain Geometrical properties of the Cycloid, and 
a number of Problems from recent Examin ation-Papers in the Senate 
House and St. John's College. 



DIFFERENTIAL AND INTEGRAL CALCULUS, 



Elementary Treatise on the Differential Calculus. 

By W. H. MILLER, M.A. Third Edition. Svo. 6*. 

Elementary Treatise on the Differential Calculus, 

in which the method of Limits is exclusiyely made use of. By the Rey. M. 
O'BRIEN, M.A. 8vo. 10*. 6^?. 

Treatise on the Differential Calculus. By W. 

WALTON, M.A. 8yo. 10». ^d. 

Treatise on the Integral Calculus: containing 

the Integration of Explicit Functions of one Variable, together with the 
Theo ry of Definite Integrals and of EUptic Functions. By the Rey. J. 
HYMERS, D.D. 8yo. 10«. Qd. 

Geometrical Illustrations of the Differential Cal- 
culus. By M. B. PELL. 8yo. 2s. 6d. 

Examples of the Principles of the Differential 

and Integral Calculus. Collected by D. F. GREGORY. Second Edition. 
Edited by W. WALTON, M.A. 8yo. 18*. 



6 Educational Works 



come SECTIONS AND ANALYTICAL GEOMETRY. 



Elementary Geometrical Conic Sections. By 

W. H. BE8ANT, M.A. \FrepaHng, 

Conic Sections. Their principal Properties proved 

GeometricaUy. By W. WHEWELL, D.D., Master of Trinity. Third 
Editum, 8to. 2«. 6d. 

Geometrical Construction of a Conic Section. 

Subject to fiye Conditions of passing through ^yen points and touching 
straight lines deduced from the properties of inyolution and anharmonic 
Batio, with a yariety of general properties of Guryes of the Second Order. 
By the Key. T. GASKIN, M.A. 8yo. 3*. 

Treatise on Conic Sections, and the application 

of Algebra to Geometry. By the Bey. J. HYMEBS, D.D. Third Editum. 
8yo. 9*. 

A Treatise on the Application of Analysis to 

Solid Geometry. By D. F. GBEGOBY, M.A., and W. WALTON, M.A. 
Second Edition, 8yo. 12«. 



Treatise on Analytical Geometry of Three 

Dimensions. Containing the Theory of Curye Surfaces, and of Guryes of 
Double Curyature. By J. HYMERS, D.D. Third Edition, 8yo. 10». 6d, 



Problems in illustration of the Principles of 

Plane Co-ordinate Geometry. By W. WALTON, M.A. 8yo. 16». 

Elements of the Conic Sections. With the 

Sections of the Conoids. By J. D. HUSTLER, B.D. Fourth Edition. 
8yo. 49. 6d, 



Treatise on Plane Co-ordinate Geometry. Or 

the Application of the Method of Oo-Ordinates to the Solutions of Problems in 
Plane Geometry. By the Bey. M. O'BRIEN, M.A. 8yo. 9«. 



Solutions of the Geometrical Problems, consisting 

chiefly of Examples, proposed at St. John's College, from 1830 to 1846. 
With an Appendix containing seyeral General Properties of Guryes of the 
Second Order, and tihe Determination of the Magnitude and Position of the 
axes of the Conic Section represented by the General Equation of the Second 
Degree. By the Rey. T. GASKIN, M.A. 8yo. 12». 
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ASTRONOMY, ETC. 

Treatise on Astronomy. By the Kev. K. Main, 

H.A., Badcliffe ObBeryer. \Ntwrly £eady, 

Brunnow's Spherical Astronomy. Part I. In- 
cluding the Chapters on Parallax, Befraction, Aberration, Precession, and 
Nutation. Translated by the Bey. B. MAIN, HA., F.B.S., Badcliffe 
Observer at Oxford. 8yo. 8«. M, 

Elementary Chapters on Astronomy from the 

" ABtronomie Physique" of Biot. By the Very Bey. HABVEY GOODWIN, 
D.D., Dean of Ely. 8vo. 3*. %d. 

Elements of the Theory of Astronomy. By the 

Bey. J. HYMEBS, D.D. Second Edition, revised and improved. Svo. 14«. 

Lectures on Practical Astronomy. By the Rev. 

J. CHALLIS, M.A., F.B.S., F.B.A.S., Plumian Professor of Astronomy in 
the Uniyersity of Cambridge. [Preparing. 

Mathematical Tracts. By M. O'Brien, m.a. On 

Laplace's Coef&cients ; the Figure of the Earth ; the Motion of a Bigid Body 
about its Centre of Grayity, Precession, and Nutation. Syo. 4«. 6<^. 



Exercises on Euclid and in Modern Geometry, 

containing Applications of the Principles and Processes of Modem Pure 
Geometry. By J. McDOWELL, B.A., Pembroke College. Crown 8yo. 8«. 6</. 

Elementary Course of Mathematics. Designed 

principally for Students of the Uniyersity of Cambridge. By the Yery Bey. 
HABVEY GOODWIN, D.D., Dean of Ely. Fifth Edition. Syo. 16*. 

Problems and Examples, adapted to the 

"Elementary Course of Mathematics." With an Appendix, containing 
the Questions proposed during the first three days of the Senate House 
Examination. By T. G. VYVYAN, M.A Third EdUion. 8yo. 6*. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W. W. HUTT, M.A, late Fellow of Gonyille and Caius 
College. Third Edition, revised and enlarged. By the Bey. T. G. VYVYAN, 
M.A. 8yo. 9«. 

Examples in Arithmetic, Algebra, Geometry, 

Logarithms, Trigonometry, Conic Sections, Mechanics, &c., with Answers 
and Occasional Hints. By the Bey. A. WBIGLEY, M.A, Professor 
of Mathematics in the late Boyal Military College, Addiscombe. Sixth 
Edition, corrected. 8yo. Ss. 6d. 



8 Educational Works 



A Companion to Wrigley's Collection of Ex- 
amples and Problems, being Illuistrations of Mathematical Processes and 
Methods of Solution. By J. PL ATTS, Esq., Head Master of the Goyemment 
College, Benares, and Bey. A. WBIGLET, M.A. 8yo. Ids. 

Newton's Principia. First Three Sections, with 

Appendix, and the Nintii and Eleyenth Sections. By the Bey. J. H. EYANS, 
M.A. Fourth Edition. 8yo. 6«. 

Figures illustrative of Geometrical Optics. From 

SCHELLBACH. By the Bey. W. B. HOPKIKS. lUtes. Folio. lOs. 6d. 

A Treatise on Crystallography. By W. H. 

MILLER, M.A. 8vo. 7#. 6rf. 



A Tract on Crystallography, designed for Stu- 
dents in the Uniyersity. By W. H. MILLER, M.A., Professor of Mine- 
ralogy in the University of Cambridge. Syo. 6s. 

Physical Optics. Part II. The Corpuscular 

Theory of Light discussed Mathematically. By RICHARD POTTER, M.A., 
late Fellow of Queens' College, Cambridge, Professor of Natural Philosophy 
and Astronomy in Uniyersity College, London. 7s. 6d. 



CLASSICAL. 

Arundines Cami. Sive Musarum Cantabrigien- 

sium Lusus Canoii. Collegit atque ed. H. DRtJRY, M.A. A New and 
cheaper Edition {the Fifth), revised and corrected. Crown 8yo. 7«. 6d, 

Demosthenes de Falsa Legatione. Second Edition, 

carefully revised. By R. SHILLETO, M.A. 8yo. 8«. 6rf. 

Demosthenes, 8elect Private Orations of. After 

the Text of Dindorf, with the yarious Readings of Reisile and Bbkker. 
With English Notes. For the use of Schools. By C. T. PENROSE, A.M. 
Second Edition. 12mo. 4«. 

Euripides. Fabulae Quatuor. Scilicet, Hippo- 

lytus Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac yeterum Editionum emendayit et Annotationibus instnudt 
J. H. MONK, S.T.P. Editio Nova. Syo. 12«. 

Separately — Hipfolytus. Syo. doth, 6s. Alcestis. Syo. sewed, 4«. 6<f. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitiye Tests and Uniyersity Teaching. 
A Practical Essay on Liberal Education. By J. W. DONALDSON, D.D. 
Crown Syo. 6s, 
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CLASSICAL WORKS— continued. 

A Complete Latin Grammar/ Second Edition. 

Yery much enlarged, and adapted for the lue of Uniyersity Students. By 
J. W. DONALDSON, D.D. 8yo. Us, 

The enlarged Edition of the Latin Grammar hat been prepared with the same 
object as the corresponding work on the Greek Zanguoffe, It isy however^ 
especially designed to serve as a convenient handbook for those students who 
wish to acquire the habit of writing Latin; and with this view is furnished 
with an Antibarbarus, with a full discussion of the most important synonyms^ 
and with a variety of information not generally contained in works of this 
description. 

A Complete Greek Grammar. Third Edition. 

Very much enlarged, and adapted for tlie use of Uniyersity Students. By 
J. W. DONALDSON, D.D. 8yo. 16*. 

This enlarged Edition has been prepared with the intention of placing toithin 
the reach of Students at the Universities, and in the highest classes at Schools, 
a Manual of Instruction and Reference, which, without exceeding the limits 
of the most popular works of the kind, would exhibit a more exact and 
philosophical arrangement of the materials than any similar book; would 
connect itself more immediat^y with the researches of comparative I'hilologers ; 
and would contain the sort of information which the author^ s long experience 
as a teacher and examiner has indicated to him as most likely to meet the 
actual wants of those who are engaged in the critical study of the best Greek 
authors. 

Without being formally based on any German work, it has been written with 
constant reference to the latest and most esteemed of Greek Grammars used on 
the Continent. 

Index of Faasagee of Greek Anthon quoted or referred to in Dr. Donald8on*8 

Greek Grammar, price 6d. 

Varronianus. A Critical and Historical Intro- 
duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Third Edition, 
By J. W. DONALDSON, D.D. 8yo. 16«. 

Independently of t?te original matter which will be found in almost every page, 
it is believed that this book presents a collection of knoton facts respecting the 
y old languages of Itcdy which will be found in no single work, whether British 

or foreign, and which must be gleaned from a considerable number of rare 
and expensive publications ; and while the lists of Oscan and Etruscan glosses, 
and the reprint of fragments and inscriptions, may render the treatise an 
indispensable addition to the dictionary, and a convenient manual for the 
prqfessed student of Latin, it is hoped that the classical traveller in Italy will 
f/nd the information amassed and arranged in these pages, sufficient to spare 
him the trouble of carrying with him a volumnious library of reference in 
regard to the sul^ects of which it treats. 

The Theatre of the Greeks. 

A Treatise on the History and Exhibition of the Greek Drama : with yarious 
Supplements. By J. W. DONALDSON, D.D. Seventh Edition, reyised, 
enlarged, and in part remodelled ; with numerous illustrations from the best 
ancient authorities. 8yo. 14«. 



of the Latin Language. Third Edition, revised and cor^siderably enlarged. 
.DS 



CLASSICAL WOBXB—eantiHued, 

Euripides. Tragoediae Priores Quatuor, ad fidem 

ManuBcriptomm emendatse et breyibus Notis instractse. Edidit R. Fobsok, 
A.M., &c., recensuit suasque notulas subjecit J. SCHOLEFIELD, A.M. 
JEditio Teriim. 8yo. 10#. 6<f. 

Foliorum Silvula. Part I. Being Passages for 

Translatioii into Latin Elegiac and Heroic Terse. With Notes. Edited 
by H. A. HOLDEN, LD.D.,Head Master of Queen Elizabeth's School, Ipswich, 
Third Edition, Post 8yo. 7«. 6^. 

Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Greek Yerse. By H. A. HOLDEN, LL.D. 
Second Edition. Post 8yo. 7«. 6(f. 

Foliorum CenturiaB. Selections for Translation 

into Latin and Greek Prose, chiefly from the tJniyersity and College Examina- 
tion Papers. By H. A. HOLDEN, LL.D. Second Edition, Post 8yo. %8. 

Progressive Exercises in Greek Tragic Senarii, 

followed by a Selection from the Greek Verses of Shrewsbury School, and 
prefaced by a short Account of the Iambic Metre and Style of Greek Trage^. 
For the use of Schools and Priyate Students. Edited by B. H. KENNEDY, 
D.D., Head Master of Shrewsbury School. Second Edition, revised. 8yo. 8«. 

Passages in Prose and Verse from English 

Authors for Translation into Greek and Latin; together with selected 
Passages from Greek and Latin Authors for Translation into English : forming 
a regular course of Exercises in Classical Composition. By H. ALEOBD, M.A.y 
late Fellow of Trinity College, Cambridge. 8yo. %$. 

Dissertations on the Eumenides of ^schylus, 

frt)m the German of C. 0. MtJLLER. "With Critical Remarks and an. Appendix. 
Translated from the German. Second Edition. 8yo. 6«. ^d. 

Platonis Protagoras. The Protagoras of Plato. 

The Greek Text reyised, with an Analysis and English Notes. By "W. 
WAYTE, M.A., Fellow of King's College, Cambridge, and Assistant Master 
at Eton. 8yo. 5«. (id, ^ 

M. A. Plautus. Aulularia. 

Ad fidem Codicum qui in BibHotheca Musei Britannici exstant aliorumque 
nonnullorum recensuit, Notisque et Glossario locuplete instnudt J. HILJD- 
YARD. A.M. Editio Altera. 8yo. Is. 6d, 

M. A. Plautus. Menaechmei. 

Ad fidem Codicum qui in BibHotheca Musei Britannici exstant aliorumque 
nonnullorum recensuit, Notisque et Glossario locuplete instnudt J. HILD^ 
YARD, A.M. Editio AlUra. Is. ^. 
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CLASSICAL WOBXa— continued. 

Sex Aurelii Propertii Carmina. The Elegies of 

Propertius. With English Notes and a Preface on the State of Latin Scholar- 
ship. By F. A PALEY, Editor of -aEschylus, &c. With copious Indices. 
iO«. 6<f. 

Sophocles. QEdipus Coloneus. With Notes, 

intended principally to explain and defend the Text of the Manuscripts as 
opposed to conjectural emendation. By the Bey. G. E. PALMER, M.A. 9«. 

Comelii Taciti Opera, ad Codices antiquissimos 

exacta et emendata, Oommentario critico et exegetico illustrata. 4 yols. 8yo. 
Edidit F. BITTER, Prof. Bonnensis. 1/. 8*. 



The Greek Testament : with a Critically revised 

Text; a Digest of yarious Beadings; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commentary. 
For the Use of Theological Students and Ministers. By HENRY ALFORD, 
D.D., Dean of Canterbury. Syo. 

Vol. I. FIFTH EDITION, Containing the Four Gospels. 1/. Ss, 

Vol. II. FouBTH EDITION, Containing the Acts of the Apostles, the Epistles 
to the Romans and Corinthians. 1/. 4«. 

Vol. III. THIRD EDITION, Containing the Epistles to the Gralatians, Ephesians, 
Philippians, Colossians, Thessalonians, — ^to Timotheus, Titus, and Phile- 
mon. 18«. 

Vol. IV. Part I. SECOND edition. The Epistle to the Hebrews : The 
Catholic Epistles of St. James and St. Peter. 189. 

Vol. IV. Part II. second edition. The Epistles of St. John and St. 
Jude, and the Reyelation. 14^. 

Companion to the New Testament. Designed 

for the use of Theological Students" and the Upper Forms in Schools. By 
A. C. BARRETT, M.A. Fcp. 8yo. 5*. 

Annotations on the Acts of the Apostles. De- 
signed principally for the use of Candidates for the Ordinary B.A. Degree, 
Students for How Orders, &c., with College and Senate-House Examination 
Papers. By the Rey. T. R. M ASKEW. Second Edition, enlarged. 12mo. 58. 

Analysis of the Exposition of the Creed, 

written by the Right Rey. Father in God, J. PEARSON, D.D., late Lord 
Bishop of Chester. Compiled, with some additional matter occasionally inter- 
spersed, for the use of Students of Bishop's CoUege, Calcutta. By W. H. 
MILL, D.D. Third Edition, revised and corrected. 8yo. 5s. 

TertuUiani Liber Apologeticus. 

The Apology of Tertullian. With English Notes and a Preface, intended as 
an introduction to the Study of Patristical and Ecclesiastical Latinity. By 
H. A. WOODHAM, LL.D. Second Edition. 8yo. 8«. 6(/. 
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Lectures on the History of Moral Philosophy 

in England. By the Rev. W. WHEWELL, D.D., Master of Trinity CoUege, 
Cambridge. New and Improved Edition, with Additional Lectures. Crown 
8vo. 8«. 

Th» Additional Leetwre» are printed 9eparaUhf in OctavOf for the convenience 
of thoee who hove purchased the former Edition. Price Zs. 6d. 

The Student's Guide to the University of 

Cambridge. Fcap. Svo. ««. ed, [Ifotc Beady, 

ThiB Tolmne is intended to fp.ve such preliminary information as ma^ be osefol to parents, who 
are desiroos of sending their sons to the Uniyersity, to pnt them m i>08se8sion of the leading 
facts, and to indicate me points to which their attention should be directed in seeking farther 
information from the tutor. 

Baggestions are also given to the younger members of the Uniyersity on expenses and course of 
reading. 

Contents. 

Ikteoductioh, by J. B. Sbelet, M.A., Fellow On Law Studies and Law Degrees, by J. T. 
of Christ's College, Cambridge. Abdt, LL.D., Regius Professor of Laws. 

"^ If^^XI^^^i^T^r^W^ Medx«il8tudyandDegrees,byG.M.H.«Hnv, 

Hall. ^•^• 

On the Choice ofa College, by J. R.Seelet,M. A. On Theological Examinations, by £. Harold 

On the Course of Reading for the Classical Browne, B.D., Norrisian Professor of 

Tripos, by the Rev. R. Burn, Fellow and Divinity. 

On ^? oSiSL of ^!dM| for the Mathematical Examinations for the ttvil Service of India, by 

Tripos, by the Rev. W. M. Campion, Fellow "^« ^^^' ^* I^tham. 

and Tutor of Queens' College. Local Examinations of the University, by H. J. 
On the Course of Reading for the Moral Sciences Robt, M.A., late Fellow of St. John's 

Tripos, by the Rev. J. B. Mayor, Fellow CoUege. 

and Tutor of St John's College. t\«^i«^„*j« a«-^«« 

On the Course of Reading for the Natural -Diplomatic Service. 

Sciences Tripos, bjr J. D. LrvsiNo, M.A., Detailed Account of the several Colleges. 
Professor of Chemistry, late Fellow of St. 
John's College. 

Cambridge Examination Papers, 1859. Being 

a Supplement to the Cambridge University Calendar. 12mo. 5«. 

Containing those set for the Tyrwhitt's Hebrew Scholarships. — Theological 
Examinations. — Cams Prize. — Crosse Scholarships. — Law Degree Ex- 
amination. — Mathematical Tripos. — The Ordinary B.A. Degree. — Smith's 
Prize. — University Scholarships. — Classical Tripos. — Moral Sciences 
Tripos. — Chancellor's Legal Medals. — Chancellor's Medals. — Bell's Scho- 
lar^ips. — ^Natural Sciences Tripos. — Previous Examination. — Theological 
Examination. With Lists of Ordinarv Degrees, and of those who have 
passed the Previous and Theological Examinations. 

The Examination Topers of 1856, price 28. ed, ; 1857 and 1858, Zs. 6d,y may still 

he had, 

A Concise Grammar of the Arabic Language. 

By W. J. BEAMONT, M.A. Revised by Sheikh Ali Nady el Babsany, 
one of the Sheikhs of the El Azhar Mosque in Cairo. 12mo. Ts, 

A Manual of the Eoman Civil Law, arranged 

according to the Syllabus of Dr. Hallitax« Designed for the use of Students in 
the Universities and Inns of Court. By G. LEAPIKGWELL, LL.D. Svo. \2s. 
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